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PREFACE 


“Mathematics is that subject in which we never know what 
we are talking about, nor whether what we are saying is true" 


—Bertrand Russell 


This book has been primarily written with a view to acquaint 
the classroom teacher with the latest trends that are being incor- 
porated in the presentation of a school course in geometry in school 
systems throughout the world. However this can also prove useful 
to a bright school student or to one who intends to prepare for 
science talent search competition or other such competitions or to one 
who is preparing for adopting teaching as a profession. 


While writing this book the aims that have been kept in view 
are: 


(a) To present geometry as an axiomatic system as the axio- 
matic method is the basis of almost all the new Maths that is being 
developed in the world. 


(b) To enable the reader know that hundreds of geometries 
can be developed. 


(c) To remind the classroom teacher that the applicability of 
the Euclidean geometry that he has all along been teaching in the 
classroom is limited to the sheet of the paper or to the very imme- 
diate neighbourhood of the space in which he lives. 


(d) To acquaint the reader with the deficiencies that exist in 
the system as developed by Euclid in his elements and to “suggest 
methods of removing them. 


As very aptly portrayed by Bertrand Russell's quotation given 
above, Maths is essentially abstract in nature and efforts have been 
made to maintain this spirit throughout this book. 


In the very first chapter of the book, Axiomatic method has 
been explained and the reader has been introduced to a little of 
elementary logic and the nature of proof. Euclidean geometry has 
been developed as an axiomatic system in chapters III to XV and 
in these efforts have also been made to correlate analytical methods 
and synthetic methods. In chapter XVI, the reader has been 
introduced to the concept of finite geometries and various other non- 
Euclidean geometries. 


It was in a Summer Institute held at Darjeeling under the 
auspices of North Bengal University in the summer of 1963, that I 
was introduced to Axiomatic method. Subsequently I got a little 
deeper understanding of this when I taught Maths at Central High 
School Springfield, Missouri, U.S.A. for a school term and during the 
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courses I took up at Missouri University at Rolla and Utah State 
University, Logan, Utah, U.S.A. I express my sincere gratitude to 
all of my teachers from whom I had the privelege to learn at these 
Institutes. 


It was during my tenure as lecturer at State Institute of 
Education, Delhi that the academic environment prevalent there 
inspired me to write this book and Shri B.D. Bhatt, our worthy 
Director of Education, Delhi was kind enough to permit me to do so. 


I express my sincere thanks and gratitude to the Director of Educa- 
tion for this. 


Iam highly thankful to Shri C.S. Sarna who is a genious. 
personality and isan author of a number of books on Mathematics. 
He helped me a lot in preparing this book. I am also thankful 
to S/Shri B.S. Ahuja and Satnam Singh for going through portions 
on Analytical geometry. I need also to mention the assistance and 
co-operation extended to me by my wife and children during the one 
and half years of hard labour put in by me in writing the manuscript 
and revising itagain and again. I will gratefully acknowledge any 


ae mistakes, errors etc. suggested by my friends in 
aths. 


I also express my sincere gratitude to the publishers for taking: 
so much pains in bringing this book out. 


New Delhi, 


S. S. SACHDEVA 
July 28, 1968. 
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LIST OF SYMBOLS USED 


4€ A :—a is an element of set A. 

( } :— Notation for a set, 

{a} :— The set of which a is the only element. 

¢ or { } .—Empty set or null set. 

{3, 4, 9) :— The set whose elements are 3, 4 and 9. 

R={x | x is a real} :—The set of all real numbers. 

{x | X€A or x€ B) :—x belongs to A or to B. 

(a, b) :—An ordered pair whose first element is @ and the 
second element is 5. 


AXB :— The set of all ordered pairs (a, b) where a belongs to- 
A and 5 belongs to B. 


U :—' The Universal set. 
V :—Venn diagram. 
ACB :—Set inclusion ; A is subset of B or B includes A. 


ACB :— Proper set inclusion or A is proper subset of B. 
ADB :—A contains B or B is a subset of A. 


ADB :—B is proper subset of A. 
AANB :—Intersection of A and B. 
AUB :— Union of A and B. 

A’ :— Complement of A. 
D; q, r :— Propositions, 
P :— Proposition p is true. 

~p :—Negation of p or p is not true. 
p ^q :— Conjunction of p and q or propositions p and g. 
PV q :—Inclusive disjunction of p and q. 
p-q .—1f p then q or p implies q. 
Pq :—p is equivalent to q. 

| a | :—Absolute value of a. 

> :—Greater than. 
:—Not greater than. 

:—Greater than or equal to. 
:—Less than. 
:—Not less than. 
:—Less than or equal to. 
:—There exists, 

:—There does not exist. 
:—For all. 
*—parallel to. 
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:—Not parallel to. 
:—Perpendicular to. 
:— Congruent to. 

:— Similar to. 


pilhrA*o 


AB :—Line containing the points A and B or Line AB. 
AB :—Segment whose end points are A and B or segment AB. 


Y 


AB :—Ray AB. 


o> 

AB :—Half line AB. 

m(AB) or mAB or d (A, B) or AB :—Measure of line segment 
AB. 


Z ABC :—Angle ABC. 

an ABC :—Measure of angle ABC. 

AABC :— The triangle whose vertices are A, B and C or the 
triangle ABC. 

Isos. ’— Isosceles, 

quad. :—Quadrilateral. 

|m :—Parallelogram. 

rect. :—Rectangle. 


© :—Circle. 

def. :—Definition. 

no. :—Number. 

= :—Equal to. 

Æ :—Not equal to. 

€ :—Belongs to. 

€& :—Does not belong to. 

.a Rb :—a has a relation with b. 
T :—True. 

F :—False. 


(P4, P4) :—Line determined by points P; and P}. 


—— 

P,P,Ps or {P1, P», Ps} :—Plane determined by three non- 
collinear points P, P», Ps. 

A—B—C :— Three collinear points A, B, C such that B is 
between A and C. 

1—1 :—One-to-one correspondence. 

P(a,b) :—A point P whose ; ~s-ordinate is a and whose 
y-co-ordinate is b. 


CHAPTER I 
THE AXIOMATIC METHOD 


Growth of Geometry—All one’s life one learns about gceo- 
metry ! One learns about it informally when one observes the shapes 
and sizes of things around him. As a student one learns something 
about geometry in the class-room. Asa pupil one learns about 
the properties of figures composed of points and lines like triangles 
and quadrilaterals and later on at the high school stage, a pupil is 
exposed to propositions as compiled by Euclid in his books I, IT, IIT 
and IV. However, he is rarely exposed to the study of geometry as a 
discipline—as an axiomatic system. Geometry as it has bcen 
studied in schools of European countries till recently and as it is 
being studied in schools in our country can hardly develop the 
qualities of logical thinking and reasoning in the pupils. 


The word geometry has been derived from the Greek words ‘ge’ 
and ‘metrein’ which mean ‘the earth’ and ‘to measure’ respectively. 
The science of geometry originated in Egypt about three to five 
thousand years ago mainly as an art of carth measurement. Each 
year the river Nile overflowed and reinvigorated land in its neigh- 
bourhood but while so doing it wiped out the boundaries between 
adjoining fields of different landowners and these had to be re-mapped 
after cach such flooding. Consequently, the Egyptians developed a 
remarkable body of techniques and rules for calculating simple areas 
and volumes and for drawing simple constructions mainly for the 
purpose off ;irveying lands and constructing canals, tombs and 
temples. [í geometry developed by Egyptians mainly consisted of 
statements results, It hardly contained any gencral rules of 


procedure. 


The carliest mention of some problems in geometry has been 
found to be contained in ‘Papyrus paper’ which is said to have been 
written by Ahmes some time before 1700 B.C. and which is now pre- 
served in British Museum. This document and which is of Egyptian 
origin, is said to have been copied from yet another document which 
is now lost and which is also of Egyptian origin and which is said to 


have been written about 3400 B.C. 


Ancient Babylonians have also made very significant contribu- 
tions to geometry and some Historians of Maths. contend that 
geometry originated in Ba’ lon rather than in Egypt. -It can, of 
course, be safely said that originated in either of these, two coun- 
tries. It appears that both e Egyptians and Babylonians cared 
little for theoretical results. | hey only collected some techniques, 
Codified them and passed the.2 on to the succeeding generations for 


their day-to-day practical use. Of ccurse it was a creditable 
achievement. 


With the passage of time, this very useful body of knowledge 
reached the other nations. The Greeks in particular got very much 
§nterested in this art of land measurement and gave it the name ‘ge- 
smetrein’. Greeks were temperamentally inclined towards philosophy 
-and abstraction and they had ample lcisure and security. Geometry 
was an art till it reached the Greeks as then it was merely a disorganis- 
sed collection of rules for computing simple areas and volumes, some of 
"which were correct and some incorrect and had been developed mostly 
‘on the basis of inductive reasoning. The Greeks took it up and recast 
ït in the form of a deductive science. The Greeks possessed remark- 
able ingenuity. They could visualise that there lay hidden within the 
Egyptian techniques of measurement of land some general principles 
which applied not only to land and its measurement but also to 
relationships among spatial figures. The Grecks thought of abstract 
surfaces and volumes bounded by abstract lines while the thinking 
of Egyptians was only limited to plots of land and some physical 
devices to demarcate their boundaries. The Greeks proceeded to 
‘develop geometry without any reference to ‘land’ and its measure- 
ment. The Greeks dealt with geometrical figures like triangles which 
could only be imagined but it had enormous practical consequences 
as it helped them to create a model of the manner in which the stars 


and planets behaved. They developed Mechanics and Physics with 
its help. ! 


Thales (640—546 B.C.),a Greek merchant, studied for some 
years in Egypt and during his stay there he became interested in 
geometry. He is said to be the first to apply theoretical geometry 
to practical problems. The invention of theorems on (i) the equality 
‘of base angles of an isosceles triangle, (ii) the congruence of two 
‘triangles with A.S.A. congruency, (iii) the bisection of a circle by any 
of its diameters is said to be due to him. Thales taught geometry 
to his friends and one of his pupils was Pythagoras (born about 580 
B.C.) Pythagoras and Pythagorean school consisting of his pupils 
developed many theorems and this process continued till 300 B.C 
when Euclid, an Egyptian Jew and a tcacher of Mathematics at 
Alexendria collected these theorems, gave them some sort of a logical 
order and wrote them in his famous ‘Elements’. He divided the 
Elements’ into thirteen chapters called books. Although these were 
written some 2300 years ago, still these are considered by far to be the 
best contribution to the whole body of Mathematics. Till the 
beginning of this century, the ‘Elements’ was prescribed as a text 
‘book in the schools in some of the European countries, particularly 
England. 


Euclid started from a few simple assumptions, axioms and 
postulates, some definitions and built up a well organised chain of 
theorems with the help of laws of logic. This logical deductive 
pattern which is abstract in nature is known as ‘Axiomatic system’. 
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Importance of Euclid's contribution can be realised from the fact 
that even today most of Mathematics is constructed on the same 
pattern as was initiated by Euclid. The world has so far failed to 
produce any text book whose contribution or impact on the human 
knowledge can come anywhere near Euclid's *Elements'. 


Euclid's *Elements' reigned undisputedly over the Mathematical 
world till 15th or 16th century when doubts began to be expressed 
about some of the postulates and definitions. However, before we 
discuss these it would be in the fitness of things to know what is an 
axiomatic system and what were the axioms and postulates formu- 
lated by Euclid. 


What is an Axiomatic System ?—An axiomatic system con- 
sists of the following :— 
(1) A set of undefined terms which forms the basic builamg 
blocks of the system. 


(2) A set of initial. assumptions—Axioms and/or postulates 
which are accepted without any proof. 


(3) -The laws of Logic. 


(4) A set of theorems which are derived from Axioms 
and/or postulates with the help of laws of Logic. 


(5) ‘Riders’ to the theorems or applications of theorems. 


Every Mathematical Science or an axiomatic system begins 
with a relatively small number of terms which are left undefined. In 
every system, some building blocks are needed and it is not possible 
to define every term, although we can interpret them intuitively or 
explain them with the help of ‘physical models’, In every field, we 
need to start with some simpler terms which are taken to be under- 
stood. In case we try to define every term we shall simply be going 
in circles and reach the same term which we tried to define. Sup- 
posing you are looking up the dictionary for the meaning of a 
particular word ‘A’. You will find that the meaning of word ‘A’ is 
given in terms of some words ‘B’ and ‘C’. If you don’t understand the 
meanings of word ‘B’ as well as ‘C’, then you will again look up the 
dictionary for the meanings of the words ‘B’ and *C'. You may find 
yourself in the situation in which the meaning of ‘B’ is given in terms 
of ‘C’ and ‘D’ and meaning of ‘C’ might have been given in terms of 


B 
D 


Fig. 1. 
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‘B’ and ‘A’. Now if you do not understand the meanings of the word 
‘B’, ‘C’ or ‘D’, then you come back to ‘A’. We can represent this 
situation as given in Fig. 1. 


An example of ‘going in circles’ would be as follows :— 
Wretched ———— Distressed 
Miserable . 
LÁ Pitieble 


Contemptible 


Despicable 


Fig. 2. 


So you have to ‘intuitively’ understand the meaning of any onc 
of miserable, wretched, pitiable, distressed, despicable, contemptible. 
Same is the case with any Axiomatic system. Of course the number 
of undefined terms is kept to the minimum. 


Also it is not possible to prove every statement. Some state- 
ments are accepted without any proof. These statements are called 
initial assumptions or axioms or postulates. Everybody has to make 
assumptions in life. Supposing you want to travel to a city about a 
few hundred miles away on a particular day and you get your air 
passage booked. On the next day you read a news item in the news- 
papers that air flights are likely to be suspended on that day on 
account of threatened strike by air crew. Now supposing you have 
to visit that city on that day, then you will assume that air-flights are 
suspended on that day and then you will chalk out an alternative 
course of action :— 


(1) You may think of booking a seat in the fast train. 
(2) You may decide to borrow friend's car and travel in it, 
etc. 
It may so happen that air flights may not be suspended at all. 


An army general has to make many assumptions and chalk out 
a possible course of action. 


‘Tf the enemy makes an air attack at such and such time from 
such and such direction then he will take such and such defensive and/ 
or offensive measures.' So the army general may have to have chalked 
out many a course of action out of which he may make use of one 
which he may consider most appropriate in a particular situation. 


Scientists have been making initial assumptions and on its basis 
they have been developing systems and such systems have been found 
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to have useful applications in the physical world. Numerous such 
examples can be cited. For instance, Newton was very much trou- 
bled by the problem of distinguishing ‘relative motion’ from ‘absolute 
motion’, so he postulated or made an assumption that ‘in the remote 
regions of the fixed stars or perhaps far beyond them there may be 
some body at rest’; but he admitted that there was no way of proving 
it. This view prevailed during 18th and 19th century. The develop- 
ment of wave theory of light led the scientists to assume that space 
was some kind of substance and the scientists evolved a hypothetical 
substance ‘ether’ which they assumed must pervade all space and 
matter. ‘Two American physicists, A. A. Michelson and E. W. Morley 
designed and performed an experiment and drew conclusions which 
would not support the ‘Ether theory’. The famous Mathematician 
and Physicist Albert Einstein was one who pondered over the results 
of Michelson-Morley experiment. He rejected the ‘Ether theory’, 
made certain assumptions and developed ‘Relativity theory’, and the 
results derived from these assumptions have been found to be valid 
whenever these have been put to test. 

In a like manner, a mathematician also proceeds on the basis 
of some assumptions without caring to know whether his assump- 
tions are valid (true) or false. In fact, in some situations it is not 
possible to check the validity of assumptions beyond any doubt. One 
thing is of course certain that if the assumptions that we make are 
false then the conclusions that we will draw from those assumptions 
will also be false. If a mathematician develops an axiomatic system 
and a scientist finds that the conclusions that the mathematician 
has drawn have applications in the physical world, then the set of 
postulates taken by the mathematician must necessarily have some 
validity. 

It may not be out of place to mention that undefined terms are 
often suggested by the objects in the physical world and assumptions 
or axioms or postulates are generally derived from the properties of 
objects in physical world. Mostly these axioms are so simple and 
obvious that these are likely to be taken as ‘self-evident truths’ 
which is not a correct approach. In fact, ‘obviousness’ and ‘self- 
evident truths’ do not have any place in the axiomatic approach. 
In traditional mathematics an axiom is something which is a self- 
evident truth while in modern approach an axiom is a statement which 
is to be accepted without any proof. A modern mathematician does 
not bother whether his axioms or postulates are self evident truths or 
not. Theorems are derived from these postulates with the help of laws 
of logic. Occasionally, the results so derived are made use of by 
the technologist to harness the forces of nature for the benefit of 
mankind. In other words, we start from nature, accept some undefin- 
ed terms aud postulates, make some definitions, derive some results 
with the help of laws of logic and apply those results to harness the 
nature. We can represent this process by the figure on page 6. 


Of course, a mathematician never bothers to know if his un- 
defiaed terms and postulates have any relevance to the physical world 
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or the results derived by him could be of any use in harnessing 
nature. 


Body of theorems and rules 


Fig. 3. 


We have already suggested that if a mathematician wishes 
to establish a deductive system then whichever statements he makes, 
have to be derived from statements already proved by him and these 
in turn have to be derived from statements proved still carlier. As 
we cannot press back indefinitely without incurring the risk of 
‘circular reasoning’, some simpler, primitive statements have to 
be assumed and these have to be accepted without any proof. We 
have been using the words, ‘assumptions’, ‘axioms’ or ‘postulates’ for 
these primitive statements. Now the ‘assumptions’ is a common 
word for these. ‘Axioms’ and ‘postulates’ is same thing as ‘assump- 
tions’. The Greeks regarded both the axioms and postulates as *self- 
evident’ truths—something undeniable and eternally verifiable. 
Those statements that were considered by them to be the general 
truths and which were also applicable outside the realm of geometry 
were called by them as Axioms but those statements which specifically 
concerned the geometric relations were called by them as ‘postulates’. 
According to Aristotle, every demonstrative science must start from 
indemonstrable principles called Axioms. 

As already stated, the choice of Axioms is not arbitrary in the 
purest of pure mathematics. The set of axioms has to be consistent. 
A set of axioms is said to be consistent if and only if there are no 
contradictions in the axioms and the theorems that can be derived 
from them. The consistency of an axiomatic system, therefore, 
depends on all the theorems, the discovered as well as undiscovered 
that can be proved in the system. Also the set of axioms has to be 
independent. The set of axioms will be said to be ‘independent’, if 
none of the axioms can be derived from or is a logical consequence 
of some other axioms. While selecting his set of axioms, a mathe- 
matician has not to bother about their ‘self-evidence’ or truth. He 
has only to see that those are consistent (or without any contra- 
dictions). 
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It were the Greeks who gave the world the guidelines for 
establishing a deductive system. A deductive system in the field of 
geometry is called Postulational or demonstrative geometry. The 
Greeks gave it the name of ‘synthetic geometry’. As already stated, 
it was Euclid who compiled synthetic geometry. Therefore, it is also 
called Euclidean geometry. He doubtlessly drew upon his prede- 
cessors but the whole design of the system that he built up was his 
own. He built his system on five axioms, five postulates and twenty- 
three definitions and deduced 465 propositions in a logical chain. Of 
course, Euclid’s axioms, postulates and definitions have been found 
to be inadequate and insufficient. Before we discuss their insuffi- 
ciency and inadequacy, it would be appropriate to list those. 


Axioms, Postulates and Definitions as given by Euclid in his 
‘Elements’. 
Axioms: 1. The things which are equal to the same thing are 


also equal to one another. 
2. If equals be added to the equals the wholes are equals. 


3. Ifequals be subtracted from equals, the remainders are- 


cquals. 
4. Things which coincide with one another are equal to one 


another. 
5. 'The whole is greater than the part. 


Postulates : 1. To draw a straight line from any point to any 


point (or, a straight line can be drawn from any point to any 


point). 
2. To produce a finite straight line continu yusly in a straight: 


line. (or, a finite straight line can be produced continuously in a 


straight line). 
3. To describe a circle with any centre and distance (or, a 
circle may be described with any centre and any distance). 


4, All right angles are equal to one another. 


5. If a straight line falling on two straight lines makes the 
ame side less than two right angles, the two 


interior angles on the s i 1 ! 
straight lines if produced indefinitely, meet on that side on which 
angles less than two right angles. 


Definitions : Euclid adopted about two dozen definitions which 


arc as follows :— 
1. Point. A point is that which has no part. 


are 


2. Line. A line is breadthless length. 


3. The extremities of a line are points. 


4. Straight line. A straight line is a line which lies evenly with 


the points on itsclf. 
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5. Surface. A surface is that which has length and breadth 
only. 
6. The extremities of a surface are lines. 


7. Plane surface. A plane surface is a surface which lies evenly 
with the straight line on itself. 

8. Angle. A plane angle is the inclination to one another of 
two lines in a plane which meet one another and do not lie ina 
straight line. 


9. When the lines containing the angle are straight, the angle 
is called rectilineal. 


10. Perpendicular. When a straight line set up on a straight 
line makes the adjacent angles equal to one another, each of the 
equal angles is right and the straight line standing on the other is 
called a perpendicular to that on which it stands. 

11. An obtuse angle is an angle greater than a right angle. 

12. An acute angle is an angle less than a right angle. 

13. A boundary is that which is an extremity of anything. 


14. A figure is that which is contained by any boundary or 
boundaries. 


15. A circle is a plane figure contained by one line such that all 
the straight lines falling upon it from one point among those lying 
within the figure are equal to one another. 


16. And the point is called the centre of the circle. 


17. A diameter of the circle is any straight line drawn through 
the centre and terminated in both directions by the circumference 
of the circle and such a straight line also bisects the circle. 


18. A semicircle is the figure contained by the diameter and the 
circumference cut off by it. The centre of the semicircle is the same 
as that of the circle. 


19. Rectilineal figures are those which are contained by straight 
lines, trilateral figures being those contained by three, quadrilateral 
those contained by four and multilateral those contained by more 
than four straight lines. 


20. Of trilateral figures, an equilateral triangle is that which 
has its three sides equal, zn isosceles triangle that which has two of 
its sides alone equal and a scalene triangle that which has three sides 
unequal. 


which has a right angle, an obtuse-angled triangle that which has an 
obtuse angle and an acute-angled triangle that which has its three 


21. Further, of trilateral figures, a right-angled triangle DE 
angles acute. 


.22. Of quadrilateral figures, a square is that which is both 
equilateral and right angled, an oblong that which is right angled 
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bur not equilateral, a rhombus that which is equilateral but not 
right angled, and a rhomboid that which has its opposite sides and 
andes equal to one another but is neither equilateral nor right 
angled. And let quadrilaterals other than that be called. trapezia. 

being in the 


23. Parallel straight lines are straight lines which 
do not meet 


same plane and produced indefinitely in both directions, 
one another in either direction. 


A critical appraisal of Euclid. There can be no doubt about 
the profound contribution that the thirteen books of Euclid’s Ele- 
ments have made to human thought in general and geometry in 
particular. : For over two thousand years, the intellectuals in all 
fields, politicians, statesmen, army generals, theologeans have been 
studying it to develop facility in logical reasoning. But, of late, 
there has been an enormous increase in the mathematical knowledge 
and it has revealed flaws and weaknesses in Euclid’s postulates, 
axioms and definitions, some of which are as follows :— ! 


N (1) Euclid's definitions have been found to be defective. Instead 
of beginning with some undefined terms, he attempted to define 
everything. He made use of words like ‘part’, ‘evenly’, nclination’, 
‘length’, ‘breadth’, extremities, ctc. which need to be defined. 


(2) It is essential that set of axioms and postulates taken in 


any axiomatic system should be adequate which is not the case with 
Euclid. A case in point is his failure to recognise the necessity of 
ordering the points on the line or making assumptions which may 
have made it possible to distinguish as to which one of any three 
points on a line lies between the other two. In other words, his 
postulates do not provide any means for defining the concept of 
‘betweenness’. This serious omission was discovered by C. F. Gauss 
in 1835. M. Pasch in 1880, suggested a correction to it by supply- 


inga postulate which is known as Pasch's postulate. As this concept 
will not be applicable to a *closed curve' like a circle, by postulating 


about the concept of ‘betweenness’, we eliminate the possibilities ofa 
line having the properties of a closed curve. 

(3) Euclid made use of a number of properties which he failed 
to include in his axioms. For example, he tacitly assumed that— 


(a) A line is of infinite extent. 
(b) The space is a continuous aggregate of points. In 
other words that space is not a discrete aggregate. This 
concept of continuity or denseness implies one-to-one 
correspondence between the points on a line and real 
numbers. He neither postulated about real number 
system nor did he set up a correspondence between the 
points in space and real numbers. 
(c) If there are two unequal linear segments there exists a 
^ finite multiple of the shorter segment which is longer 
than the other (Archimedean postulate). 
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(d) The arcs that are drawn to construct an equilateral tri- 
angle (First Proposition of Euclid) on a given segment as 
base do intersect. In case the points on a 
circular arc are spaced like beads ona 
thread then the arcs will not intersect 
but Euclid did not take up under what 
condition two circles will intersect 
although he took up the condition under 
which two straight lines will intersect. 
(The postulate mentioned against serial 
Fig. 4. number 5 earlier.) 


(4) Euclid introduced the concept of ‘superposition’ of the line 
segments and angles by alluding to the idea of ‘motion of rigid 
bodies’. Ifa point has a location, how can a point be moved and 
still be the same point ? Two congruent triangles can be drawn on a 
surface of a sphere but if we attempt to draw two congruent triangles 
on an egg shaped body at two different parts of its surface with three 
pairs of equal sides then the pairs of angles of two triangles will 
not be equal. The sum of the angles of the triangle drawn at the 
sharper pole of the body would be less than two right angles, while it 
may not the be case when one is drawn at the blunter pole or the equa- 
tor. Hence on such a surface a triangle cannot be moved without 
a change of form. Hence it clearly indicates that superposition is 
not only logically unsound and defective but also completely mis- 
leading. In fact, the foundation of all proofs given by Euclid consists 
in establishing the congruence of lines, angles, plane figures, solids 
etc. To make the congruence evident the geometrical figures are 
supposed to be applied to one another without changing their form 
and dimensions. But this may not be possible unless the surface js 
that of a sphere or that of a plane paper. 


(5) Geometers have been constantly challenging the validity 
of the Euclid’s postulate mentioned against serial number 5 and 
which is commonly known as Euclid’s parallel postulate. Russian 
N.I. Lobatchevski and Hungarian John Bolai developed a new 
geometry by adopting a postulate which is quite contradictory to 
Euclid’s parallel postulate and developed a new geometry known as 
hyperbolic geometry—a deductive system which is consistent within 
itself. Similarly, G.B.F. Riemann took yet another alternative of 
this postulate and developed another gcometry—another consistent 
deductive system. Moreover, these geometries have been found to 
have applications in Physics. These two geometries have been taken 
up in some detail at a later stage. However, it may be pointed out 
here that inclusion of this postulate by Euclid does not lead to any 
defect in the deductive system that he developed. 


(6) As at the time of Euclid, adequate algebraic symbolism 
and techniques had not been developed, his proofs lack that refine- 
ness which can be achieved by using algebraic symbolism and 
techniques, À 


Em 
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(7) The proofs of theorems are sometimes made to depend on 
an appeal to the feeling of self-evidence or to the characteristics of 
geometrical figure. In axiomatic method, an appeal explicit or 
implicit to the feeling of self-evidence, to the characteristics of geome- 
trical figures or to our experience concerning the behaviour of rigid 
bodies or the like is strictly prohibited. We may scek the help of 
such devices in getting a guidance to the steps we should take to 
build up the proof but the proof itself must not contain any refer- 
ence to these aids. The conventional geometry course in giving a 
proof regarding the point of concurrency of medians of a triangle as 
point of trisection of each median would in general prove the 
following points :— » 

A 


. (1) ED is parallel to BC and 
is half as long as BC. 


(2 A EGD is similar to E p 
A BGC. 
(3) EG is half as long as GC 
B C 


and GD is half as long as BG. 
Fig. 5. 
In this procedure, it has been taken for granted that the point 


of concurrency, G, lies between B and D and between. C and E. This 


assumption is purely based on gcometrical intuition and it cannot be 


deduced from Euclid’s postulates. Hence the proof is made to 
depend on a reference to intuition and characteristics of geometrical 


figure which is not allowed in a postulational system. 


These weaknesses in Euclid are mainly responsible for giving a 


‘Jogical’ proof of such paradoxes as— 
(1) Prove that every triangle is isosceles ; or 
(2) Prove that every obtuse angle is a right angle ; or 


(3) Prove that every point that lies in the interior of a circle 
lies on the circle ; etc. etc. 

are incorrect statements as every triangle 
cannot be isosceles or an obtuse angle can never be a right angle or a 


will be either in the interior of the circle or on the circle but it 
f first two and challenge 


fs are given in 


We know that these 


point : 
cannot be both. We give below the proofs o 
the reader to find the defect. Of course, the proo 
conventional form. 

Theorem. Prove that every triangle is isosceles (a false 
statement). 

Given. An arbitrary triangle ABC. 


To Prove. AB=AC. 


12 


Construction. Draw AO, the bisector of ZBAG and, DO, the 
perpendicular bisector of BC and let them meet at O. Draw OE 
perpendicular to AB and OF perpendicular to AC. Join OB and 
OC. 


Fig. 6. 


Proof. 

(1) BD=DC. (Const. OD is the perpendicular bisector of BC) 
(2) ZODB= 7 ODC—90*, 

(3) OD=OD. 


(4) A ODB is congruent to A ODC. (S.A.S.) 

(5) Hence OB - OC. 

(6) ^ AEO is congruent to A AFO as AO is common, cach 
of angles AEO, AFO is a right angle and Z EAO= / FAO. 


(As AO is the bisector of the Z BAC.) 
(7) Therefore, AE=AF 


and OE=OF, (Proved) 
(8) A OEB is congruent to AOFG 
as © OE-OF, 
OB-—-OC (Proved) 
and as each of the angles OEB and OFC is a right angle. 
(9) Therefore EB=FC. 
(10) AE=AF (Proved) 
Hence AE + EB=AF+FC 
or AB=AC. . 


Hence the triangle ABC is isosceles. 


Now the reader is challenged to find the defect. 
to decide that if A ABC is not isosceles then what will 
tion of O and how does he know about it. 


.He may have 
be the posi- 


p 
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Theorem. Prove that every obtuse angle is a right angle. 
Given. An arbitrary obtuse angle ABC. 
To Prove. Z ABC is a right angle. 


Construction. Let D and E be points on the same side of BG 
as A and let BD=BA. 


Let BCED bea rectangle. Let the perpendicular bisectors 
of AE, and BC meet in O. 


Proof. 
(1) OE=OA. (*-. O lies on perpendicular bisector of AE) 
(2) OB2OC. (‘+ O lies on perpendicular bisector of BC) 


p E 


o 


Fig. 7. $ 
(3) AB=BD=CE. (Construction) 
(4) A OBA is congruent to triangle OCE. 
(5) ZOBA= ZOCE. 
(6) ZABG+ Z CBO— ZECB+ ZBCO. 
Now ZCBO=/BCO as O lies on perpendicular bisector of 
BC. Hence“ ABC=ZECB. But ZECB isa right angle by cons- 


truction. Hence Z ABC isa right angle. 


Here is yet another challenge for the reader to find out defect 


in its proof. 
It was David Hilbert, a German mathematician, who was the 
first to remove these defects in his book *Foundations of Geometry 
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which he published in 1899. He built up a postulational system 
and the approach that he employed has since become a classic. His 
system consisted of the following :— 


(a) Five undefined terms—(1) Point, (2) Line, (3) On, (4) 
Between, (5) Congruent. 


(b) Fifteen postulates including six postulates on congruence 
to overcome the difficulties of ‘rigid motion’ and ‘superposition’ ; 
parallel postulate, four postulates dealing with the concept of order 
and betweenness, two postulates dealing with the concept of conti- 
nuity and two postulates of connection. As we shal! be employing 
Hilbert’s approach regarding betweenness and continuity as we 
develop the system in this book, it will not be out of place to list 
them down. 


Hilbert's Postulates of Betweenness and Continuity 


Betweenness. (1) If point C is between points A and B, then 
A, B, C are on the same line and C is between B and A and B is not 
between C and A and A is not between C and B. 


(2) For any two distinct points A and B, there is always a 
point C which is between A and B and a point D which is such that 
B is between A and D. 


(3) If A, B, C are threc distinct points on the same line, then 
one of the points is between the other two. 


(4) A line which intersects onc side of a triangle but does not 
pass through any of the vertices of the triangle, must also intersect 
another side of the triangle. 


Postulates that Hilbert adopted for the ‘concept of continuity' 
could be replaced by a single postulate proposed by Richard Dedc- 
kind, also a German mathematician, which can be stated in the 
following words :— 


“Tfall points of a straight line fall into two sets such that every 
point of the first set lies to the left of every point of the second set 
there exists one and only one point which creates this division into 
two sets." 


Hilbert's Postulates of Connection. 
(1) Two non-coincident points determine a straight line. 
(2) There are atleast four points that do not lie in one plane 


We propose to develop in this book synthetic geomet 
abstract deductive system and for this we shall foie eU. oe 
following :— 

(1) We will make use oflanguage of set the. 
clementary logic for deducing new statements, PNE Sd. laws, af 
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(2) We will make use of some undefined terms like point, line, 
plane, number and relations like on, between, similar, equal, and 
congruent. We will make use of internationally recognised symbols 

or these undefined terms and relations. 


(3) A set of 24 postulates characterising the undefined terms. 
We shall formulate. our postulate in such a manner that the Euclid's 
weaknesses pertaining to *betweenness', and superposition of figures 
are removed. We will also make provision for the ‘concept of conti- 
nuity' by setting up one-to-one correspondence between the points on 
a line and the set of real numbers. We shall take care to see that 
our set of postulates is self-consistent. 


(4) We will make use of a number of definitions and we 
will define them as and when we need them. 


(5) We will build up a body of theorems with the help of 
undefined terms and relations, definitions, and assumptions. While 
doing so we will take care to see that— 


(a) We do not tacitly assume properties on the basis of figure 
or spatial intuition. 


We shall make use of figures just to help us to see the rclaticn- 
ships. We will not make our proofs depend on the characteristics of 
figures. : 


(b) We will not make use of any relation howsoever familiar it -~ 
may be unless we have deduced it from previously established or 
assumed relation. 


All these precautions are essential for removing the weaknesses 
of Euclid. 

It will however not be out of place to mention the definition of 
Mathematics as given by Bertrand Russell. “Mathematics”, Bertrand 
Russell says, ‘‘is that subject in which we never know what we are 
talking about nor whether what we are saying is true.” Apparently, 
this definition gives the impression that Mathematics is a useless 
subject as according to Russell, neither we know what we are talking 
about nor we know about the truth of what we talk about in Mathe- 
matics. But if we try to read between the lines, we will find that 
Russell’s definition truly portrays the nature of Mathematics. In 
fact, in Mathematics, the mathematician does not know what he is 
talking about. When a mathematician says that two plus three 
make five, he does not know whether he is talking about two and 
three apples or something else. The statement ‘we never know what 
we are talking about, implies the abstract nature of Mathematics. 
The development of Geometry in Egypt had reference to plots of 
land and the physical devices that can be used to delineate those but 
in the hands of Greeks, it underwent a big transformation and rather 
than talking about plots of land, the Greeks started talking about 
abstract surfaces and volumes bounded by abstract lines. To the 
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Greeks, a triangle could be a ‘triangle of land’, or ‘triangle of sea’, 
or ‘triangle of space’, or ‘triangle of pastry’, etc. etc. It proved to be 
more useful to talk about ‘triangles’ rather than ‘triangles of land’ as 
the operations on abstract triangles could be applied equally well 
to triangles of ‘land’ or ‘sea’ or ‘pastry’. Greeks were the first to 
recognise the value of saying something when one does not know 
what one is talking about and this continues to be the characteristic 
of Mathematics today. 


We also do not know whether what we are saying in Mathematics 
is true or not. Earlier we made a mention of an example wherein a 
person had booked the air passage to some place for a particular day 
but he had to think of many other alternatives as there came up the 
possibility of the flight being cancelled. So he had to think about 
all other possibilities and their consequences although he never knew 
what course of action he would have to adopt on the day he was to 
travel. So in Mathematics we start with some initial assumptions 
and derive results without bothering very much to know as to which 
set of assumptions are going to hold good in a particular situation. 
While building up synthetic geometry as an abstract deductive 
system we will keep in view the guidelines given by Bertrand Russell. 
Before doing so, we would like to talk in some detail about inductive 
and deductive reasoning, set theory and its language, laws of logic, 
proof, real numbers, etc. etc., as we are going to make use of these 
in developing our system. 


Inductive Reasoning. As already stated, the geometry that was 
developed by the Egyptians was based on inductive reasoning. Suppose 
you draw quite a number of triangles and then find the sum of angles 
ofeach of the triangles by actual measurement and you find that in 
some cases it is little less than 180° while in some other cases it 
is little more than 180°. You conclude from this experiment that 
on an average, the sum of angles ofa triangle is 180°. Then you 
state a rule that the sum of angles of a triangle is 180°. Now this rule 
may be true or may not be true as you have derived the rule from 
consideration of many special cases and you have not supported 
it by a logical proof. "Reasoning of this type is known as inductive 
reasoning. 

Supposing you draw a pairofi 
vertical angles and find that vertical 
this experiment a number 
the vertical angles are equal 


ntersecting lines, measure the 
ical angles are equal, You repeat 
of times and in every case you find that 
\ ; - You state the rule that ‘a pair 0 

vertical angles are equal’. But it would be better to insert the word 
probably and to state that ‘probably a pair of vertical angles are 
equal’ as till you have supported your observation by a logical proo 

you are not sure whether, if you repeat the experiment you will not 
come accross a pair of vertical angles which may be unequal. 


, From the discussion given above, you might have got the impres- 
sion that inductive reasoning is primitive and not very reliable and 
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it is not very useful for Maths. and Sciences. But this is not so. 
Inductive reasoning has made a very large contribution to the deve- 
lopment of our present day civilization. Ithas been extensively 
used to develop principles and laws in Physics, Chemistry, Biology, 
Astronomy, Medicine, Agriculture, Psychology, Sociology, Economics 
etc. Although in the present course we will not have to do very much 
with inductive reasoning yet it is very important to know about it 
as Geometry had its beginning as a body of empirical knowledge. 


As already pointed out, inductive reasoning is a process im 
whicn quite a number of particular cases are observed and on the 
basis of these, generalizations in the shape of laws, relations or pro- 
perties are made. Given below are some exercises which need the 
use of inductive reasoning on your part. Try to be very careful in 
making your measurements and generalizations. Be intellectually 
very honest and do not cook up the results just because the measure- 
ments and generalizations that you make do not agree with some of 
the properties or laws that you have already studied. You have to 
simply forget that you know any properties of geometrical figures. 


EXERCISES 


1. Draw several triangles and find the sum of angles of each 
of these. What appears to be the sum of angles of each ? Are you 
absolutely sure that you have arrived at correct generalization ? 


2. Repeat the above experiment by drawing several quadri- 
laterals. What generalizations can you make from the results that 
you arrive at ? 

3. Draw several triangles and measure their sides. Find the 
sum of lengths of two shorter sides in each case. Is this sum greater 
than the length of the largest side in the case of each triangle ? 


4. Draw several circles and in each circle draw one of its 
diameters. In cach case join the end points of the diameter to a 
point on the circle and measure the angle so formed. What generali- 
zation can you make regarding this particular angle ? 


5. Draw several circles and in each circle draw inscribed 
quadrilaterals by taking four points on each circle. Measure the 
angles of each inscribed quadrilateral and find the sum of opposite 
angles in each case. Can you draw any generalizations ? 

6. Draw several triangles and measure the sides and angles in 
each case. On the basis of this experiment can you say that in cach 
Case, the longest of three sides has opposite to it the largest of the 
three angles and the smallest of three sides has opposite to it the 
smallest of the three angles ? 


P 7. A farmer has sown wheat in two adjoining fields which are 
Similar to each other. In one field, he makes use of a chemical while 
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in the other he does not make use of any chemical. He observed 
that the field in which chemical was used gave better results as com- 
pared to the other field. Next year he repeats the experiment and 
gets the same results. Can he conclude that : 


(a) The use of chemical will increase the yield of wheat in every 
case? 


Or 


(b) There is high degree of probability that the use of that 
chemical will increase the yield of wheat ? 


Or 


(c) There is a probability that the use of that chemical will 
increase the yield of wheat ? 


g. Construct a quadrilateral of any shape r 
points of its sides. Repeat this G imena Siete es 
can you state about the figure formed by the join of the nl 


Weaknesses in Inductive Method 


In inductive method w 
€ observe some parti ‘ 
e 4 r rticular in 
E d general properties, relations or laws. Inducti age and 
suffers from two very serious weaknesses which are mem 


as follows : 
(1) Our measurements and observa 


absolutely accurate. MEME can: nager always be 
: (2) We can never exhaust all 
ing generalizations. There 
tional case which may 
a classical example. 
value of coefficients of 


—D, bai ue in the case of the 
centurie ae ) etc. etc. This vi 
Sere ks but later on it was proved that it w i iur vas ag JI 
€ case x5 —] as 3105] hasa fi as true upto x101—] but 
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x xX—x+17 x x?--x+ 17 
1 17 9 89 
2 19 10 107 
3 23 11 127 
4 29 12 149 
5 37 13 173 
6 47 14 199 
J 59 15 227 
8 73 16 257 


On observing the values of X?— x 4-17, we find that these values 
have the following properties : 


(1) The value is an odd number. 


(2) The value is a number which ends either in 3 or 7 or 9. 
(3) The value is a prime number. 


So we are prone to make a rule the the value of the expression 
x?—x-+7 forall xis a number which is always odd, which ends 
cither in 3 or 7 or 9 and which is a prime number. But are we 
justified in framing this rule on the basis of only a few values of x? 
What about the value of X —x-17 when x=17? It is 289 which 
is not prime as 289 —17 X 17. So our rule fails in this respect that 
its value is always a prime number. Another example is that of 
the expression x*—x--41. This expression gives a prime number if 
x is taken as 1, 2, 3...40. When we take xX=41, the number that 
we get is not prime. In the present course, we will not be very 
much concerned with inductive reasoning. Instead, we will be 
making use of deductive reasoning which is opposite to inductive 
reasoning. Induction helps us in framing the hypothesis and. this is 
put to test by deducing from them the predictions to be confronted 
with the testimony of future experience. 


Deductive Reasoning 


Deductive reasoning can be described as an operation of mind 
‘inverse to’ that of inductive reasoning. Induction leads us from 
less general to more general propositions while deduction helps us 
in leading to conclusions of generality either equal to or less than 
its premises. In inductive reasoning, we observe some specific case 
and on observing some common property, we make a general state- 
ment. In deductive reasoning we start by making general statements 
and then apply it to specific cases. Any case of deductive reasoning 
will mainly consist of following three steps :— 


(a) A general statement. 
(b) A specific statement. 
(c) The conclusion. 
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Some examples of deductive reasoning arc the following. 


Example 1. 
General statement. All animals have four legs. 


Specific statement. Cow is an animal. 
Conclusion. The cow has four legs. 


Now if we analyse the problem, we find that the conclusion 
that we have drawn is logically correct. You may point out that 
the cow is an animal which has four legs. Why to talk about a 
general statement, a specific statement and a conclusion ? 'To 
clarify the matters let us consider the following example. 


Example 2. 
General statement. AM animals have three legs. 
Specific statement. Cow is an animal. 


Conclusion ? 

Now what will be the conclusion that you draw from this pro- 
position ? The cow has four legs ? Certainly not. The logical con- 
clusion would be : The cow has three legs. So it may now be clear 
that the conclusion drawn has to depend on ‘general statement’ and 
in actual life situation, the conclusion drawn is true with reference 
to physical world only if the general statement is true. with reference 
to the physical world. Deduction is absolutely not concerned with 
the truth or the otherwise of the general statement with reference 
to physical world. This is inherent weakness in deductive reasonin 
Deductive reasoning only asserts that 'something is true if one 
thing else is true’ but it does not concern itself with the truth of 
something else. ? 


Now the big question that we need to consider is: ‘What is 
truth ? If by truth or the quality of being true we mean that it 
should have measure of correspondence with the real world then 
the plain fact is that there is nothing like ‘truth’ to be found in 
Mathematics. If you ask whether 2+2=4 is true, the reply that 
a mathematician would give would be that 242-4 Gee. Eom 
the assumptions and definitions he has made regarding the numbers 
two and four and the binary operation of addition. So with refer- 
ence to these assumptions and definitions the statement 2--2—4 is 
true and if there is something like ‘absolute truth’ then he does not 
know about the ‘absolute truth’ of 2+2=4. If you ask whether 
two apples plus two apples make four apples then the reply that a 
mathematician would give would be that he does not know as this 
isa question that does not relate to Mathematics. Of course, he 
would add that as a common man he would say that two apples 
together with two more apples do make four apples. 
This ‘inherent weakness’ in deductive reasoning gives a very 
big advantage to the mathematician as there may not be anything 
like ‘absolute truth’. In case you make a statement that you drove 
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your car at 60 miles per hour toward east then will this statement 
be ‘absolutely true’? It may be true relative to the earth being 
considered stationery. But far from being at rest, the earth is whirl- 
ing round the sun at the rate of 20 miles a second. Simultaneously, 
it rotates about its axis at the rate of 1CCO miles an hour. The 
earth is a part of the solar system and the entire solar system is 
moving within the local star system at the rate of 13 miles a’ second. 
"The local star system is moving within the milky way at the rate 
of 200 miles a second. The whole milky way is drifting with respect 
to external galaxies at the rate of 100 miles a second. Moreover, all 
these motions are in different directions. Now can you say that 
your statement is absolutely true ? You can only say that it is true if 
something else is true. 


We can supplement our argument by taking up an example. 
In Euclidean geometry (including the famous parallel postulate), if 
we make the statement that the sum of angles of a triangle is two 
right angles, then it will be a true statement with reference to the 
Euclidean system. In fact, we should use the word ‘consistent’ 
rather than using the word *true' and state that the statement made 
by us is consistent within the system built by Euclid. Now if we 
remove the Euclid's parallel postulate and substitute it with an 
alternative parallel postulate then we can make the statement that 
the sum of angles of a triangle is always less than two right angles 
and this statement will be true or consistent within the system 
under consideration. Now by substituting yet another parallel 
postulate, we can make the statement that the sum of angles of a 
triangle is always greater than two right angles and this statement 
will be true within this new system. The mathematician only knows 
whether a statement is true (or consistent) or not within a particular 
system and he does not bother to know whether it is true with 
reference to the physical universe or not. He leaves it to a physical 
scientist to find out. But alas, even the physical scientist does not 
know which one of the statements that we have made regarding the 
sum of the angles of a triangle is true with reference to the physical 
universe we live in. 

Now let us study an example in which the conclusion through 
deductive reasoning is faulty. , 


Example 3. 

General statement. All animals have four legs. Cow is an 
animal. 

Specific statement. x is an animal which has four legs. 


Conclusion. xX is a cow. 


It is obvious that the conclusion derived is not logically 
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It may however be pointed out that the three stages involved 
in the deductive reasoning may be used in any order which we may 
like. 

An example is given here : 


Specific statement. Rani isa student of Government Girls 
School. 


Conclusion. Rani has to study home science. 


General statement. All students of Government Girls School 
have to study home science. 


The reasoning is valid as the conclusion has been logically 
deduced from the general statement. 


We can define deduction as a rigorous proof or derivations of 
the statement (the conclusion) from one or morc statements [the 
premises or the general statements or the postulates or the statements 
that are given to us which we accept without any proof—which go 
by the term ‘Given’ in a conventional course of geometry—a chain 
of statements each of which is either a premise (or given) or follow a 
statement occurring earlier in proof]. Through deductive reasoning 
we derive conclusions which are either equal to or less than that of its 
premises. In other words through deductive reasoning we derive 
conclusions which are contained in the postulates that we have 


accepted. We cannot conclude anything more than what is built 
in, in the postulates, definitions, etc. 


_ In geometry we deal with the statements of ‘If—Then’ form. 
It is the inductive reasoning that suggests us the ‘If-part’ of the 
statement and through deductive reasoning we prove the *Then-part' 
of the statement. Without induction, deduction has nothing to 
prove and without deduction it is not possible to test the validity of 
the generalizations arrived at through induction. It is the induction 
that suggests the theorems and it is the deduction that helps us in 
proving them. Without deduction, induction is unsure of its infer- 
ences and liable to be disproved by a counter-example. A Mathe- 
matician, therefore, has to have skill in both induction and deduc- 


OO other words, he needs both the intuition as well as a clear 
feeling for the proof. 


So far we have been discussing inductive and deductive reason- 
ing which are important constituents of ‘Elementary Logic’ which 
we would need to build up our system. Before we take up something 
more about ‘Logic’, it will be very useful to acquaint ourselves with 
very very elementary ‘Set Theory’ and the symbols that it employs. 


Given below are some problems on deductive reasoning for you 
to try your hand at. 


Problem Set 


I. State the conclusion that you arrive at with the help of 
general statement and the specific statement in each case. 
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(a) General statement. In Government Girls School, only girls 
are admitted. 
Specific statement. A is a student of Government Girls School. 


Conclusion ? 


(b) General statement. To be a member of the Union Basket- 
ball Team, the player has to be more than 170 cm. tall. 


Specific statement. Sudhir is a member of the Union Basket- 
ball Team. 


Conclusion ? 


We can give another form to this very problem which is as 
follows : 


To be a member of the Union Basketball Team, the player has 
to be more than 170 cm. tall. If Sudhir is a member of Union 
Basketball Team, prove that Sudhir is more than 170 cm. tall. 


(c) General statement. The sum of the angles of a triangle 
is 180°. 


Specific statement. ABC is a triangle. 
Conclusion ? 


(d) General statement. The sum of the angles of a quadrila- 
teral is 360°. 


Specific statement. ABCD is a quadrilateral. 
Conclusion ? 


II. State whether the conclusions drawn in the following 
examples are valid. Support your answers with arguments. 


(a) General statement, In Lady Irwin School, only the students 
of Kamla Nagar locality are admitted. 


Specific statement. Kamla is a girl student. 
Conclusion. Kamla is a student of Lady Irwin School. 


(b) General statement. Ramu rides back home from the school 
on the School Bus. 


Specific statement. Ramu is riding on a bus. 
Conclusion. Ramu is coming back home from school. 


(c) General statement. If equals are divided by equals the 
quotients remain equal. 


Specific statement. 3x=51 
Conclusion. x=17. 
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R (d) General statement. If equal quantities are added to both 
sides of an equation, the equation remains unchanged. 


Specific statement. x—7=13 
Conclusion. x=20 


(e) All girls who weigh more than 200 kilograms are pretty. 
Specific statement. Sussie weighs more than 200 kilograms. 


Conclusion. ‘Therefore Sussie is pretty. 
(f) General statement. All mathematicians work very hard. 


Specific statement. Neena is a mathematician. 

Conclusion. Neena works very hard. 

(g) General statement. AM mathematicians are very helpful. 
Specific statement. Kathy is very helpful. 

Conclusion. Kathy is a mathematician. 


III. Wherever possible draw valid conclusions from each of 
the following pairs of general and specific statements. If a valid con- 
clusion is not possible, explain why it is not possible. 


_ (a) Specific statement. ABC is a triangle and the line segment 
DE joins the mid-points of the sides AC and BC. 


.. General statement. If a line segment joins the mid-point of two 
sides of a triangle, it is one half of the third side. 


(b) General statement. When Ram goes to school, he rides on 
a school bus. ; 


Specific statement. Ram is riding on a bus. 
Sets and Their Language 


The language and notation of sets is very handy in making 
definitions precisely and writing the proofs concisely. ‘We need to 
understand the meaning of the terms like sets, subsets, union of sets 
intersection of sets and the notation that is used in expressing them. 
It is presumed that you have a little knowledge about sets. 2 í 


A setis a collection of objects. Generally, it is a well defined 
collection of discrete objects like the students in ninth class, desks 
in a class room, books on a shelf, the points on the line PO, all men 
in a village, all girl students in the university or all teachers ina 
school. The objects in the set may consist of physical things, symbols, 
facts or ideas. On occasions we use the terms like herd, class, 
assemblage, aggregate, manifold, cluster, flock etc. We can replace 

mmon term ‘set’ as all these terms convey the idea 


these terms by a co 1 s 
of a collection of objects or things. Ifa pen, a pencil and a fork are 
lying on a. table, it will be a set. Some examples of sets are. the 


following : 


e 


| 
i 
l 
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S,— (pen, inkpot, pencil} 
S, (circle, triangle, line, point} 


S,—(A, dt. 4, O. ©} 
S,— (a, b} 

Ss={x, Y; 1, 2} 

S,— (1, 2, 3, 10, 7} etc. etc. 


The individual objects that make a set are called the elements 
of the set or members of the set. In the sets that we have mentioned, 
pen is an clement of S, and we denote it as: pen €S, A is an 
element of S, and we denote it by writing A€S,. Also in these sets, 
XESs; I0C€S, and so on. We also say x belongs to S5 or 10 belongs 
to S,. Element of, belongs to, or member of, arc equivalent phrases 
for this purpose. Notice that elements of a set are written within 
braces and each element is separated by a comma. 


How to designate a set. There are two ways of designating 
a set. 


(1) List all the names of the members of the set. 
Or 


(2) To describe them by some common property. 


Supposing we have to write a set S, containing the elements 2, 
4, 6, 8, 10, 12, 14. We can write it as S1: (2,4, 6, 8, 10, 12, 14} 
or we can designate it by writing ‘all even natural numbers less than 
sixteen’ or ‘all even natural numbers upto fourteen’. The second 
method proves very helpful generally as you can describe a set 
containing large number of elements very concisely. Examples are : 
Set of whole numbers divisible by 3 or the set of all triangles or 
the set of all the lines in a plane through a point or the set of all 
the angles inscribed in the arc of a circle or the set of all the points 
in the interior of a triangle etc. 


Empty set. It is clear that a set can have any number of 
elements. Sometimes a set may have no elements at all. For 
example, the set of all the girls with three eyes or the set of real 
roots of the equation x?°+1=0 or the set of the points common bet- 
ween two coplanar parallel lines. A set that does not contain any 
element is called an empty set or a null set and it is denoted by the 
symbol ¢ which is a letter of Greek alphabet and which is read as 
*phai'. ( } also indicates an empty set. 


A set may have only one element such as ‘the set of mid-points 
of a line segment’, or two elements such as ‘the set of diagonals of 
a square’ or three elements such as ‘the set of vertices of a triangle 


etc. 
A set can be infinite. The set of the points in the interior of a 


triangle would be such a set. 
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In the foregoing we have not tried to define the terms set or 
element. In fact we would like to take them as our undefined terms. 
Similarly, we will take the statements ‘belong to’ or ‘clement of” or 
‘member of’ as an undefined relation. 


The Universal Set and Subsets 


It is also essential to know about the terms universal set, sub- 
set etc. An infinite set such as the set of all points in a plane is gene- 
rally called a ‘universal 
All triangles V set’. Then we can have 

special sets within the 
universal set. Supposing 
All our universal set is ‘the 
isosceles set of all triangles’, then 
the set of all equilateral 
triangles triangles or the set of all 
isosceles triangles will 
each be a special set with- 
in this universal set. We 
Fig. 9. Venn diagram. often make use of Venn 
. : diagrams to make its 
visual representation. It may be clearly understood that Venn 
diagram is only an aid. Figure 9 is the representation. of the 
example taken above, by a Venn diagram. 


Now it is clear that every element of the special set ‘all equila- 
teral triangles’ is also an element of the universal set of ‘all triangles’ 
In such a case it is said that ‘the set of equilateral triangles’ is a 
subset of the ‘set of all triangles’. If U is our universal set and E is 
a subset of U, then every element of E will be an element of U 
Symbolically, we write it as, for allt's if t € E then tE U. 
With reference to the example we have taken, we have only 
said that for all triangles, if a triangle is an element of the set of 
equilateral triangles then that triangle is an element of set of all 
triangles and the ‘set of equilateral triangles’ is a subset of ‘set of all 
triangles. If E is a subset of U then we write it as ECU or UDE 
We can also read them as : the set E is contained in the set U or the 
sct U contains the set E. 


If A, B are any two sets such that for all x, if x€A, tl 
x€ B and then ACBorBDA. Supposing we have a set $c y Fa 
then following will be the subsets of S:— "ri ie 


(1) Sus {x, y, 2} (5) Ss : {x} 
(2) Sp: 05» (6) Se: 03 
(3) 8:053 (7) Sz: {2} 


(4) Sq: {x, 2} (8) Sg: { }or¢d 


You may have an objection to our including S, : (a, b, cj and 
Ss: { } in the list of subsets of the set S. But S, satisfies the defini- 


wi 
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tion of ‘subset’ as every element of S, isan clement of S. In other 
words S, does not contain any element which is not an element of S. 
Also the mathematicians have decided that ¢ would be a subset of 
every Set. 


Construction of New Sets 


We often make use of sets that we construct by taking two or 
more sets. Supposing we have two sets A and B, then we can cons- 
truct three different types of sets with the help of these two : (1) By 
forming their union ; (2) By forming their intersection ; and (3) By 
forming their product. 


Union of Two Sets 


If A and B are any two sets then their union will be a new set 
Whose members are cither the members of A or B or both. The 
new set is denoted by AUB which is read as ‘A union B’. IfA: 
ia, b, c, d} and B : (c, d, e) are the two sets then AUB: (a, b, c, d, e} 
will be the new set. Now every member of AUB is either the 
member of A or B or both. It may be understood that there is no 
need of repeating the elements in any set. It will be incorrect 
to write AUB: (a, b, c, d, c, d, ej. If S,: (a, b) and S, : (c, d, e) 
are two sets then SjUS, : (a, b, c, d, e} will be the set formed by the 
union of S, and S, If S,: {a, b, c, d, e) and S, : (a, b, c, d) are 
the two sets then S,US, : (a, b, c, d, e} will be the set formed by their 
union. We can represent these three cases by Venn diagram as 
follows : 


S,US, 
Fig. 10. 


Intersection of Two Sets d , , h 

Also we can form a new set by forming an Seon ¢ ps 
Sets. If we form a new set containing all those Aen t d = ong 
to both the sets then this will be the intersection of two sets. In 
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other words, the intersection of two sets contains all the clements 


common to two sets. 

If A, B are any two sets then their 
intersection is written as ANB. Follow- 
ing are the examples of the new sets 
formed by the intersection of two 
sets : 


Léa > (1) A: 12:56 d) 5 
B: (6d, e) 
then ANB: (6 d} 


ANB 


(Shaded part) 
Fig. 11. 
(2) Si: {a, b} ; 


S, : (e, d) 


then SiMS,: ( } 
as there are no elements com- 
mon between S; and Sy. 


(3) $4: {a, b, ¢, d, e} ; 
84: (2; b.c; d) 


5505, 
Fig. 12. 


then SNS; : (a, b, c, d]. 


Cartesian Product of Two Sets 

'To understand the idea of the product of two sets, we should 
first know what is an ordered pair. A pair means a set of two 
things. (Hari, Meena} isa pair. This pair may be husband-wife 
brother-sister, father-daughter, son-mother, boy-girl or any such 
thing. We have given an ‘order’ to this pair. We have given first 
place to Hari and second to Meena. So this is an ordered pair 
Now (a,b) is an ordered pair. Also (b,a) is an ordered pair. 
Now ifaisnot equal to b or ab then (a, b) is not thc same às. 
(b, a) or (a, b) s&(b, a). If a=b then of course (a, b) (b, a). If 
(a, b) and (c, d) are any two ordered pairs then (a, b) (c, d) if and 
only if (or iff) a—c and b=d. In an ordered pair, the member that 
js written to the left is the first member and that which is written to 
the right is the second. IfS,: (a, b) and S,: (x, y, z} then we can 
form following ordered pairs by taking the first element always 
from S, and the second element always from S; : 
(a, x) ; (a, Y) 3 (a, z) 5 (b, x) 5 (b, y) ; (b, 2) 
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Then the product or cartesian “product of S; and S, written as 
Six S, will be the set formed by taking all these ordered pairs. In 
other words, 


S, x S —((a; x), (a, y), (a, =); (b, x), (b, y), (b, z)) 
Also we need to know what are equivalent sets and identical 
sets. If there are two sets A and B :— 


A={a, b, c) 
and B={x, yz 


Then these two sets are such that to cach member of A, there 
corresponds one and only one member of B and to each member of B 
there corresponds one and only one member of A, or in mathematical 
terms if two sets can be uniquely paired or if one-to-one correspond- 
ence could be set up between the clements of two sets, then these sets 
are said to be equivalent. If A and B are two equivalent sets then we 
write that A«3B. We can represent this idea as follows in six different 
ways: 


A={a, b, c) A={a, b,c) 
on W N^ | 
V4 LN d 

B={x, y, z) B={x, y, 2} 

A={a,b, c) A={a, b, c) 

e DX of SUZ 
| Z/N YIN 

B={x,y, 2} B={x, y, z 


Two equivalent sets are said to be identical if each element of 
one set is an element of the other set. A: {a, b, c) and B: {b, a, c) 
are identical sets and we write A=B. It is clear that if A=B, then 


ACBand BCA. 
Some Symbols and Idea of a Variable and its Domain 


Some other symbols we should know are : 


& 2,3, E, p, |, ete. 


Now e is not an element of (a, b, cj. We write itas e & (a, b, 
C. Also AABC & of set of squares. Also we know that the set of 
all rectangles is not a subset of set of squares. We write it as set of 
all rectangles ¢ set of squares. We can also write it as set of squares 
Tb set of all rectangles which means that the set of squares does not 
contain the set of rectangles. 

The symbol 3 stands for ‘there exists’ and the symbol 39 stands 
for ‘there does not exist’. It is also important to know the idea of a 


Variable. If we consider a set of all natural numbers i.e. N* fl, 2, 
3..) we can say that N is a set of all x such that x isa natural 
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number. Here we have used the letter ‘x’ as a variable. Supposing 
we have a set W consisting of all x such that x is a whole number 
and if we want to list all the members of the set then we will have to 
replace the variable x by cach of the members of set of whole numbers 
ie. (0, 1; 2...}. In such a case (0, 1, 2...) will be thc replacement sct 
for the variable x or the domain of the variable or the values of the 
variable. We can describe a set with the help of a variable concisely. 
Supposing we have set E of all even natural numbers. We can 
designate it as E :{x | xE even natural numbers}. We read it as E 
is a set of all x such that x is an element of even natural numbers. 
| is the symbol for the phrase ‘the set such that’. 

Now we can make the definition of union and intersection of 
two sets as follows : 

AUB={x | x€A or x€B] which we read as A union B isa 
new set formed of all x such that x is element of set A or x is element 
of set B. 

ANB={x | x€A and xE Bj 

We have also the symbols for the connectives ‘and’ and ‘or’. 

V. stands for the connective ‘or’ and A stands for the connec- 
tive ‘and’. By making use of these symbols we can write the union 
and the intersection of two sets as : 

AUB-(x|xcAVxcB) 

and ANB={x | x€AAxc€B) 

We will be very often making use of the concepts and termino- 
logy of the ‘Set Theory’ and it would be very essential to get a faci- 
lity with their use. 


Problem Set 


I. IfS={3, 5, 9, 17, 0, 2, 14} is the given set then which of 
the following statements is true ? 


(a) 2€8 (b) OES (c) 15ES (d) 2&8 
(e) 17S (f) 10ES  (g) 35€8 (h) 02ES 
II. For each of the following sets determine if— 

(i) ACB or (ii) ADB. 

(a) A=(3, 1, 9, 2, 5} 5 B={l, 2,.3...} 

(b) A={0, 3, 5) ; B={3, 0, 5) 

(c) A={5, 6, 7... 5 Bel, 2, 3...) 

(d) A={0, 1, 2...50) ; Bz- (1; 2, 3...50) 


(e) A={x | x isa teacher} ; B={x | x is a teacher who earned 
more than Rs. 500 a month} 


(f) A9 Q. 4, 6.) ; Be (4 8 12...) 
III. If AC B and BCG, then will AC C or ADC? 
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Tu. Which of the following statements will be true for any sets 

(a) (AUB) UC=AU (BUC). 

(b) (ANB)NC=AN (BA C). 

(c) ACAUB. (d) ADAUB when BCA, 

(e) ACANB. (f) ADANB. (g) ACAUBUC. 

(^) If ACB then x¥EA>xXEB, 

(i) If ADB then xe Axc B. 

(j) If ACB then ASANB, 

(k) If A=ANB then ACB. 

(/) IfACB then A=ANB. 

(m) If A=AUB then ACB. 

V. If, is the set of all boys in 9th class, S, is the set of all 
girls in 9th class and if S; is the set of all students in the school then 
what is : 

(i) S:US., (ii) SINS, (iii) SUS, (v) (SsUS,) US, 

O) $OS (i) SOS, — (wi) S:A(S,US,). 


Describe these in your own words. 
VI. Give two examples of : 


(a) Well defined sets (b) sets which are not well defined 
(c) finite sets (d) infinite sets. 


VII. Show that one-to-one correspondence can be set up bet- 
ween the set of letters of English alphabet and the set 11,2, 
4,...26}. Show that this matching can be set up in more than one 
way. 

VIII. Show that there are six possible ways of matching the 
elements of S;— (a, b, c) and S,{1, 2, 3}. 

IX. Show that if ACB and BCA, then A=B. 

X. Show that one-to-one correspondence can be set up 
between all the natural numbers and the set of positive even integers. 

XI. Show with the help of an example that 

X if AB and BeC then AeC. 


XII. Show that AUd=A and ANg=ġ. 
XIII. Show that AUB=BUA and ANB=BNA. 


XIV. If A—(a,b) and B={x, y}, then write the elements of 
the set Ax B and BXA. 


Show that Ax BzzBx A. 


32 


Relations. We have been talking about relations like, on. simi- 
lar, equal, congruent etc. This concept of relations need to be discuss- 
ed in little detail. Relations between the sets of elements is an impor- 
tant tool in the hands of the mathematician. The operation of 
addition is the relation ‘+’. The pair of integers (2, 3) and the 
integer 5 has a relation. In elementary mathematics the examples 
of relations are : 


equal (=) ; less than (<) ; greater than (>) ; congruent (=) ; 
similar (~) ; parallel ( || ), perpendicular ( | ), ete. ctc. 


Supposing a famous theatre is having shows in the town and 
the price per ticket is Rs. 3. Now a ninth class of a school decides 
to see the performance together. So every member of the class will 
have to pay Rs. 3. Supposing there are 40 students in the class. If 
only one student agrees to visit the show then the cost will be Rs. 3, 
if two students agree then the cost will be Rs. 6 etc. In this way, 
we can construct the following set of ordered pairs : 


Rex (15 3), (2,655. (3. 9)... e (40,120)}. This set gives us the 
relation between the number of boys who decide to visit the show 
and the price they have to pay. Now the first element of cach pair 
has been taken from the set D={1, 2, 3,...... 40). The set D is called 
the domain of F. The second component of cach ordered pair has 
been taken for the set R={3, 6, 9...... 120). The set R is called the 
range of F. 


The formula y= 3x will express the relation between the num- 
ber of students who decide to visit the show and the price they have 
to pay. We can write ; 

F as F={(x, y) | x€ D and y=3x} 

If a, b are any two elements of the set then a, b can have some 

relation between them. For example, 
a>b, a=b, a<b, a~b, a=b ctc. etc. 


In general, we can write a R b where R stands for any relation. 
There can be a relation between a and b if 


a=boraR b. 
Properties of Relations 


Now some important relations have three especially important 
properties : . 


Property 1. If x R x for all elements of domain of R, then R is 
said to be reflexive. All the relations are not reflexive. > 15 not 
reflexive as x cannot be greater than x or X X. 


But x=x ; hence equality is a reflexive relation. A triangle is 
congruent to itself. Hence congruence is a reflexive relation. A tri- 
angle is similar to itself, hence similarity is a reflexive relation. A line 
cannot be perpendicular to itself, hence perpendicularity is not a 
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reflexive relation. ‘Is the sister of? or ‘is the brother of’ are not 
reflexive relations but ‘as heavy as’ or ‘as long as’ are reflexive rela- 
tions. C or D arc also reflexive relations. 


Property 2. Ix R y and yR x for all xin the domain of R 
and all y in the range of R then the relation is said to be symmetric. 
Now if x=y then y—x, therefore equality is a symmetric relation but 
if xy then y x ; so greater than is not a symmetric relz tion. Similar- 
ly, less than is not a symmetric relation. But congruence and similari- 
ty are symmetric relations as if a A ABC is congruent to A DEF then 
A DEF is congruent to triangle ABC. Similarly, if a A ABC is 
similar to A DEF then ADEF is similar to A ABC. Similarly, paral- 
lelism and perpendicularity are symmetric relations. C or D are not 
symmetric, 


Property 3. If xRy and yRz then xRz. In sucha case R. is 
said to be transitive relation. 


Now if a=b and b=c then a—c, therefore equality is a transi- 
tive relation. Also if a>b and b>c, then a>c, therefore greater than 
is a transitive relation. Similarly, less than, is a transitive relation. 


Congruence, similarity, parallelism, D , C are transitive rela- 
tions. Perpendicularity is not a transitive relation, since if there are 
three lines h, ^, and /j and 4 | h and h | h then /, will not be 
perpendicular to 4. 


Elementary Logic. In geometry or in any mathematical sys- 
tem, we apply laws of logic to draw inferences from statements and 
it js essential to know what a statement is. 


A statement is a sentence which is either true or false. A 
statement is a declarative sentence. Of course, every sentence is not a 
statement. The sentence “give me the pen" is nota statement. 
Even every declarative sentence is nota statement. The declarative 
statement ‘I am thirsty” is not a statement as its truth or falsity 
will depend on the context or circumstances. A statement is 
generally a complex sentence in which ideas or words have been 
connected by the words such as ‘and’, ‘or’, ‘if’, ‘then’, ‘not’, ‘every’, 
‘any’, ‘all’, ‘some’, etc. 

Propositions. A proposition is a statement which is either true 
or false but not both at the same time. In Geometry, a statement is 
true if it is consistent with the postulates, and does not contradict 
any of the postulates or the theorems (or propositions) that have been 


derived earlier. 
If the statement contradicts any of the postulates or the 


theorems that have been derived from them, it is false. Following 
connectives are very often used in propositions. 
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Connectives 
Connective word Symbol Name 

(1)/‘If...then’ = Implication or condi- 

v 1 tional 

(2) "1f and only if” or aff" 2 bi-conditional 
4(3) ‘and’ ^ conjunction 

(4) ‘or’ V disjunction 

(5) ‘not? ~ negation or denial 


The first four connectives connect two statements to form a 
composite statement. In Geometry, we will be very often dealing 
avith the statements containing the connectives *'If...then" and “If 
and only if”. "If I live in Delhi then I live in India’ is a. statement 
‘of ‘If...then’ form. The if-clause gives us the hypothesis or what is 
‘given and the then-clause gives us the conclusion or what is to be 
proved. The use of the word ‘then’ is not very necessary. We could 
have written this very statement as ‘If I live in Delhi I live in India’ 
cor ‘I live in India if I live in Delhi’. Of course in both these state- 
ments, the if-clause gives us the hypothesis and the other clause gives 
us the conclusion. Another statement of this form would be *'If two 
lines intersect then the measure of opposite angles is equal." Another 
one would be “If two lines are parallel then they do not intersect.” 
In all these statements, the if-clause gives the hypothesis. 


..... Vf and only if’ (or Iff) statements. Some examples of the state- 
ments of this form are :— 


(1) A triangle is equilateralif and only if the measures of its 
hrec sides are equal. 


(3) Two lines are parallel if and only if they do not intersect. 


(3) Two lines are perpendicular if and only if they intersect at 
zight angles. 


In the if...then statement, if ‘p’ isthe iftclause and ‘q’ is the 
*then-clausc', then the statement will be symbolically represented by 
pq or p implies q which in other words means ‘If p is true then q 
js true’. Ifit is true that I live in Delhi then it is true that I live in 
India js an illustration for it. Now if it is true that I live in India 
then it may not be true that I live in Delhi. 


Hence q does not imply p. Now consider another if...then 
statement. ‘Ifa triangle is equilateral then the measures of its three 
sides are equal ; in other words, if p then g. But in this case if g then 
pis also true as if the measure of three sides of a triangle is equal 
then the triangle is equilateral. So in this case p>q and q-p. So 
peqcr the statement is of ‘if and only if’ form. 


NN 
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If a statement has been obtained by connecting two propositions 
P, q with ‘and’, we get the statements ‘p and q or pAq. 


Now pA q will be true if both p and q are true. 


If either one of p, q or both p and q are false then PAq is also 
false. Let p be the statement :— 


A line /, is parallel to a line Ty òr h il h. 


Let q be the statement :— 


A line /, is parallel to the line / or 7, || h. " 

Then the statement pA q will be /, I| /, and hi^. pAq will be 
true if both p and q are true. If we obtain a statement by the use of 
connective ‘or’ then the statement will be true if either one of p or 
q is true. Taking this very example of parallel lines, the statement p 
or q or pV q will be /, || 4 or h Il /, and p V q will be true if either p. is 
true or q is true or even both p and q are true. It may be noted 
that disjunction is used in inclusive sense and p V q means either por 
q or both. 


A statement and its negation. The negation of a statement or a 
proposition p is the proposition, not—p which is symbolically repre- 
sented as ~p. ~p means p is false. If p is a statement ‘the base angles 
of a triangle are equal’, then ~p is the statement ‘the base angles of a 
triangle are not equal’. It is clear that p and ~p (or p A ~p) can- 
not be true. In other words, both p and ~p cannot be true at the 
same time or ~(p/ ~p) is truc. 


Syllogisms. While discussing deductive reasoning we discussed 
the implications of a statement. 


Example : 


General statement. If Arithmetic is easy for Kamla, then 
Algebra is easy for Kamla. 


Specific statement. Arithmetic is easy for Kamla. 
Conclusion. Algebra is easy for Kamla. 


Our general statement consists of two parts : (1) If Arithmetic 
is easy for Kamla. Let us call it p. (2) Then Algebra is easy for 
Kamla may be called q. We can then say that if p then q or p implies. 
qor p > q. Now the statement p is called antecedent and the state- 
ment q is called consequent. ‘This statement only tells us that if p is 
true then q is also true. We don't know whether both p and q are 
true or either one of these is true and the other is false or both are 
false. Now our specific statement tells us that p is true. j Then we 
draw the inference thatq is true. We can represent this inference 
in the following form : 


em 
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1. p>q 
Dm 
aou. cq 


In words we can say that p implies g and p is true, therefore 
qistrue. This three step arrangement is called a syllogism, Steps 1 
and 2are called premises and step 3 is called inference or conclu- 


sion. The steps 1 and 2 of the arrangement given above could have 
been written in any order as pointed out earlier. This very syllog- 
ism could have also been written as follows : 

il $n 

2. p>q 

35h. 


Validity and Truth. As pointed out earlier, the inference 
drawn from the given conditional statement ( 

could be valid even though either one or both o 
It may therefore be understood that truth is a property of a statement 
but not a property of inference while validity is a property of infer- 
ence but not of a statement. We cannot speak of a statement being 
valid or invalid or an inference being true or false. Validity of method 
ofdrawing the inference depends on the structure of the argument 
and is not dependent on the truth or falsity of premises or conclusions. 
Valid reasoning can lead to 


r true orfalse conclusions. Also invalid 
reasoning can lead us to true or false conclusions. 


If-then statement) 
f p, q may be false. 


General Statement. If Arithmetic is easy for Kamla, then 
Algebra is easy for Kamla, 


Specific Statement. Algebra is casy for Kamla. 


Conclusion. Arithmetic is easy for Kamla. 


In this case our 
three-step arrangement would be 
l. p—4 
D>. d 
Bi. An 
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not congruent or ~q — ~p. We can put these in a tabular form 
as follows : 


Proposition : p — q (If p, then q). 

Opposite: ~p — ~q (If not p, then not q). 
Converse: q >p (If q, then p). 

Contrapositive : ~q — ~p (If not q, then not p). 


Following are some of the examples showing that a statement 
could be true or false and in each of these cases an inference can be 
valid or invalid. 

Example 1. If the numeral for a whole number ends in ‘5’ 
then the number is exactly divisible by 5. 735 is a whole number 
that ends in five, therefore 735 is divisible by five. 


Example 2. If the unit's digit of a whole number is 5, then 
the number is exactly divisible by 6. If a number is exactly divisible 
by 6, then it is exactly divisible by 5. 735 is a whole number whose 
unit's digit is 5. Hence 735 is divisible by 5. 


Example 3. If a whole number is exactly divisible by 2, then 
it is exactly divisible by 3. If it is exactly divisible by 3 then it is 
exactly divisible by 5. Hence if a number is exactly divisible by 2, 
it is exactly divisible by 5. 

Example 4. If the measure of each angle of a triangle is 60 
then the three sides of the triangle have equal measure. The three 
sides of a AABC have equal measure. Hence the measure of each 
angle of a triangle ABC is 60. 


Example 5. If the earth is stationary, the moon is stationary. 
If the sun is stationary then the moon is stationary. So if the earth 
is stationary, the sun is stationary. 


Analysis of validity or otherwise of the inferences and truth or 
otherwise of the conclusions is tabulated below : 


Example First Reason Second Reason Inference Conclusion 


1 True True Valid True 

False False Valid True 
3 False False Valid False 
4 True True Invalid True 
5 False False Invalid False 


From this table, we see that inference and its conclusion can 
both bs valid and true (Exs. 1 and 2), valid aad false (Ex. 3), 
invalid and true (Ex. 4) and invalid and false (Ex. 5). 


Fundamental Laws of Logic 
1. Law of Contradiction. For any proposition p, p is either 
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true or false. It cannot be both true and false at the same time. In 
symbols, we can say thatp A (~ p) is false or ~ [p A (e p)] is 
truc. 


II. Law of Excluded Middle. For any proposition, there are 
only two possibilities (1) either it is true (2) or it is false. The state- 
ment that a proposition can neither be true nor false at the same 
time is not true. In other words, p V (~p) is true. If a proposition 
is not true then it must be false. If a proposition is not false then it 
must be truc. 


What isa Proof? In our daily lives we very commonly use 
the word ‘proof’. Some illustrations of it are : 


(1) ‘Out of the hundred people interviewed, 80 people were 
in favour of using a particular brand of tooth paste 
which is a proof that it is the most popular brand.’ 


(2) ‘Let us fight a bout. It will prove as to which of us is 
the best fighter." 


(3) 'Sir, I am right. Twenty-nine minus fourteen equals 
fiftcen as fifteen plus fourteen equals twenty-nine.’ 


(4) ‘There is no need of any further proof. I saw it happen 
with my own eyes.’ 


(5) ‘It is correct as my teacher told it so. There is no need 
of any proof for it.’ 


(6) ‘It is true because my dad says like this. Where is the 
need of any proof ?' 


In Mathematics, the word proof has very special and precise 
meaning. Proof in Mathematics consists of establishing a conclusion 
through a chain of conclusions drawn through valid inference. Each 
conclusion is justified by referring to the axioms or postulates that we 
have accepted, undefined terms, definitions, previously proved pro- 
positions or a combination of one or more of these. We also make 
use of assumptions and laws of logic and proved propositions of logic 
(we will take some of these later). None of the illustrations chee 
above, excepting example 3 is an example of a valid proof as in other 
cases it is dependent upon induction or some authority like 
teacher or dad. Mathematical proof is independent of observation 
and experimentation. Observation and experimentation only 
suggest the axioms or postulates which we take as our unproved 
propositions. 


Fundamental Rule of Inference. If we accept that p > q and 
p is true, then its logical implication is that q is also true. This 
pattern of reasoning is known as Fundamental Rule of Inference. We 
extend this reasoning further and say that if p > q and q > r then 
p — r and if p is true then r is also true. We can generalise it further 


paf 


39 


and state that if p => q, q > r,r— s, S — t, t — u etc. etc., then 
pu. 


As alrcady stated, following forms of reasoning are invalid : 


(I) Ifp ->q andq is true then p is true. An example 
is: ‘Iftwo angles are right angles then they are equal in measure 
(or p => q).' Conclusion : Two angles are equal in measure (or q) 
hence each angle is a right angle (or p). This inference is invalid.. 


(2) Another form of invalid reasoning is to accept that p > q 
and if ~ p is true then ~ q is true. In other words if p > q then. 
~ p + ~q or to take that a proposition and its opposite are equi-- 
valent. An example is : If two angles are right angles then they are 
equal (or p — q). Conclusion: Two angles are not right angles 
(or ~p). Hence two angles are not equal (or ~q). 


Now let us consider the case when if p—q is true then will 
cq p ? Let the given proposition will be : ‘If two angles are right: 
angles then they are equal in measure (or pq). Its contraposi-. 
tive would be ‘If two angles are not equal in measure then both are: 
not right angles.’ Evidently, in this case if pg then ~g>~p.. 
Similarly if ~g-+~p is taken to be true then p is true. In the: 
case of this example, therefore, p>q and eq— p are logically equi- 
valent statements or (p-q)ex(cq- p). : 


We can show that in any case (p>q)(~q>~p). It is as 
follows : 


l. pq (We assume it to be true) 
2. —q ( 33 LE 39 393 33 ) 
am 


Obviously, eq -—p or ~q->~p are] the only two possibilities. 
Now assume that p is true then it implies that q is true and hence 
~q is false and this contradicts the original assumption that ~q is. 
true. 


Hence the assumption that p is true has to be abandoned. 
Hence ~g>~p. Therefore, (p>q)=(~q>~p). 


Also 

(1) e&q-cp (Assume it to be true) 
Q p Ca a o» a) 
(3 æ (» 


Once again we have to reject the possibility that p>~q. 


Hence p-. 
Another logical equivalence is double negation. For every 
proposition p, we have 
le(-pnrep 
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Suppose the proposition p is that sum of the angles of a 
triangle is two right angles, then ~p will be that sum of the angles 
of a triangle is not two right angles and ~(~p) would be that : ‘‘it 
is false that sum of angles of a triangle is not two right angles” and 
which amounts to saying that the sum of the angles ofa triangle is 
two right angles. 


We can establish the logical equivalence of pq and ~qg>~p 
with the help of what are known as Truth tables. Before we are in 
a position to do so, we have to establish the truth and falsity of com- 
pound sentences like p Ag, P V d, P>4 and for ~p. 


Truth Table for p and ~p. If p is any proposition then if p is 
true then ~p is false and if p is false then ~p istrue. We can 
put it in the following tabular form :— 


When p is Then ep is 
d F 
F " 


Here T stands for true and F stands for false. For example, 
let p be : “The measure of an angle A is 90", then ~p will be : “The 
measure of angle A is not 90”. 


Truth Table for p ^q. Ifp, q are any two statements then p is 
either true or false. Similarly, q is either true or false. Now pq 
(p and q) will be true if and only if both p and q arc separately truc. 


Let p be : ‘Angle A is a right angle’ and let g be ‘Angle B is an 
acute angle’ then pA q will be : ‘Angle A isa right angle and angle 
Bis an acute angle’ and pAq will be true only when cach of 
p, q is true ; otherwise it will be false. Hence its truth table is as 
follows : 


When p is And g is Then pAq is 
T ny T 
d F F 
F T F 
F F F 


Truth Table for pV q. Now pVq (p or q) will be true if either 
one of p or q is true. The statement: ‘Angle A is a right angle or 
angle B is an acute angle’ will be true if either one of p or q is truc. 
Hence its truth table is : 


When p is And q is Then p Vq is 
T T T 
Es E 7T 
F T T 
F F F 


why 


41 


Truth Table for pq. pq means if p is true then g is true. In 
other words, if p is true then ~g is false or pA ~q is false or 
~(pA~q) is true. Hence pg has the same truth value as 
~(pA~q). Hence to build up the truth table for pq, we do so 


for ~(PA~q)- 


When When qis When And pA eq is Then 
pis ~q is e (p^ c) is 
E T F F dt 
T F du T F 
T F E F "m 
F F T F a6 


Now as ~(p A ~q) has the same truth value as pq, therefore, 
we get the following truth table for p>q: 


When p is When q is Then pq is 
E T T 
F F F 
F . T T 
F F T 
Truth Table for pq (p>4^4>P). 
When pis Wheng is pq qp peg 
T T T T T 
T F F m F 
F T T F F 
F F T T. n 
Truth Table for pq and ~q>~P.- 
When When Then When When - Then 
pis q is pq is ~q is ~pis eq 
is 
X T T F F T 
X F F T F F 
F T Uu F T ak 
F F gt T 1 Mu 


and ~q>~p has the same 


This table clearly shows that p> 
also true ; when 


truth value i.e. when pq is true then ~q>~p is 


pq is false then ~g>~P 15 also falsc. 


Strategy of Proofs in Geometry 
vhich are gene- 


In Geometry, we are to prove propositions which are 
rally conditional statements. Suppose the proposition 1s : If the 
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measure of two sides of a triangle is equal then the measure of 
angles opposite these sides is also equal.’ We assume the antecedent 
(i£ clause) and then by arguing wc prove that the consequent (then- 
clause) is true. The validity of the arguments given should be 
consistent with the laws of logic and propositions of logic. If 
argument is successful then we say that if p is true then g is also 


true, or pq. In gencral, we will find statements Ts Sy 1, te. 
such that 


(pr) A (rs) A (s 1)...... —(p-4). 


This type of strategy for proof is also known as ‘direct proof’ or 
*modus poneus'. 


Indirect Proof. Somctimes it is casier to prove a proposition 
easily by an ‘indirect’ scheme of proof. Essentially there are threc 
types of indirect reasoning which are as follows : 


(1) Proof by Reductio ad Absurdum. 
(2) Proof by proving the contrapositive. 
(3) Proof by elimination of all possibilities but one. 


Reductio ad Absurdum. In this type of proof we accept the 
contradictory statement «f the given proposition and then prove that 
as a consequence of this we arrive at some inconsistent proposition or 
some ‘absurd result’, If p is any proposition then we accept ~p and 
arrive at some contradiction and hence conclude that ~p is false or 


~(~p) is true and then c-(c-p)-p. This method has been very 
commonly used by mathematicians. 


Example. A class consists of 40 students and the school 
has 39 copies of a particular book. Ifthe whole class is to read 
that book simultaneously then two students will have to share the 
book. Assume the conclusion to be false. This implies that each 
student gets a book. This implies that class is having 40 books 
which contradicts the statement that the school has 39 books. 


By proving the Contrapositive. In this type of proof we 
make use of the logical equivalence (p) (cq p). We prove 
the contrapositive of the proposition and then assert that p>q is 
true. Suppose we want to prove the proposition that ‘if two lines 
are cut by a transversal making the alternate interior angles equal 
In measure then the lines are parallel’. We write its contrapositive : 
“Iftwo lines are not parallel then the alternate interior angles 
formed by any transversal are not equal in measure.” We 


prove the contrapositive and then assert that the original pro- 
position is proved, 


By Elimination of All Other Possibilities. 


; iy E This type of 
reasoning is the 


simplest and very commonly used. Suppose we 
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are confronted with a situation. in which we want to prove that the 
lines /, and /, meet at a point. We will assert that either 


(1) 4, and J, are parallel ; or 
(2) l and l, are skew ; or 
(3) I, and /, meet at a point. 


We assert that these are the only three possibilities in which 
two lines in space are going to behave. Then we prove that the 
first two possibilities lead to contradictions. Often it is done by 
Reductio ad absurdum. Then we assert that the third possibility is 
true. If py, po; pa... D», in general are the possibilities in a situa- 
tion, we prove that pi, P2.----- Da-1 are false or epi, epe... ~pa- 
are true and hence py is truc. 


[(p1 V Pa V Piee Pu-1V Pa) ^ (pi) ^ (co palais A(~Pn-1)) 
Pu 
We must take care of two very important points in this type 
of proof : 
(1) We have listed all the n possibilities and none has been 
left out. 


(2) The (n—1) possibilities have been proved to be false by a 
process of valid reasoning. 

Summarising, we state that in this type of proof, we start with 
the conclusion and having formulated all the possible alternatives, 
we proceed backwards and arrive at untenable assumptions in the 
case of all other alternatives excepting one that we want to prove. 


What is a Theorem ? A theorem is a statement that is to be 
proved. When we have proved it then it becomes a general state- 
ment for other theorems. A theorem and an assumption (postulate) 
are both statements. They differ only in this respect that an assump- 
tion is accepted to be true without any proof while a theorem is 
accepted to be true only when we have proved it. The proof of a 
theorem will have the following structure :— 


(1) A statement of the theorem. 

(2) A statement of hypothesis or what is given. 
(3) 

( 


3) A statement of what is to be proved. 


us to develop a logical proof. We 


figure that helps M 
ry D fs to depend on any characteristics 


do not allow our proo 
of the figure. 


(5) A logical, step by step, proof based on deductive reasoning. 


Proofs to be Arranged Column-wise. It is very convenient 


and helpful to arrange the proof of any problem involving deductive 
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reasoning in column form. We will have two columns—a ‘state- 
ment’ column and a ‘reason’ column. We will start with hypothesis 
in the statement column. Every statement that we will make will 
be supported by valid reason. We will go on deducing further 
specific statements till we arrive at the conclusion. This in general 
will be our scheme for writing proofs when we employ the strategy of 
‘direct proof’. However, when we employ any one of the types of 
‘indirect proof’ this scheme will be a little bit varied. 


Arithmetic—An Axiomatic System 


We have already stated that an axiomatic system has to be 
‘consistent’. The ‘consistency’ and ‘independence’ of axioms has to 
be ensured. A set of axioms will be consistent if it is not possible to 
deduce both the statement and its negation from the set of axioms by 
recognised customary rules of inference. In fact one can never deduce 
both the statements p and ~p. All that the mathematicians have 
achieved is to reduce the consistency of Geometry to the consistency 
of Arithmetic. In other words, any inconsistency in the set of axioms 
of a particular geometry will imply inconsistency in the structure of 
elementary Arithmetic. Over four thousand years’ experience has 
convinced the mathematicians that Arithmetic is a system which is 
consistent. The consistency of the system—the Euclidean geometry— 
that we are planning to build up in this book will depend on consis- 
tency of Arithmetic as a system. 


Real number system is the core of Arithmetic and plays 
central role in Geometry. In real number system, the real numbers 
are the undefined terms, the operations of addition (+) and multi- 


plication (x) are the undefined relations. The real numbers include 
the following : 


(1) Set of Natural numbers 5155253 ds 
(2) The integer 0. 
(3) The negative integers (—1, —2, —3...}. 


(4) All positive and negative fractions whose denominator is 
different from zero. 


(5) Irrational numbers like 4/2, 4/3 etc. We represent this 
mathematical structure or system by [R, +, X] where R 
stands for real numbers. It may be remembered that 
R, +, X are our undefined terms. 


The axioms of this system are as follows : 


Ai: Closure Property of Addition. For all a, b belonging to 
R ; a+b also belongs to R. Symbolically, 
If a, bER then a+b € R. 2, 3ER, therefore 24+3ER. 


A : Associative Property of Addition. For all a, b, c belonging 
to R, (a+b) +e=a+ (b+c). (33-2) 5,9 3- (24-45). 


"M 
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A,: Identity Element for Addition. There cists ex 7 
element of R which is denoted by 0 and which Dép. ee Hor 
2-10—a-—-0-La for all aER. V2+0=V2=0+ 2. niis 


A,: Existence of Inverse for Addition. For 
, f J , alacmR 
exists one element, —a, in R, such that © Bymer 


a+ —a=0= —a+a 


eto 0=—-4 +a or 
—5+5=0=5+—5 
As: Commutative Property for Addition. For alla, bER 
a+b=b+a 
/34+7=7+ V3 
E LPa-vr-—vney 


Along with mer five anom for addition we have five similar 
axioms for multiplication an there is one axiom combini i 
tion and multiplication. E adoi 

These are as follows : 

Mı: Closure Property in Multiplication. For all a, bER 

axbER. 

M, : Associative Property in Multiplication. For all a, b, cER 

(ax b) x ccax (bx c) 

Mg: Jdentity Element in Multiplication. There exist 

element of R denoted by 1 such that : To NM 
axl=a=1xa for all a€ R. 


M,: Existence of Inverse in Multiplication. For all aER when 


. 1. 
a0, there exists exactly one element-7. in R called the reciprocal 


1 


1 
ofa such that ax pedem xa. 


Ms: Commutative Property of Multiplication. For all a, bER 
axb=bxa. 
AM,: The Distributive Law. For all a, b, cER 
ax (b+ce)=axb+ax ca(b+c) Xa. 
The distributive law combines addition and multiplication. 


Besides these axioms, we need to make the following state- 


ments : 


E: Ifa=b and c=d, then a+c=b+d (a, bER). 


46 
This is same as Euclid's Axiom ‘If equals be added to equals, 
the sums are equals.’ 
E,: Ifa=b and c=d, then ac=hd (a, bc R). 
This is a similar relation for the operation of multiplication. 
We also need to mention that the relation of equality possesses 


all the three properties of relations about which we have mentioncd 
earlier. We state those again. 


Property 1. Equality is a reflexive relation, ie., for all 
xER; xx. 
rty 2. Equality is a symmetric relation, i.e., for all 
sia a beER ifa=b, then b=a 


Property 3. Equality is a transitive relation, i.e., for all 

a a,b, cER ifa=b, b=c, then a=c 

Besides properties of ‘equality relation’, we state following laws 
about ‘inequality relation’. 


O,: Trichotomy Law. For alla, bER, either a<b or a=b 


cor b«a. In other words, one and only one of these relations. 


holds. 


O, : Inequality is a Transitive Relation. For all a, b, cER 
if a<b and b«c, then ac. Of course, inequality is not a reflexive 
or a symmetric relation. 


AO,: Foralla, b, cER ifa<b, then a4 c«b--c. 
This is similar to E}. 
MO,: Foralla,bER ifa>0 and b>0, then ab>0. 


This is similar to E,. 


a 


We also state the following statements which are satisfied by 
real number system. 


The Archimedean Postulate. If a, b are any two positive 
real numbers or any magnitudes in geometry then there exist 
positive integers m and n such that 


ma>b and nba. 
The Euclidean completeness postulate : 


Every positive real number has a positive square root. 


Subtraction. In real number system, we also deal with an- 
other operation riz. subtraction which is inverse of addition. Axiom 
A, helps us to state that a—b=a+(—b). In other words, to subtract 
b from a, add (—b) toa. 


Division. It is an operation inverse of multiplication. Axiom 


Ne 


47 


1 na 
M, helps us to state that a+b=a., . In other words to divide 


b 


a by b, multiply a by reciprocal of b. 


With the help of these definitions, axioms, statements, order- 
relations, we prove below some theorems. The pattern of proof 
that we will follow in proving these will be same as that we follow in 
proving the theorems in geometry. 


Theorem 1. For every aCR, ax 0—0. 


Given: a € R. 
To prove that: ax0=0. 
Proof. 
Statement Reason 
1. 14-0—1 l. Axiom Ag 
2. a(1+0)=ax1 2. Statement E, 
3, axl+ax0=ax1 3. Distributive law 
s Axiom AM, 
TA a+ax0=a 4. Axiom M; 
5. a+ax0+—a=a+—a 5. Statement E, 
6. a-4-—a-rax0-sa4-—a 6. Axiom A; 
7. (a+—a)+ax0=(a+—a) 7. Axiom A, 
8. 0+ax0=0 8. Axiom A, 
ax0=0 9. Axiom A,. 


Theorem 2. If a,b are any two real numbers such that 
ab=0, then a=0 or b=0. 


Given : a, b € Rand ab=0. 
To prove that : Either a=0 or b=0. 
Proof. If we consider a ; then either a—0 or a0 (Indirect 


method of Proof). If a40, then i , the reciprocal of a exists and 


1 
= €R., 'Then 


Statement 1 Reason 
]. ab=0 l. Given 
2. 1 exists 2. a#0 as has been 
supposed 
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3. i x (ab) =+ x (0) 3. Statement E, 
4. = _(ab)=0 4. Theorem 1 
5. ( £ xa). b=0 5: Ma 

ba dub 6. M, 

7. b=0 7. Ms. 


So either a=0 or a0 but when a40 then b=0. 
Hence either a=0 or b=0. 


, Theorem 3. For every a€R, (—1) xa— —a. 
Given: a€R. 
To prove that : (—1)xa--—a. 


Proof. 
Statement Reason 

1. 14(—1)=0 l. A, 

2. ax[l+(—l)]=ax0 2. "E, 

3. axlcax(—1)-0 3. AMn, Theorem 1 
4. atax(—1)=0 4 Ma 

5. (—a)+a+ax (—1)=(—a)+0 5. E 

6. [(—a)-+a]+ax (—1)=(—a4) +0 6. Ag 

7. O+ax(—1)=—a+0 7. Ag 

8. ax(—1)=—a dE 


9. (—1)xa=—a 9. Ms. 


Theorem 4. For every a, bER, (—a)b— — (ab). 
Given : a, bER. 


To prove that : (—a)b— — (ab). 


Proof. 

Statement Reason 
ue —a=(—1) xa 1. Theorem 3 
2. (—a)b=(—1) xaxb 2. E 


3. (—a)b-(—1)(ab) 


3. «Ms 
4. (—a)b— — (ab) 


4. Theorem 3. 
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Theorem 5. For every aC R, prove that —(—a)-a: 
Given : aER. 


To prove that : —(—a)-a. 
Proof. acR, therefore (—a) ER exists. 
Statement 
—(—2)-+(—a)= 


1 
2 
3: 
4 
5 


—(-4)--(-4) +a=0+a 
—(—a)--[C-a) 4- a] — [04-a] 
—(—2a)4-0-0--a 
—(—a)=a 


5: 


Bow 


Reason 
Ay 


Theorem 6. For every a, bER, (—a)(—b)=ab. 
Given : a, bER. 
To prove that : (—a)(—b)=ab. 


Proof. 

Statement 
l. (—a)(—b)=—[a(— Sn 
2. (—a)(—b)=—[(—b) (a) 
3. (—a)(—b)=—[- "a 
4. (—a)(—b)=ba 
5. (—a)(--b) =ab 


Theorem 7. Cancellation law of addition. 
For all a, b, cC Rif a+b=a +c then b—c. 
Given : (i) a, b, cC R. 


To prove that: b-c. 
Proof. 


ROI 


Statement 
a+b=a+c 
—a-+ (a+b) =—a+(a+c) 
(—a}+a)+b=(—ata)+e 
04-5b—04-c 
bc 


(ii) a+b=a+e, 


ws eye 


fee 


3: 


Reason 
Theorem 4 
Ms 
Theorem 4 
Theorem 5 
Ms. 


Reason 
Given 
Ei 

As 


Theorem 8. Cancellation law of multiplication. . 


For all a, b, cER if ab=ac and az£0, then b—c. 
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Given : (i) a, b, c€ R. (ii) ab=ac. (iii) a0. * 
To prove that: b=c. 


Proof. 
Statement Reason 

1. 4 the reciprocal of a exists 1. a0 
323. ab=ac 2. Given 
3. BC j= L-(ac) 3. E, 

4 € ; a\b= i ; a)c 4. M, 

z a a 

5. 1b=1c 5. M, 

6. b=c 6. M; 
Theorem 9. For all a, b, c, dE R and if ac b and c<d, 
then a+c<b+d. 


Given : (i) a, b, c, dER. (ii) a<b and c«d. 
To prove that : a4- c b-4 d. 


Proof. 
Statement Reason 
T. deb ]. Given 
23. atc<b+e 2. AO; 
3. c«d 3. Given 
4. b+e<b+d 4. AO, 
5. a+c<b+d 5. Statement 2, 
4 and O,. 


We bave proved that any two inequalities of the same order 
can be added. 


. Theorem 10. Ifwe multiply both sides ofan inequality by 
the’same positive number then the inequality is preserved. In other 
words for all a, b, c€ R, (i) ifa<b and c>0, then acc bc, (ii) if 
a7 b and c>0, then ac bc. 

Ist Part. Given : (i) a, b, cC R. (ii) a<b and c>0. 
To prove that : ac<be. 
Proof. 


Statement 
i. ba 
2. b--—a»a-4-—a 


Reason 


1. Given that ac b 
2. AO 
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3. b+—a>0 3: Ái 

4. c(b+—a)>cx0 4. Given that c>0 MO, 
5. cb+e(—a)>cx0 5. AMi 

6. c.b--c(—a)»0 6. Theorem 1 

7. cb—ca-0 7. Theorem 4 

8. be—ac>0 8. M; 

9. be—ac+-ac>0-+-ac 9. A0; 

10. be+0>0-+ac 10. A, 
1l. be>ac IL A; 

12. ac<be 12. Statement 11. 


2nd Part. It can be done by a reasoning similar to Ist part. 
Theorem 11. ForallacR, ifa<0, then —a-0. 

Given : (i) aER. (ii) a<0. 

To prove that : —a>0. 


Proof. 
Statement Reason 
1. a«0 1. Given 
2. —a-ac-—a--0 2. AO 
3. 0<—a+0 8. A, 
4. 0c—a 4. A; 
5. —a>0 5. Statement 4. 
Theorem 12. For all a€R, if a0 then —a<0. 
Proof. 
Statement Reason 
1. mu»0 1. Given 
2. 0ga 2. Statement 1 
3. —a+0<—a+ta 3. AO, 
4. —a+0<0 4. A, 
5. —a«0 5. Ag. 


Theorem 13. An inequality is reversed if its both sides are 
multiplied by a number less than 0. In other words if (i) a>b and 
€«0, then ac<be; (ii) ab and c«0, then ac>be, where a, b, 
ccR. 


1st Part. 
Given: (i) a, b, cC R, (ii) a>b and c<0. 
To prove that : ac<be. 
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Proof. 

Statement Reason 
1. a>b l. Given 
2. a+—b>b+—b 2. Why? 
3. a+—b>0 3. Why? 
4. c«0* 4. Given 
5. —c»0 5. 'Yheorem 11 
6. —c(a4- —5)7 —cx0 6. Why? 
7. (—c)a+(—c)(—b)>—cx0 7. AM; 
8. (—c)a+(—c)(—b)>0 8. Theorem I 
9. —ca-Fcb»0 9. Theorem 4, 6 
10. —ac--bc-0 10. M; 
ll. ac—ac+be>ac-+0 11. Why? 
12. 0+bc>ac+0 12. Why? 
13. be>ac 13. Why? 
14. ac<be 14. Why? 


2nd Part. This can be proved by a reasoning similar to Ist 
part. 


Another concept which we deal with in Algebra and which 
we shall be dealing with in Geometry also is that of absolute 
value of a number. Absolute value of à number x is denoted by 
|x|. By absolute value we mean the magnitude of a number 
Without its sign. More precisely it can be defined by the following 
two conditions : 


(1) |x| =x when x20 

(2) | x | 2—x when x<0. 

For example, the absolue value of +5 is5 as +5>0 and that 
of —5 is —(—5) or 5 as —5«0. In other words, the absolute value 


of a postive number is the number itself while that of a negative 
number is the number when the negative sign has been removed. 


Theorem 14. Absolut 
Zero or in other words | x | 


Given : XER. 

To prove that : | x | 20. 

Proof. Either (i 
proof—exhausting all the possibilities.) 


, Ist Case. When X0, then 
tion of absolute value |x| = 
Siven to be positive, 


€ value of any number is never less than 
20 for any x where xER. 


) x20or (ii) x=0 or (iii) x<0. (Indirect 


by the first condition of defini- 
* and xis greater than zero as it is 
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2nd Case. When x=0, then | x | =x=0. 


3rd Case. When x«0,then | x | =—x and as x«0, hence 
— x20 (Theorem 11). " 


So in every case the absolute value of a number is never less 
than zero. 


Theorem 15. Absolute value of any real number is never 
less than the number. In other words for all xc R£ 


|i] Sx 
Proof. Either x0 or x=0 or x« 0. 
1st Case. When x20 then | x | =x. 
2nd Case. When x<0 then | x | 2—x and as x«0, hence 
—x>0or—x>0>x. Hence |x| >x. 
Hence combining the results of first and second case, we get 
| x | >x for all XER. 


Theorem 16. The absolute value of any real number and the 
absolute value of its additive inverse are the same. In other words, 
|x] =|—x| forall x€ R. 


Proof. Either x>0 or x<0. 
Ist Case. When x>0, then —x<0. (Why ?) 
Ifx>0 then | x | =x and then 


—x<0 and hence | —x | =—(—x)=x. (Why?) 
Hence |x| 2| —x|. 

2nd Case. When x<0, then —x>0. (Why ?) 
Ifx<0, then | x | 2—x and when —x>0 

then | —x | =—x. (Why ?) 

Hence | x| =| —x | forall ER. 


Theorem 17. Absolute value of product of two real numbers 
is the product of the absolute values of two numbers. In other words 
for all x, y€R, | xy | 2 [x]. |» l- 


Proof. Either (i) x>0, y>0 or (ii) x<0, y<0 or (iii) when 
cither one of x, y is positive and the other is negative. 


1st Case. If x>0, y>0, then xy>0 and hence | xy | —xy and 


|x| =xand | y| zy. Therefore, | x |- I» | =x. 
Hence | xx» | 2 Ix] Ivl. 
2nd Case. Ifx<0 and y«0, then xy>0. 
Hence | x | =—x, |» | =—y and | xy | 22x. 


Therefore, | x |. |y | =(—x)(—y) =. 


3rd Case. When x<0, and y>0, then 
| » | =y and as xy «0, (Theorem 13) 
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Hence | xy | 2 Ex]. 1». 


|x| 2—x and 


therefore | xy | =—xy. 


Now |x|.1y | =(—x)(y) =—xy. 


Hence |xy|=|x|.|y|. 
Of course, there are some cases when x=0 and y<0. 


Or, y=0 and x«0 etc. Then lxy|=|x|.|y] as both 


sides of this equality will be zero in this case. 


either less than or e 
numbers, 


Ix| [y | <0. 


when x<0, y-0 provided jy|> |x] then 
Yl =yand | x | +] y] =—X+y=y—xX. 


Hence | xy| 2 | x |. | y] forall x, yCR. 
Theorem 18. Absolute value of sum of two real numbers is 
qual to the sum of the absolute values of two 


e (SFr < [x] + yl. 

Proof. Either x+y>0 or x+y<0. 

Ist Case. If x +ty>0, then | x+y | 2xty. 

Now if x4-y 20 then either (i) x 20, y>0 

or (i) x«0, y>0 with | y | > | x | 

or x20,y«0 with |x|]|y| 

or x=0, y=0 or x=0, y>0 

or y=0, x>0 are the all possible cases. 

Now when x>0, y>0 then |x| 2xand | y | zy. 

Hence | x | + | y | =x-+y and then Ixtyl|=|x] +] 
| x | =—x and 


Also y—x2y as x<0. 
Moreover, y>y+x as x<0. Hence y—x>yx+y, 

Hence |x| E | y| > | x+y | (as | x+y | 2x-cyin this case) 
e ley l< [ety]. 
Similarly, we can prove that if x>0, 
then [x+y] <|x|4 ly]. 
When x=0, y=0 then x+ y=0, 
Hence | x+y] =0 and Ix| 20 


y<Oand [x| |y] 


>» |»|20 and hence 


"Therefore, |xty|2 IxI- ]y] 


when x=0 and y>0, then x+y>0 and hence | x+y | =y | 
and |x| 50, | y| =} and hence | x | + | y | =y. 
"Therefore, in this case | x+y | = Ix] Iv]. 
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Similarly, when x70 and y=0, then xyz i= llt lyl- 
2nd Case. If x+y<0, then either (i) x<0 and y<0 or 
(ii) x>0 and y«0, but |x| > | x]. or (iii) y>0 and x<0 but | 
|x| 2 |x] or (i) x=0 and y«0 or (v) y=0 and x<0. 


When x«0 and y«0, then (x+y)<0 and then | x+y] 


=— (x+y) and | x | ——x and | y | =—y and hence |x| +x} 
=x y=— (49); 

Hence |y | = [x] +171- 

When x»0 and y<0 but |y |> |x|, then (x4-y)«0 and 
[x+y | =—(xt+y) : |x| =xand ly] =>- 

Therefore, |x| 4-1» | e9x—» 

while | x+y | =—(x+y)=—*X—)- 


Now as x>0 and hence —x «0. 

Therefore, x—y>—x—y and hence IxJ + lyl>l x+y] 
or [xtyl<lel+1yl- 

Similarly, we can prove that when y>0 and x<0 

but |x] >|] then jxty| <I xl+1y1- 

Now when x=0 and y<0, then (x+y) <0 

and then | x+y | =—(x+y)=—y and |x| 20, |yl=—-¥ 
and hence | x | + | y | =—y and then | xty|21xlI 1x 
Henceforallx,yER [x+y] < Ixi+1I»xi. 


Problem Set 
Prove that if p, q, x, YER, then 


1. p(—q)=—Pa- 

2. q(—p)— —P4- 

3. (—p)(—49) =P4- 

4. (—q)(—P)=P4- 

5. p(qtr)=rp+rq- 

6. g(p—r)=pq—"4- 

7. p—O=p. 

8. p+p=2p. 

9. qtaqtatq=4- 
10. (—g)+(—)=—24 
il. jt { = 1s1* 
12, aee qx 
13. ix—y | el xl — ly} andif | x—y —0, then | x| = 


I» |l 
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14. |x-l21Iixi-l»l- 

i D txl—lyl}<ixt+iyt- 
16. Ifa+b=c+dand ac, then bcd. 
Sol 1. a>c. (Given.) . 

2. at+(—c)>c+(—c). Why? 

3. at(—c)>0. Why? 

4. a—c»0. Why? 

5. Let a—c=m where m0. Statement 4. 
6. a+b=c+d. Given. 

7. a+b+(—b)=c+d+(—b). Why? 
8. a=c+d—b. Why ? 

9. a—c=d—b. Why? 

10. m=d—b. Why? 

1l. d—b>0. Why? 


12. d>b. Why? 
13. b<d. 


Another Example of Axiomatic System 


Suppose a set of friends (x, y, z...... } has gone for mountaincer- 
ing and they form themselves into groups {G,, Ga, G3...} for doing 
different odd jobs such that following Axioms hold : 


A,: There are atleast two members in the given set. 

A,: Every group consists of members of the set. 

A,: Ifx,y are any two members of the set then there is one 
and only one group that contains both x and y. 


A,: IfG,is any group then there is atleast one member of 
the set that is not in Gy. 


As: If G, is a set and there is a member Z which is not in G, 


then there is one and only one group containing z whose other mem- 
bers are also different from members of G, 


Before we proceed to prove any theorems, let us try to under- 
stand the implications of these Axioms, 


Axiom 1. The set has atleast two members. It can have 
more than two members. 


Axiom 2. The groups consist only members of the set. 


„Axiom 3. x, y any two members of the set come to: ether 
only in one group. a 
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: Axiom 4. It eliminates the possibility of only one group or 
eny one group consisting of all the members of the set. 


shee Axiom 5, There will be two and only two groups such 
at members of one group will be altogether different from the 
members of the other group.« 


Theorem 1. Every member of the set is atleast in two differ- 


ent groups. 
Proof. 
Statement Reason 
l. xisa member of the set Il. A, 
2. x,y determine a group G, 2. A, 
3. zis amember of the set that docs 3. Ay 


not belong to G, 
4. x and z determine a group G, 4. Ag 
5. x belongs to two groups G; and G, 5. Statement 2&4. 
Theorem 2. Every group has atleast one. member of the set. 


(This is to climinate the possibility of a group having no members 
at all or a group being an empty set.) 


Proof. 
Statement Reason 
l. xisa member of the set l. A, 
2. x belongs to groups G; and G, 2. Theorem 1. 


From now on we shall argue on the lines of indirect Proof. 
Suppose there exists a member G, with no groups at all. 'Then 
members of G4 are altogether different from the members of G; and 
G, and this contradicts the Axiom 5. Hence the supposition that G, 
has no members at all has to be abandoned. 


Theorem 3. Every group contains atleast two members. 
We shall employ the technique of ‘proof by contradiction’. 


Proof. Let G, be a group ; then : 

1. G, has atleast one member (Theorem 2). 

2. Suppose G, has only one member, x. 

3. x belongs to another group G, (Theorem 1). 


4, G, must have another member y as otherwise it will not 
be different from Gy. 

5. There is another member, z, which is not in G (A,). 

6. If z belongs to G, then G, will have two members and 
we have nothing further to prove. 
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zi 


7. Suppose z is not a member of G,. 


8. There exists a group G, containing z whose members arc 
altogether different from G, (As). 


9. Also G, is altogether different from G, as G4 only contains 
x and x cannot belong to G, as x belongs to G, and in that case Gs 
and G, will not be altogether different. So G, is altogether different 
from G; and G, and this contradicts As. Hence the supposition that 
G, contains only one member has to be abandoned. 


Theorem 4. There are atleast four members in the set. 


Proof. 
Statement Reason 
i. xand y arc members of the set Il. A 
2. xand y belong to G; 2... A, 
3. zisa member that does not belong 3. Ag, 


to Gi, 


4. There is a group G, containing z 4. A; 
whose members arc altogether diffe- 
rent from G, 


5. G, has another member a 5. Theorem 3 

6. So x, y, z and a are the four members 6. Statement 1, 3, 
that belong to the set 5 

7. Set has atleast four members 7. Statement 6 


Theorem 5. There exist atleast six different groups. 


Statement Reason 
1. x, y are the members of the set l. A 
2. x, y belong to Gy 2. A, 
3. z is a member that does not belong 3. A, 
to G, 


4. There is a group G, containing z 4. As 
whose members are altogether differ- 
ent from Gy 


5. G, has another member ‘a’ 5. 


Theorem 3 
6. xX, y, z, a belong to the set 6. 


Statement 1, 3, 
5 
7. (x, 2), (x, a), (y, z), (y, a) determine 7. Ag 

groups different from G, and G, 
8. There exist atleast six different groups 8. Statement 2, 4, 
Ja 
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Now we give below a. set of five Axioms which are same as we 
have stated above (How ?). The undefined terms are ‘points’ and 
‘lines’. 

Aij: There exist atleast two points, 

As: Every line is a collection of points. 


Ag: Ifx,y are any two points then there is one and only one 
line containing both x, y. 


Ay: Ifhisany line then there exists a point not on 7j. ` 


As: Ifl isa line andz isa point which is not on /, then 
there exists one and only one line through z which is parallel to /. 


Now with the help of these axioms, the reader need to prove 
the following theorems : 

Theorem 1. Every point is on two different lines. 

Theorem 2. Every line contains atleast one point. 

Theorem 3. Every line contains atleast two points. 

Theorem 4. There exist atleast four distinct points. 

Theorem 5. There exist atleast six distinct lines. 


(Hint. These two sets of axioms are the same. Only ‘mem-- 


bers’ have been replaced by ‘points’ and ‘groups’ have been re- 
placed by ‘lines’.) 


CHAPTER II 
EUCLIDEAN GEOMETRY AS AN AXIOMATIC SYSTEM 


With all this preparation we are now well set for developing 
Euclidean geometry as an Axiomatic system. Point, line, plane, space, 
set, element, number shall be our undefined terms. Of course, we 
will have some ‘understanding’ of these terms. The relation ‘belong 
to’ will be the undefined relation. We will assume the existence 
of Real number system as an axiomatic system and hence we will 
accept the undefined terms, definitions, Axioms, Theorems etc. of 
Real number system which is going to play the central role in the 
development of Euclidean geometry as an axiomatic system. We 
have developed Real number system as a quadroplet [R, +, X, <] 
which will be the core of the system that we are going to develop. 

In geometry, we will start with space, S, which isa set of 
points. The term point will be taken as undefined. The definition 
of a point as having ‘no length, 
A ———————— width and thickness’ is incrrect. A 
1 point will be something abstract. We 
Fig. 12. can make geometrical representation 
of a point by a 'dot' made by a 
pencil. The dot will only be a geometrical representation of the 
‘point’. It will not be a ‘point’ as point is something abstract—un- 
defined. Of course, *point' will be element of set S. We will also 
take a subset of S—a line which will be a collection of points. The 
term ‘line’ will be taken as undefined. We can make the geometri- 
cal representation of the line as in Fig. 12. Ourline is going to 
extend both ways. Of course this figure is geometrical represent- 
ation of a line but it is not line itself. Line is something ‘abstract’ 
which exists only in our imagination. We are going to omit the 
adjective ‘straight’ as ‘line’ is some- 
thing undefined but in our thinking 
‘and imagination the line is going to be 
‘straight’ so far as it is going to exist 
on a plane paper or in our immediate 
ueighbourhood. But if our ‘line’ is 
going to extend into space constitut- Fi 
ing the universe we live in, then we M. Bs 
n not know whether it is going to be straight or something different. 
Ra n miling panot subset of S namely plane which will be 
Slider E A =. wal represent a plane geometrically by a 
mol. din were ig. 13. Of course, our plane will be unde- 
Soing to develop the system by using the 
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relations, like, “incidence” ‘on’ or ‘belong to’, ‘between’, ‘equal’, 
‘congruent’, ‘similar’, ‘less than’ ‘parallel’, ‘perpendicular’, etc. 


. To make it more clear it is stated that a mathematician’s view 
point is different from that of a physicist. When a physicist uses the 
terms point, straight line, incidence etc. in a statement about 
physical objects, he has a. definite meaning before him for these. A 
pin-point isa ‘point’ for a physicist. A tant string or the path of 
light rays in a homogeneous medium is a straight line. A mathe- 
matician does not assign any meaning to these terms—and develops 
the system with the help of laws of logic after making some assump- 
tions or postulates. A mathematician is only worried about the 
‘consistency’ of the system rather than its ‘truth’ or ‘otherwise’. A 
physicist may give physical meaning to these terms and postulates 
and if he finds on the basis of experiments or systematic observation 
that the system that the mathematician has developed holds true in 
physical space then he may make use of it. The mathematician only 
gives the physicist an assurance that if the postulates that he has 
assumed are true in their physical interpretation then the theorems 
that he has developed are necessarily true as these are logically 
deducible from those postulates. 

Although our points and lines are going to be undefined terms 
yet we shall mak: use of figures in our proofs and. discussions to help 
us in formulating the proofs and to know about further relations 
that need to be explored. Of course we will not justify our proofs 
by basing those on characteristics of figures. 

Besides assuming Axioms of real numbers, we will need twenty- 
two postulates. We may again make it clear that axioms are those 
assumptions that are common to all sciences and postulates arc those 
assumptions which are peculiar to the particular science. The first 
group of postulates are those that are commonly called as *postulates 
of incidence or connection’. These postulates express our intuitive 
ideas about how points, lines and planes are related. In these we use 
the relations as expressed by the words ‘lies on’ or ‘contain’ or 
‘determines’ or ‘intersects’. 


The set of postulates that we are going to use is as follows :— 


Postulates of Incidence : P , 
Postulate 1. Every line is a set of points and contains at- 


least two distinct points. 

Postulate 2. IfAandB are any two distinct points then 
there is one and only one line containing both A and B. 

Postulate 3. A plane isa set of points and contains atleast 
three non-collinear points. 

Postulate 4. If A, B, C are any three non-collinear points 
then there is one and only one plane that contains all of these. 

Postulate 5. lf two points of a line lic ina plane then every 
point of the line lies in that plane. 
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Postulate 6. If two planes intersect (have a point in common), 
then their intersection is a line. 


Postulate 7. Space contains atleast four points which arc 
non-collinear and non-coplanar, 


Distance Postulates : 
Postulate 8 (Distance Postulate). To every pair of different 
points in space there corresponds a unique number such that it is : 
(1) 0, if the points of the pair are the same. 
(2) positive, if the points of the pair are distinct. 
(3) 1, if the points of the pair are at a unit distance. 
Postulate 9 (The Ruler Postulate). The points of a line can 


be placed in a unique one-to-one correspondence with the set of 
all real numbers in such a way that : 


(1) To every point of the line, there corresponds exactly one 
real number. g 


(2) To every real number, there corresponds exactly one point 
on the line. 


(3) The measure of distance between any pair of points A and 
B on the line is equal to absolute value of the difference of numbers 
that correspond to A and B. 


The Separation Postulates : 


Postulate 10 (The Plane Separation Postulate). Given a line 
anda plane containing it, the points of the plane which do not 
belong to the line form two sets such that : 


(1) Each set is convex. 


(2) A segment having one of the end-points in one set and the 
other end-point in the second set, intersects the given line, 


Postulate 11 (The Space Separation Postulate). Given a 
plane in space. The set of roints of space which do not lie in the 
given plane form two sets such that : 


(1) Each set is convex. 


(2) Any segment joining a point inone set to a point in the 
other set, intersects the given plane, 


The Angle Postulates 2 


Postulate 12 


(The Angle Measurement Postulate). 
ZA, there correspond. 


To every 
S areal number between 0 and 180. 


> 
Postulate 13 (The Angle Construction Postulate), If AB is 


— — 
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any ray on the edge of a half plane H, then for every real number r 
> 

between zero and 180, there is exactly one ray AK with K in the 

half plane H such that m ZKAB=r. 


Postulate 14 (The Angle Addition Postulate). If P is a point 
in the interior of Z BAC, 


then m ZBAC=m ZBAP-+m Z PAC. 


The Protractor Postulate : 
> 
If VA is any ray lying in the edge of a half plane H, there is 


one-to-one correspondence between the set of real numbers r where 
> 


0 <r < 180 and the set of rays VX which lie in the union of H 
and its edge such that 
> 
(1) VA corresponds to the number 0. 
> 
(2) The ray opposite to VA corresponds to number 180. 


(3) If X and Y are points belonging to H and which are not 
collinear with V and if x, y are the real numbers corresponding to 
— > 


VX and VY respectively then m /XVY= | x—y |. 


Postulate 15 (The Supplement Postulate). If two angles form 
a linear pair, then they are supplementary. 


The Congruence Postulate : 


Postulate 16 (S.A.S. Postulate). If there exists one-to-one 
correspondence between two triangles (or between a triangle and 
itself) in which two sides and the angle determined by three sides of 
one triangle are congruent to corresponding parts of the second 
triangle, the correspondence is a congruence and the triangles are 
congruent. 


The Parallel Postulate : 
Postulate 17. Given a line and a point not on that line, 


there is only one line through the given point parallel to the given 
line. 


Area Postulates : 


Postulate 18. IfS is any square region, then there exists a 
correspondence associating every polygonal region a unique positive 
number such that the given square region 1s assigned the number 1. 


Postulate 19. If two triangles are congruent, then the 
triangular regions determined by them have the same area relative to 


a unit square. 
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Postulate 20. Ifa polygonal region R is the union of two 
polygonal regions R, and R, such that R: and R, intersect almost in 
a finite number of points and. segments then the area of R relative to 


a unit square is the sum of the areas of R, and R, relative to the 
same unit square. 


Postulate 21. IfS is any square region whose sides are of a 
unit length then the area of any rectangular region R, relative to 
unit square S is the product of its two consecutive sides. 


Co-ordinate Postulate : 


Postulate 22. To every point in the plane, there corresponds 
a unique ordered pair of real numbers and to every ordered pair of 
real numbers, there corresponds a unique point in the plane, 


As will be evident from Postulate 22, we intend to integrate 
analytical methods with the methods of pure geometry. We intend 
‘to develop elementary synthetic geometry and elementary analytical 
plane geometry and then to integrate them. We intend to develop 
the system under the following chapters :— 


.. (I) Incidence postulates and theorems, (2) Distance and its 
measurement, (3) Planes, space and separation, (4) Angles and angle 
measurement, (5) Triangles and their congruence, (6) Geometric 
inequalities and some other Properties of the triangle, (7) Parallel 
lines in a plane, (8) Loci, (9) Space Scometry, (10) Proportion and 
similarity, (11) Areas of polygoral regions, (12) Another modern 
geometry (Analytical plane geometry) (13) Circles, 


We shall include a chapter on ‘Other New geometries’ wherein 
we shall very briefly touch upon non-Euclidean geometries so as to 
give the reader a wider perspective about this very important field 


of Mathematics—geometry and to inspire him to continue to study 
it further. 


In the various Chapters we will be developing following 
theorems, 


Chapter HI. Incidence postulates and theorems. 


In this chapter we shall develo 


; / M p seven theorems about relation- 
ship between points, lines, planes an 


d space. 
Chapter IV. Distance and its measurement, 


. In this we will develop the conce 
points and its measurement. We will also cevelop the ‘concept of 
betweenness', We will also develop the concept of ‘co-ordinate 
system’ on a line. We will also define a segment, a ray and a 
line. Side by side we will prove some theorems involving bet- 
Weenness and other order relations. We will also prove two very 


pt of distance between two 
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important theorems, viz. "Ihe point plotting theorem’ and ‘The 
segment construction theorem’ which we will use very often in 
proving other theorems. 


Chapter V. Planes, Space and Separation. 


In this we will talk about ‘separation’ of a plane into two half 
planes by a line and separation of space into two half spaces by a 
plane. 


Chapter VI. Angles and Angle Measurement. 


In this chapter we will define an angle, interior of an angle, 
right angle, acute angle, complementary angles etc. We will 
postulate about the measurement and construction of an angle. 
Then we will prove the following theorems :— 


l. (VI/1) Two angles of a linear pair are supplementary and 
converse. Ta 


2. (VI/2) Vertical angles are congruent and its converse. 


Chapter VII. Triangles and Their Congruence. 


We will define a triangle and explain the relationship of 
congruence between two geometrical figures. We will also define 
the relationship of congruence between two triangles. We will 
postulate the S.A.S. congruence and prove theorems some of which 
are as follows :— sd 


(1) (VII/I) A.S.A. Theorem. 


(2) (VII/2) If two sides of atriangle are congruent then the 
angles opposite these sides are also congruent and its converse. 


(3) (VII/3) The perpendicular bisector of the base of an 
isosccles triangle passes through the vertex opposite that side arid 
converse. 


(4) (VII/4) S.S.S. Theorem. 


(5) (VII/5) Unique existence of perpendicular from a point.P 
not on the line to the given line. i 

(6) (VII/6) Every angle has exactly one bisector. 

Chapter VIII. Geometric inequalities and some other pro- 
perties of triangle. 

We will state Pasch's Axiom and define an exterior angle of a 
triangle. We will prove the following theorems :— 


(1) (VIII/]) The weak form of exterior angle theorem. 
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(2) (VIII/2) If two sides of a triangle are unequal (not 
congruent) then the measures of angles opposite these sides are also 
unequal in the order in which the sides are unequal and converse. 


(3) (VIII/3) The short 
the perpendicular segment, 


(4) (VIII/4) If one side of a tri 
of the other two sides then the foot o 
opposite vertex to 
point of that side, 


est segment joining a point toa line is 
` 


angle is atleast as long as either 
: f the perpendicular from the 
the line determined by that side will be an interior 


(5) (VIII/5) The sum of lengths of any two sides of a triangle 
15 greater than the third side, ki s à á 


(6) (VIII/6) S.A.A. congruency theorem. 
(7) (VIII/7) Hypotenuse—leg congruency theorem. 


Chapter IX. Parallel Lines in a Plane. 


We will define parallel lines and prove that two lines arc 
parallel when (i) Alternate interior angles are equal (congruent) (i?) 
A pair of corresponding angles are equal (congruent) (iii) A pair of 


interior angles on the same side of the transversal are supple- 
mentary, 


We will also postulate the existence of parallel lines and prove 
the converse to the theorems mentioned above. We will also prove 
the following theorems :— 


(1) The sum of the measures of angles of a triangle is 180°. 


(2) The sum of the measures of angles of a convex polygon of 
n sides is (n—2) 180°. 


(3) Opposite sides and angles of a parallelogram are 
congruent and its diagonals bisect each other and converse. 


(4) The diagonals of a rhombus are perpendicular to each 
other. 


(5) If three or more parallel lines intercept congruent segments 
on one transversal then they intercept congruent segments on any 
other transversal. 


Chapter X. Loci. 
We will prove the two important theorems on Loci besides 


proving ‘concurrency theorems’ on right bisectors of sides, bisectors 
of angles, the medians and the altitudes of a triangle. 


Chapter XI. Space Geometry. 


In this chapter we will prove another set of ‘Incidence 


| 
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theorems’ involving the relationship of perpendicularity and paral- 
lelism between lines and planes. Some of these are :— 


(1) Ifa line is perpendicular to each of two intersecting lines 
at their point Of intersection then it is perpendicular to the plane 
that contains these lines and converse. i 


(2) Through a given point on a given line, there passes one 
and only one plane perpendicular to the line. 


(3) Through a given pointin a given plane (and also not in 
the given plane), there exists one and only one line perpendicular to 
the plane, e í 


(4) Two planes which are perpendicular to the same line are 
parallel. 


(5) Two lines which are perpendicular to the same plane are 
parallel. 


(6) If a plane intersects two parallel planes, then it intersects 
them in two parallel lines, 


(7) Ifa line is perpendicular to one of two parallel planes, it is 
perpendicular to other and converse. 


(8) Two planes which are parallel to a third plane are parallel 
to each other. 


Chapter XII. Proportion and Similarity. 


In this chaptcr, we will prove some theorems on ratio and pro- 
portion. We will also define the relationship of similarity between 
two triangles and prove (i) A.A.A. similarity thcorem, (ii) A. A. 
similarity theorem, (iii) S.S.S. similarity theorem, and (iv) S.A.S. 
similarity theorem. 


We will also prove some other theorems on similarity and then 
we will prove the Pythagoras theorem and briefly describe *Pytha- 
gorean triplets’. 


Chapter XIII. Area of Polygonal Regions. 


In this chapter we will state ‘area postulate’ and estab 
formulae for finding the area of a region bounded by (i) a paralleio 
gram, (ii) a triangle etc. 


Chapter XIV. Analytical Plane Geometry. 


In this we will build up the system of geometry that is known 
as ‘Analytical plane geometry’. We will state a postulate giving 
the relationship between the points in a plane and ordered pairs d 
real numbers. We will establish various equations ofa line an 
conditions of perpendicularity and parallelism between two lines. 
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Chapter XV. Circles. - . 


In this we will define a circle. We will prove various theorems 
on (i) circles including those on intersection or otherwise ofa line, 
anda circle; (ii) tangent circles ; (iii) congruence of arcs and 
chords ; (iv) angles inscribed in the same arc; (v) quadrilaterals 
inscribed ina circle ; (vi) addition of arcs; and (vii) the triangle 
theorem etc. We willalso establish formulae for finding circum- 
ference and area of a circle. 


= * 
We will establish equation of a circle in various forms with the 


methods of analytical plane geometry and the equation and length 
of a tangent to a circle. 


Chapter XVI. In this we will. very briefly touch upon non- 
Euclidean geometries and finite geometries. 


CHAPTER III 
INCIDENCE POSTULATES AND .THEOREMS 


A Line. As stated earlier, we will take a ‘point’, a ‘line’ or a 
‘plane’ as something undefined. Our ‘line’ is going to be ‘straight’ 
and will .extend infinitely in both the directions as in F ig. 14. 
The arrow-heads on both sides indicate "that the line ‘does not 
stop’ but extends infinitely in both the directions. We mark any two 
points on the line as P,'Q; P Q 

|] E ——————————- 
and denote the line by PQ. 
Of course aline will be a Fig. 14. 
collection or set of points. 


A Plane. A plane will bea set or collection of points. We 
would not try to define it. Instead we will take it as undefined. A 
geometrical representation of a plane 

will be the Fig. 15. s 


We denote it by plane m. Of 
course our plane is going to extend 
infinitely in every direction. 
Similarly, we will take ‘space’ 
as set ofall points. In stating Postu- 
lates of Incidence, we will make use 
Fig. 15. of the undefined relation ‘belong to’ 

along with its variations like ‘con- 
tains’, ‘lies on’ etc. We shall also make use of the relation of inter- 
section which we define as follows : 


Definition III (1). Intersection of sets. The intersection of 
the sets A and B is the set of all elements which are simultaneously 
members of A and B. _ 


We further state following definitions and postulates. 


A 
Definition III (2). Collinear points. The points of a set are 
said to be collinear if there is a line that contains all the points. 


Definition III (3). Non-collinear points. Three or more points 
are said to be non-collinear if all of them do not lie on the same 
line. 


Definition III. (4). Coplanar points. A set of points is said to 
be coplanar if there is a plane which contains all the points of the 


given set. 


69 


70 


Incidence Postulates 


Postulate 1. Every line is a set of points and. contains atleast 
two distinct points. 


Postulate 2. If A and B are any two points, then there is one 
and only one line containing both A and B. 


Postulate 3. A plane is a set of points and contains atleast 
three non-collinear points. ] 


Postulate 4. 


If A, B, C are any three non-collincar points, 
` then there is one an 


d only one plane that contains all of them. 


Postulate 5. Iftwo points of a line lie in a plane, then 
every point of that line lies in that plane. 
Postulate 6. 


If two planes intersect (have a point in com- 
mon) then their inte 


rsection is a line. 
Postulate 7. 


t Space contains atleast four points which are 
non-collinear and no 


n-coplanar. 
The implications of these postulates are :— 


(1) The i first postulate exclud 
consisting of only one point 


(2) The second 
distinct line 


(3) The fifth postulate excludes the possibility of a line 
entering a plane from onc of its sides, going to the other 
Side and then, re-entering the plane from the second 
Side after ‘bending’ and coming out again to the side 
from which it entered earlier. In fact this postulate 
implies that if our planes are ‘straight’, then our lines 
will also be ‘straight’, If in our physical world the 
planes are ‘straight’, then the lines will be straight too ! 


(4) The sixth postulate excludes the possibility of two 
planes intersecting in one point only. 


es the possibility of a line 


postulate implies that we cannot have two 
s containing the same two given points, 


(5) The first six postulates tellus only that if points, lines, 
and planes do exist then what those are going to be. 
These however, do not tell whether the points, lines or 
planes exist at all. By stating our seventh postulate, we 
make sure about the existence of atleast four points. 
When there exist more than one point, there cxists 
atleast one line, if there exist three non-collinear 
points, there exists atleast one plane. 

Of course the 


P implications of the words *non-collinear' and 
non-coplanar' 


may be clearly understood. If we do not use these 


Ee - 
" " 
"C—-———————————— M —— 
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words then our four points can lieon a line and then there will be 
no planes or 'space'. If four points are non-collinear but coplanar 
then these will determine only one plane and hence no space. 


It may, however, be stated that the ‘line’, the ‘plane’ and 
the ‘space’ that we have postulated will each contain an infinite 
number of points and in the next chapter we will assert about it, 
but for the purpose that we have in view at the moment, the word- 
ing of these postulates is quite adequate. With the help of these 
postulates, we prove below certain theorems which confirm our 
common notion about lines, planes, space etc. 


Theorem III (1). If two different lines intersect then their 
intersection is atmost one point. 


e < 
Given : Two lines AB and CD 
that intersect. 


- < 
To prove that : AB and CD 
intersect only in one point. 


Plane of Proof: We are 
Er — 

given that AB and CD intersect and Fig. 16. 
it implies that these have atleast i 
one point in common. We have to prove that these do not intersect 
in more than one point. We will employ the technique of indirect 
proof. We will assume that the lines intersect in two points and 
then we will show that this assumption leads to a contradiction of 
one of our postulates. 


e e 
Proof: Let AB and CD intersect in two points P and Q. 


Lax d Nd 
Then AB and CD have two points P and Qin common. As 
= = 
we are given that AB and CD are two different lines, therefore, it 
= Lax d 
implies that two different lines AB and CD have two points in com- 
mon and this contradicts Postulate 2. Hence the assumption that 
AB and CD have two points jin common has to be abandoned. 


e ET : " 
Hence, AB and CD intersect in only onc point. 
? 


I . Ifa line that does not lie in a plane but 
bes yore ion is only a single point. 


intersects it then the intersecti 
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Given: Aline Landa plane x such that the line intersects 
the plane but does not wholly lie in it. 


27 To prove that : RNL is a single 
point. 


Proof: We are given that x 
and L intersect. So intersection of 
7 and L is atleast onc point 
(P say) or z N L= P. Now we are 
to prove that z N L is not more 
than one point. We will prove it 
indirectly. We will assume that 

` 7 N L are two points P and Q, and 
Fig. 17. then we will prove that this leads to 
a contradiction of some of the 
postulates or the theorems that we have already proved or what is 
given (premise). 


\ 


Assume x N L are two points P and Q. Then P, Q both 
belong to z as well as L. (Definition of intersection of two sets, z and 
L in this case.) Then L wholly lies in = (Postulate 5). This leads to a 
contradiction as we are given that L does not wholly lie in the plane 


m. Hence we have to abandon the assumption that x N L are two 
points P and Q. 


Theorem III (3). Given a line and a point noton the line, 


then there is one and only one plane that contains both the line 
and the point. 
: T 


Given : Aline Land a 
point P such that P coe; not ? 
lie on L or P N L—4. P 


To prove that: There is 
one and only one plane that 
contains both the line and 
the point or there is one and L 
only one plane that contains Fig. 18. 
LUP, 

Proof: 


Statement Reason 


(1) L contains at least two (1) Postulate 1 

points Q and R 
(2) P does not lie on L (2) Given or premise 
(3) P, Q,Rare non-collinear (3) Statements 1 and 2 


(4) There is one and only one (4) Postulate 4 
plane x (say) that contains 
P,Q, R 


(5) x contains L U P (5) Statements 1, 2, 4. 
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Theorem III (4). If two planes intersect, their intersection is 
exactly one line. 


Given : Two planes z and JE. 


E that intersect (x and E have 
atleast one point in common). 


To prove that: x f) E is 
< 
exactly one line or x N E = PQ, 


Fig. 19. 
Proof: 
Statement Reason 
l. vand E havea point in (1) Premise 
common 
+3 
2. aN E=P0, (2) Postulate 6. 


Now we want to prove that 7 N E is only one line. We will 
prove it indirectly. We will assume that m N E are two distinct 
lines and then we will prove that this leads to a contradiction of 
premise or some postulate. 


tr - mno 
Assume x and E intersect in two lines PQ and AB. This implies 
€r = 
that PO and AB both belong to x and E. 
Now there are two possibilities. 
e e 


bd . 
(1) PQ and AB intersect in a point D. PQ has a poit 


pus H 
P (P z D) and AB have a point A (A #D) and thesc points 
P, D, A are non-collinear. Hence P, D, A determine a unique plane 
(Postulate 4). This contradicts the premise (or what is given to us) 

that z and E are different planes. 
1 F $F f 

(2) PQ and AB do not intersect. AB hasa point C such that 

: |e e : 
C & PO (C does not belong to PQ). PQ and C determine a unique 
a i oem III (3). This contradicts the prem'se that 7 and E 
are distinct planes. Hence the assumption that m N E are two 


< e : 
distinct lines PQ and AB need to be abandoned. Hence z N E is 
only a line. 
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Theorem HI (5). Two intersecting lines determine exactly one 
plane. 


Fig. 20. 
Given : Two lines L and L’ such that L N L’ is a point P. 


To prove that : L U L’ determines exactly one plane. 


Proof: 
Statement Reason 

(1) La Lip (1) Given 

(2) QE L' such that Q 4 pP (2) Postulate 1 

3) QE L (3) L and L' have only 
one point P in com- 
mon 

(4) Qand L determine a plane = (4) Theorem III(3) 

TOU Lez 


(5) x contains P and Q 
(6) x contains L’ 
(7) x contains L UL 


(5) Statement 4 
(6) Postulate 5 
(7) Statements 4 and 6. 


UL’ determines only one plane. 


Now we want to prove that L 
the technique of indirect proof. 


We will follow 


Assume L U L’ determines two planes z and E. 


It implies that x and E have two lines L and L’ in common 
and this contradicts Theorem 4. Hence the assumption that 
L UL’ determines two planes x and E need to be abandoned. 
Hence L yy L’ determines exactly one plane. 


Theorem III (6). 


Space contains atleast six lines, 
Proof : 


Statement Reason 


(1) Space contains atleast four 
points which are non-col- 
linear and non-coplanar ; 


let the points be OLR 
and S 


(1) Postulate 7 
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(2) Every two 


one line 
(3) P, Q, R, S taken two at 
time determine the 


€ o c ee c 


points determine 


(2) Postulate 2 


a (3) Statements 1 and 2 


lines 


PO, PR, PS, QR, QS and RS 


(4) Space 
lines 


Theorem III (7). 


contains atlcast 


Proof: 
Statement 


(1) Space contains atleast four 
points, P,Q, R and S which 
are non-collinear and non- 
coplanar 


(2) Every three non-collinear 
points determine one and 


only one plane 


(3) P, Q, R, S taken three at a 
time determine planes 
<> <> <> —— 


PQR, PRS, PQS, QRS 


(4) Space contains atleast four 
planes 


six 


(4) Statement 3. 


Space contains atleast four planes. 


Reason 
(1) Postulate 7 


(2) Postulate 4 


(3) Statements 1 and 2 


(4) Statement 3. 


Problem Set 


1. Verify that the system consisting of five points P, P5, Pg Pa> 
P; ; ten lines defined as following sets of points :— 


l—(Py Py} 
I, — (P, P3) 
Il, (P, Py} 
Il (P3 Ps} 

={P., P3} 


I;— (Ps, Pa} 
I —(Cys Ps} 
1={P3; Bat 
Iy— (Ps; Ps} 
lo= (Pa; Ps} 


and ten planes defined as following sets of points :— 


m={Pi, P; Pj) 
73 — (P1, Ps, Pj 
254—(P,, Ps, Ps} 
z,—(Pi Ps, Pj 
n5— (P, Ps, Ps} 


TePo P,, Ps} 
T a= (Ps, Pa, Pa} 
T sU» P5, Ps} 
T g= (Ps, Pa, Ps} 
7415 — (Ps Pas Pj 
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satisfy the postulates 1-7. Also write: 


E 


we 
e 


D f 
Fig. 21. 
(a) The lines that lie in the plane rg. 
(b) Planes that contain li. 
(c) Planes that pass through P,. 
(d) The intersection of Ts and rs. 


(e) Construct a physical model of the system with the help 
of sticks and thread. 
inp 


Assuming that space contains n points, P,, P,, Py... P, all 
different and such that no three of them are collinear and no four 
of them are coplanar, then how many : 


(a) Lines will contain any three of them ? 
(b) Planes will contain any three of them ? 
(c) Lines the space will contain in all ? 

(d) Planes the spaces will contain in all ? 


III. Assuming we have another Postulate (Postulate 8 — Parallel 
Postulate) which we state as : 

“Through 
and only one lin 
not intersect it.” 


a given point not on a given line, there passes one 
€ which is coplanar with the given line but does 


With the help of Postulates 1—8, prove the following theorems : 

If there exists one line having exactly n points, then : 

(a) Every line contains exactly 7 points. 

(b) Every plane contains exactly 1 X n points, 

(c) Space contains exactly n x nx n points. 

(d) Each plane contains exactly n(n--1) 

(e) Space contains exactly n*(n*-- n-L-1) lines, 
(f) Space contains exactly n(n*--n--1) planes. 


lines. 
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IV. Verify that space consisting of six points P}, P, Ps, P4, Ps, 

P, and fifteen lines : 

I, —(P,, Po} l ,— (Ps Ps} I= (P3, Ps} 

l={P;, Pa} 1 ,—(Ps, Pa} liy — (Ps; Pe} 

Ij — (Pi, Pa} I g— (Ps; Ps) l3—(P4; Ps} 

1 — (Pi; Ps) l y— Os; Po} lh, — (P5; Pe} 

ls={P1, Pj — ho—(Ps P)  hs={Ps, Po} 
and planes m={P,, Ps, Pa, Py} 3 72= {Pas Pos Ps, Po} 
and y= (P,, Py, Ps, Po} satisfy postulates 1—7 but does not 
satisfy Parallel Postulate. Construct a physical model for the system 
with the help of sticks. 

V. A system consists of four points P,, Pa, Ps, Py and lines 
L={Pi, Po}; h={Pi, P} ; l={P,, Pa}; h—(Ps Po}; ls={Po, Pg; 
lj—íP,, Py} and planes mi={P1, Ps, P3}; T25 (Py; Pos Pa} ; m= (Ps. 
P3, Pa} ; 7, — (Ps, Pos Pa} 


Verify that all incidence postulates hold in the system. 


P 


E 
NS 


Fig. 22. 


Construct a physical model for the same with the help of 


sticks. 

VI. Given points P}, Ps, P,....Pn which are all different such 
that no three of them are collinear and no four of them are coplanar. 
Verify that the system satisfies all incidence postulates, 


How many lines are there in the system ? 


How many planes it has ? 
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Construct a physical model of the system with the help of 
sticks by taking n—8, 10, 11. 


VII. Verify that the system consisting of eight points Py, P,, $ 
P3, Py, Ps, Po, Ph, P, ; twenty-eight lines defined as following sets of 


points,: 


l ={P;, P,} Mn={Po, E 
={Pi, P3} ly 


l 
b ={P,, Py} 


In={P,, P;) 
Ia (P4 Pj 
l3 (P5, Po} 


l, ={P,, Ps} l7 (P,, Py} lh, (P5, P3} 
Is ={P,, Pg hs (P5, Ps} ls (Ps, Ps} 
Is ={Pi, Pj lg—(P,, Pg I, (Ps, P; 
h ={P,, Pa} lh; —(Ps, P3} Ll; — (Ps, Po} 
ls ={P,, P} lhg— (P5, Pg ls (P5, P} 
L^ =P Py} hs — (P,, Ps) 


ls —(P,, Ps} 


l= (Ps, Pj 


and fourteen planes defined as following sets : 


satisfies postulates 1—7. 
with the help of sticks. 


List the planes which contain hy, P 


T,—(Pi, Pa Ps, Py} 
T.={Pi, P5, Ps, Pg 
T™;={P,, Po, P, Ps} 
7,— (P, P,, Ps, Pa? 
T5 — (P,, Ps, Pg, Pa} 
To — (P1, P4, Ps, Pj 
7; —(P,, Py, Po, Pj 


List the lines that lie in 7/4, 


B 
z g={P2, Py, Ps, Ps} 


7 9={Po, P5, Po, P3} 
719— (P, Py, Ps, Pj 
75; — (P5, Py, Po, Pj) 
T= (P5, Py, Ps, Po} 
7577 (P5, Py, P. Ps} 
T14={P5, Po, PaPa 


Construct a physical model of the system 
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CHAPTER IV 
DISTANCE AND ITS MEASUREMENT 


We have already talked about real number system as an axio- 
matic system. We can think of real numbers as being arranged as 
points on a line as in the diagram (given below) which is known as 
a number line. 


e #2 =f 0 wl JZ 2 2h 3 
Number Line. 
Fig. 23. 


If our lines in geometry behave like the number line, then we can 
label the points of any line.in geometry with numbers in the same 
way as we label our number line. To each of the point on our line, 
there will correspond a real number. In other words, we will be 
able to set up one-to-one correspondence between the points on our 
line and the set of real numbers. 


One-to-one Correspondence. It may not be out of place to 
explain to some extent as to what is meant by one-to-one corres- 
pondence. Let A bea set of three students. Rami, Kitu and Papu 
or A={Rami, Kitu, Papu}. They are friends and meet in the 
club room every evening. In the club room, their are three chairs 
which are labelled as I, IT and III. Suppose, they so decide that 
Rami always sits in chair labelled I, Kitu in chair labelled II and 
Papu in chair labelled III. In mathematical terms, Rami and I will 
form an ordered pair. Similarly, Kitu and II will form an ordered 
pair and Papu and III will form an ordered pair. In this way we 
have following three ordered pairs : 


S={(Rami, I), (Kitu, II), (Papu, III)) 


This set S is a special kind of relation known as one-to-one corres- 
pondence. An ordered pair has two components and the relation 
is a one-to-one correspondence ifthe first components of each of the 
ordered pairsare different and also the second component of each 
of the ordered pairs are different and no component is repeated. In 
other words, no ordered pair has the same first component or the 
same second component. 


Definition IV (1). A relation is a one-to-one correspondence 
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if and only if (iff) no two ordered pairs of the relation have the same 
first component or the same second component. 


Suppose, the club room has four chairs instead of three and 
the three friends decide to occupy the chairs in following manner : 


( Ram Kitu Papu } 


[ as _— Cr 


Fig. 24. . 


It means that Rami will occupy either the chair labelled I or the 
chair labelled II. Kitu will either occupy the chair labelled II (if 
unoccupied) or the chair labelled III. 


Papu will always occupy chair labelled IV. Now this relation 
is not a one-to-one correspondence. 


Distance. When we are able to setup one-to-one corres- 
pondence between the set of points on a line and the set of real num- 
bers then to each pair of points on the line, there will correspond a 
unique positive number called the distance between the points. 


Suppose, we set up one-to-one correspondence between the 


t> 
points of the line PQ and the set of real numbers as given below : 


-5 A «2 s2 of oO Tp» 2 3 
Fig. 25. 


P A B Q 
4 $ 


— 

If we have two points A, B on PQ such that to the point P, 
there corresponds the real number 2 and to Q there corresponds the 
real number 4, then d(A, B)= | 2—4 | ==2 where d(A, B) stands for 
the distance between the points A and B. If we chose to write the 
distance between A and B as d(B, A) then d(B, A)= | 4—2 | 22. 
It is therefore, clear that d(A, B) —d(B, A). Also we state that 
d(A, B) will be greater than zero wherever A and B are different (or 
whenever Az B). In symbols we write it as d(A, B)>0 if AzzB. 


If A=B or in other words, if A, B are different names for the same 
points then d(A, B) 20. In symbols we write it as d(A, B) —0, 
if A=B. 


We have stated all this about the concept of distance as we 
do not want to leave anything to common notion. You have been 
measuring distances and we have not stated here anything different 
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from that. Suppose you want to measure the length of the so- 
called straight line segment AB then you will take your ruler and 
lay it down in such a man- 
ner that the zero of the 
ruler corresponds to ‘A’ of 
the line and if you find that 
the number 2 corresponds 
to B then you will say that 
the length of the line is2 
units. In case you find that 
your ruler is defective and Fig. 26. 

the ‘zero-mark’ of the ruler 

is not visible then’ you will place the ruler in such a way that ‘I’ 
of the ruler corresponds to A and then on finding that to point B 
of the line there corresponds the number 3 on the ruler, you will say 
that the length of AB=3—1=2 units. These are the simple ideas 
that have been stated above in so many words. 


When we define the concept of distance in this manner, the 
common notion of ‘straight’ of so called ‘straight line’ automati- 
cally comes in. Mathematically speaking our lines are abstract and 
a mathematician has no concern with the lines or their behaviour in 
real space. It is the concern of applied scientist. If we consider 
this question from the view point of a scientist then small distances 
on our lines are going to be ‘straight’ but as our lines, according 
to our definition extend infinitely on both sides, we do not know 
of what shape our lines are going to be. At the time of Euclid, the 
planet on which we live, the earth, was considered to be flat, which 
is not true. Also we do not know of what shape our physical space 
js. But we as mathematicians have nothing to worry about as our 
‘ines’ will be lines of whatever shape it may be provided those are 
consistent with the postulates of incidence, postulates of betweenness 
and other postulates related to lines. 


Unit of Distance. To set up one-to-one correspondence 
between the set of points on a line drawn on the plane of a paper 
and the set of real numbers we need to have a unit of distance. You 
have been measuring distances in centimetres or inches etc. The 
choice of a unit of distance is simply a matter of convenience. One 
unit of measurement works as well as the other. It will be very 
convenient for us to agree upon one type of unit of distance. Let 
us agree that throughout our discussion, the centimetre will be our 
unit of distance. Whenever we will talk about the measure of any 
distance, it will be implied that the unit of measurement is a centi- 


metre, : 
It may be stated that a centimetre is one-hundredth of a metre 


which is the length of a bar made of an alloy of 90% Platinum and 
109, Iridium preserved at International Bureau of Weights and 


Measures, Paris. 
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To every pair of points (A, B), there will correspond a number 
which will indicate the measure of distance between A and B in 
terms of our unit and which we will indicate as d(A, B) or m(A, B) 
and which will be read as ‘the measure of distance between A and B 
in terms of our unit'. We will have to talk about distance between 
two points very often ; solet us decide to write it as AB rather than 
as d(A, B) or m(A, B). Moreover, whenever we are to say that 'the 
measure of distance between A, B in terms of our unit is equal to 
the measure of distance between C, D in terms of our unit’, then it 
will not be correct to write it as AB=CD as this notation means 
that the segment AB is the same as the segment CD which is not the 
same what our statement meant. However, we can write it as 
m(A, B)=m(C, D) or m(AB) =m(CD), AB=CD or AB&CD. ABCD 
will be read as the segment AB is congruent to segment CD. We will 


define a line segment and the relationship of congruence between 
two line segments later on. 


We now state some of the postulates which tell about our 
common notion of distance. 


Postulate 8. (The Distance Postulate). To each pair of 
points in space, there corresponds a unique number such that the 
number assigned to pair of points is : 

(1) 0 if the points of the pair are the same. 

(2) Positive if the points of the pair are distinct. 
) 


(3) Lif ME nm of the pair are ata unit distance. This 
postulate states that : 


(a) d(P, Q)=0 it P=Q. 
(b) d(P, Q)=x where x is any positive number if P Q. 
(c) d(P, Q)=1 if P, Q are at a unit distance. 


The number which corresponds to a pair of points in accord- 


ance with postulate 8 is called the measure of distance between the 
points. 


Postulate 8 merely asserts that we can associate with a pair 
of points a unique positive number but it does not indicate how 
to assign distance measures to pairs of points. If we draw a line 
segment on the plane of a paper, we measure its length or the 
distance between its end points with the help ofa ruler. For the 
purposes of geometry that we are developing, we need to havea 
theoretical ruler. Our theoretical ruler will not have finite number 
of scale marks. Instead it will be of unlimited extent having infinite 


number of scale marks. „For the purpose of devising this theoretical 
ruler we state the following postulate. 


Postulate 9. (Ruler Postulate). The points of a line can be 


placed in a unique one-to-one correspondence with the set of all 
real numbers in such a way that : 
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(1) To every point of the line there corresponds exactly one 
real number. 


(2) To every real number, there corresponds exactly one point 
on the line. 


(3) The measure of distance between any pair of points A and 
B on the line is equal to the absolute value of the difference of. num- 
bers that correspond to A and B. 


We have learnt in Algebra that there are infinitely many real 
numbers. Therefore, by stating postulate 9, we have assured that 
there are infinitely many points on a line and thus rectified the 
Euclid’s omission. ‘To every point on our line there corresponds a 
real number and to every real number, there corresponds a point on 
our line. 


The ruler postulate is one of the very important cementing links 
between Arithmetic and Geometry. The traditional course in 
Geometry does not have anything like a theoretical ruler. This 
postulate makes available to geometrical line the order and continuity 
properties of real number line. This helps us in finding a simpler 
treatment to the difficult problems of order and continuity which 
were tacitly assumed by Euclid. 


Co-ordinate System 


The correspondence that we have described above in which we 
have talked about the theoretical ruler enables us to describe what 
is known as a ‘co-ordinate system’. In fact our theoretical ruler itself 
is a co-ordinate system. 


In a co-ordinate system, we select an arbitrary point and assign 
to it the number zero. This point is called the origin. ‘Then we 
find another point which is at a unit distance from the origin. Then 


we label points corresponding to integers, +1, +2, +3, +4...... 
e—a 
-3 -2 -1 [^ I 2 3 
Fig. 27. 
and --1, —2, —3...... It is, however, clear that theoretically we can 


label every point of the line by a unique real number. The number 
that we assign to a particular point is known as co-ordinate of that 
point. We can define co-ordinate system as follows : 


Definition IV (2). A co-ordinate system on an arbitrary 
line / isa one-to-one correspondence between the set of all points 
on land the set of all real numbers such that ifA and B are points 
which correspond to 0 and 1 respectively then the measure of 
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distance between any pair of points C and D on / relative to the unit 
of distance that we have chosen, is equal to the absolute value of the 
difference of the numbers that correspond to C and D. 


Order Relations 


Now we come to discuss a very simple but very important order 
relation—betweenness — which helps in ordering the points on a line 
and which thus helps us in rectifying one morc lapse on the part of 
Euclid. When we think of a point B between the points A and C, it is 
at onceclear to our mind that the points A, B, and C lie on the same 
line and the position of the point B in relation to the points A and C 
would be given by either of the diagrams shown in Fig. 28. 


— tt 


A B C 
C B A 
Fig. 28. 
Logically speaking both the diagrams tell the same story as on a 
line th 


ere is no way to tell the left from the right. It appears that 
Euclid regarded the notion of betweenness as very simple and self- 
evident and although he used it in his proofs yet he failed to define 
it or mention it in his postulates. In case we do not define it, we 
have to depend on figure or on spatial intuition. It may be recalled 
that earlier we have proved that ‘every triangle is isosceles’, We 
could prove it as our construction was wrong. Had we carefully 
defined betweenness, then we could not have come to that wrong 
conclusion. We depended on our spatial intuition and arrived at a 
result which is incorrect. To avoid this dependence on spatial 


intuition, we will make use of betweenness as a mathematical idea. 
So we need to define betweenness in exact mathematical terms which 
we do as follows : 


Definition IV (3). (Betweenness). A point B is between the 
points A and C if and only if (If) : 

(1) A, B, Care distinct and lie on the same line. 

(2) AB+BC=AC, 


This definition sim: 


ply puts in words our common notion about 
betweenness. As our 


common notion goes, the point B will be 
s » B, C are collinear and the sum of 
measures of the distances between A,Ba 


Theorem IV (1). If A—B—G, then C—B—A, 


Given : The point B is between the points A and C or A—B—C. 
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To prove that: ‘The point B is between the points C and A or 


C—B-A. 
Proof. 
Statement Reason 

(1) AB+BC=AG (1) A—B—C (premise) 

(2 BC+AB=AC (2) Commutative property of 
addition as cach of BC, 
AB is a real number 

(3) CB+BA=CA (3) BC=CB and AC=CA 

(4) C—B—A (4) Statement 3 


(Def. of Betweenness). 


Theorem IV (2). If A, B, C arc three collinear points and if 
x, y, z are the co-ordinates of A, B, G respectively then B is between 
A and C (or A—B—C) iff y is between x and z. 


Given: A, B, Cany three collinear points. The co-ordinates 
of A, B, C are x, y, Z respectively and y is between x and z. 
To prove that : A—B-C. 
Proof. We are given that y is between X and z. Then either 
x>y>z or x«y«z. 
Let us first take the case when X72. 
Statement Reason 


(1) x-y>0 (1) x>y>2 


(2) Statement 1 


Ifx—y»0 then the 
absolute value © 
(x—y) equals (x—y) 


z 
| x—z 
| and so on 
(3) |x-y | =AB (3) Ruler Postulate 
z | =BC (4) Ruler Postulate 
z| 


=AC (5) Ruler Postulate 


(6) AB+BC= | x—J | + \»-2 | (6) Statements 2, 3,4 


-(i-9)-0-2-x— 
(7) AC= | x--z | —x—2 
(8) AB+BC=AC (8) Statements 6 and 7 
—p-G 9) Statement 8 
WEE e (Def. of Betweenness). 


(7) Statements 5 and 2 
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We will arrive at the Same result if we assume that x«y«z. 


As the word ‘iff’ has been used in the Statement of the theorem, | 


we have to prove its converse also. 
Converse. 
GLA ABC. 
To prove that : y is between x and z. 


Proof. We will prove it indirectly by listin 
sibilities and then eliminating all those y 
(or what is given). 


} 8 down all the pos- 
vhich contradict the premise 


Now x, y, z are three real numbers assigned to three distinct 
points on a line so Xz5yzz. (Distance postulate), So X, y, Z must 
satisfy either one of the following six order relations : 


(1) y>x>z (2) y>z>x 
(4) x>z>y (5) x>y>z 


(3) z>x>y 
(6) z>y>x. 


Now we want to determine whi 
Siven above is consistent with (i). 


Let us first assume that 
Z—y>0 which means that 
implies that 


z>x>y then Z=x>0; *—y>0, and 
X—:2«0, x—y>0 and J—:«0 which 
Lad io. 11 257 fies 


On substituting these values in (1), we get : 


(x—y)+(2-y)=2—x 


or X+z—2y=z—y 
or 2x=2y 
or Wy 

or A=B 


which implies that A and B are not distinct points, 


This contradicts 
the hypothesis, 


Hence the assumption that Z>xX>y has to be abandoned. 


Similarly, we can show that yX»z;xPz»y; J2Z2X are not con- 


3 
sistent with the hypothesis. “Of course we will find that x> y>z and 
Z>y>x are consistent with (i) and this Proves that y is between x 
and z. 


Theorem IV (3). Ofthe 


N three collinear Points, one and only 
one is between the other two. 


ae 


—l———P E 
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Given: Three collinear points A, B, C. 

To prove that: If B is between Aand G then A will not be 
between B and C and C will not be between A and B. 

Proof. Assume that A—B—C. Then 

AB+BC=AC (Def. of betweenness) eee) 

Now if A is between B and C. then BA +AC=BC should hold 
and it should be consistent with (i) if A—B-—O and B-A-C 
are to hold simultaneously. 
AB+BC=AC (assumption) 


Now 

or AC—BC=AB eei) 
But if BA-- AC —BC is to be true 

then AC—BC=—BA=—AB e) 


which is not consistent with the relation (ii) and consequently it is 
not consistent with relation (i). 

, , Hence ifA—B—QO is true, then B—A—C will not be true. 
Similarly, we can show that if A—B—C. holds, then B—C-A will 
not hold. 

Following are the basic properties of betweenness, some of 
which we have proved as theorems. Others may be proved by the 
reader. 

(1) If A—B—G, then C—B—A. 

(2) Of the three collinear points, 

the other two. 

(3) If A—B—CG, then A, B, C are distinct collinear points. 


(4) Any four points A, B, C, D can be named on a line in order 


such that A—B—C—D 
then there is a point C such 


5) If A, Bare any two points, 
P that A-C—B and there is a point D such that A—B —D. 


one and only one is between 


The property 3 given 
above will be used in defining & A B Does 
a ray. It is easy to prove itasa C D 


theorem. If the co-ordinates of ip 
A, B are a and b respectively Fig. 29. 


and if ac b, then : 
(1) ata<b+a 
(2) 2a<a+b<2b (statement 1). 


(Why ?) and a+b<b+b (Why ?). 


(3) ac Ath <b (statement 2). 
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(4) - a+b is a number, therefore, there corresponds a unique 


point C. to it. (Ruler Postulate) 


(5) As az -2t5 


<b, therefore A— C— B. 


(Definition of Betweenness) 


Also ifa<b then a<hb<bh+] (Why ?). As b+1 is a number, 
there corresponds a unique point D to b4-l. Therefore, A—B—D 
(Why ?). 


A Segment and a Ray. After having defined betweenness, we 
are in a position to define a segment and a ray. 


The physical model of a segment PQ will be : 


P Q 
E ———————— 


Fig. 30. 


' The segment PQ consists of the points P, Q and all points 
between P and Q. We define a segment as under : 


. Definition IV (4). If P, Q are distinct points, then the set 
Consisting of P, O and all points which are between P and Q is 
called the segment PO. Itis denoted as PQ or which is same as Qp, 
In symbols we write this definition of the Segment PQ as follows : 


PQ ={x: a SX<b} where a<b and a,b are respectively the 
Co-ordinates of p and Q. 


The distance between the points P and Q is called the length 
of the segment PQ 


It may, however, be noted that PQ is a set of points while 
d (P, Q) or m( 


P, Q) or length of PQ or PQ isa number. P, Q are 
called the end points of the pg. 


Interior of a Segment. The set of all points of PQ, excepting 
the end points P and Q. is called the interior of the segment, 


Definition IV ( 5). (Congruent segments). The segments that 
have the same length are called congruent segments. If the 
lengths of AB and CD are equal then AB is said to be congruent to Gp. 
In symbols we write that AB=CD. The symbol = is made up 


of two symbols=and ~ and stands for ‘equal in size but similar in 
shape’. 


It may be further stated that : 


(a) Every segment is congruent to itself or the congruency 
relation between segments is reflexive. 
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(b) If ABCD then CDZz£AB or the congruency relation 
between the segments is symmetric. 


(c) Segments congruent to same segment are congruent to 
each other. If AB =CD and CD2EF, then AB EF or congruency 
rclation between segments is a transitive relation. 


The three statements that we have raade above can be proved 
as theorems from the definition of the congruent segments. The 
proofs are very simple. To an un-initiated, these statements may 
look as obvious truths but our aim is not to leave anything to 
intuition. As congruency relation between segments are reflexive, 
symmetric as well as transitive, we say that for segments, congruence 
is an equivalence relation. 


Ray. A ray is a line extending infinitely in one direction 
only. Its physical model is 


P Q or Q Pp 
P e ——————————À 
—>. —À 
(Pa) (PQ) 
Fig. 31. 
= 
PQ means a ray with an end point P and continuing infinitely 


in the direction of Q. A ray PQ includes all the points of PQ and 


L xd 
all other points of the line PQ which lie on Q-side of P. We 
define it as follows : 


=$ 
Definition IV (6). A ray PQ consists of set of all points of PQ 


ore - 
and all points X of PQ such that Q's between P and X where X 
I ———————— 
P Q x 


Fig. 32. 


= 
In symbols we write it as PQ={x: p<x} 


is an arbitrary point. : zx 
i f the points P and Q, and x is 


when p<q and p, q are co-ordinates o E ja 
the co-ordinate ofan arbitrary,point X of PQ. If p>g then PQ 
={x : p>x}. 
erc j A d 
Another definition of PQ is the union of the segment PQ an 


set of all points X such that P—Q-X. 


It may be noted that the definition 
P, Q and the arbitrary point X are collinear. 


of betweenness assures that 
The point P is called the 
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=> 


end point of PQ. Whenever we denote a ray by symbols, we name 


the end point of the ray first and the arrow is always extended to the 
right. 
Concurrent rays. The rays 
with the same end point are said 
D to be concurrent. If we have rays 
= — — 
AB, AC and AD with the same end 
point A, then a physical model repre- 
senting these would be as in Fig. 33. 


Opposite rays. Two concurrent 

4 B rays which are collinear (lie on the 
same line) are called the opposite 

rays and each is said to be opposite 

the other. Physical model of two 


C > => 
opposite rays AB and AC will be as 
Fig. 33. in Fig. 34. 
> 
It may be noted that AB and Um RM NN NT 
— . 
Fig. 34. 


BA are not opposite rays. Although 
these are collinear but their end points are different. 


Definition IV (7). (Opposite rays). If A is between B and C 
> > 
(C.—A— B) then AB and AC are called opposite rays. 
A Line. We have already stated that a line extends infinitely 


€ 
on both the sides. A line AB is denoted by AB and its physical 
model is as in Fig. 35. 


A B 
X ———————— —————— 


Fig. 35, 


If X is an arbitrary point on the line whose co-ordinate is x 
and if a, b are the co-ordinates of A and B respectively then : 


— 
AB —(x : x«a Va <x<b Vb<x} 


— 
which we read as AB is a “set of points with co-ordinate x 
< 
such that x<a or a<x<b or b<x. We can also define AB as the 
union of AB set of all points X such that A—B—X and set of 
all points Y such that Y—A— B. 


ff — 
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It may be stated that any two points A and B determine the 
following six geometric fizures : 


b A B 


(1) AB X ———————————- 


(2) AB | EE: 
— A 
(3) AB —— > 
(4) BA ME OTT 
(5) AX, the ray opposite AB <y +f 
(6) BY. the ray op osite BÅ << o’ 
Y Rp A pew 


Fig. 36. 


After having defined a segment, a ray and a line we are ready 
to prove two very important theorems which we will be using very 
often as we develop our system further. 


E 
Theorem IV (4). (The Point Plotting Theorem). If AB is a ray 

e 

and x is a positive number then there is exactly one point P on AB 


> 
and one point Q on the ray opposite to AB such that AP=x and 
AQ=x. 
Proof, According to the ruler postulate and as per the defini- 
cx 
tion of co-ordinate system, we can choose a co-ordinate system on AB- 
such that co-ordinate of A is zero ; there is unique point P whose co- 
ordinate is x and a unique point Q whose co-ordinate is —x (nega- 
tiveof x). Also: 


AP= | 0—x | =x (Ruler Postulate) 


AQ= | 0—(—) | =x (Ruler Postulate) 
e 


Q) on AB can be at a 


: tl oint (excepting P. : 
rie e i od ( ind ts are on the opposite rays 


distance of x from A. Also as these poin 
> 
on AB, one of them will be on AB and the other will be on the ray 


= 
opposite to AB. 
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Theorem IV(5). (The Segment Construction Theorem). Given a 
— 


Ss 
segment AB and a ray PQ, there is exactly one point Con PQ such 
that AB=PC. 


Proof. As in the case of point plotting theorem, we choose a 
> 


-co-ordinate system on PQ such that co-ordinate of P is 0. There will 
> 

be a unique point C on PQ such that the co-ordinate of C is the 

number AB, (AB is the length of AB and AB is a number.) 


Theroem IV (6). (The Segment Addition Theorem). If 
A—B—C and P—Q—R and if ABZ:PQ and BCZQR then ACEPR. 


Proof. 

Statement Reason 
(1) AB+BC=ACG (1) A—B—C 
(2) PQ+QR=PR (2) P-Q-R 


(3) AB =PQand BC=OR (3) Given 
(4) AB +BC=PQ+QR (4) Statement 3 (Why E ?) 
(AB, BC, PQ, QR are numbers) 


(5) AC=PR (5) Statements 1 and 2 
(As AC—PR). 


The following is the converse to the segment addition theorem. 
Theorem IV (7). (The Segment Subtraction Theorem). 
—._ 1f A—B—QC and P—Q—R and if ABZ:PQ and AC=pR then 
BC&QR. 
This can be proved on similar lines as Theorem IV(3). 


, Definition IV(8). (Mid-point). A point M is called the mid- 
point of AB if A—M-—B and if AM=MB or AM =MB. 


Theorem IV (8). Every segment has exactly one mid-point. 
Given: A segment AB. 


To prove that: There is unique point M on AB such that 
A—M-—B and AM=MB. 


Proof. 
Statement Reason 
(1) There is a unique point M (1) Point plotting theorem? 
— 
on AB such that AM—4 AB 
(2) A~M—B (2) AM<AB as AM-1 AB 


Í p) O 
— 


 ——m——— 
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(3) AM--MB—AB (3) Statement 2 

(4) MB=4 AB (4) Statements 1 and 3 

(5) AM=MB (5) Statements 1 and 4 

(6) M is mid-point of AB (6) A—M—B and AM=MB. 


Definition IV(9). The mid-point of i i : 
The segment, In general any set of points ftp nie prets ond 
ion with a seg t i 7 i i B 
said to bisect Ts ER oniy of HPO ee Masc 
Problems Set 

1. Simplify: (a) | 7—9| (b) | —7—9 | (c) |7 9 
(a) | ~7-(=9) | (e) 13-10 =| 
(g) | —3—(=10) | MEAE. 

2. You have some pairs of points on a line. You arbitrarily 
choose any point on the line and assign to it the number zero and 
then set up a co-ordinate system. Find the distance between the 
pairs of points to whom you have assigned the following co-ordinates : 

(a) 3 and 10 (b) 3and —10 (c) —3 and —10 (d) —3 a d 10 
(e) 0 and —7 (f) 0 and+7 (g) T2and —T2 (h) tum and. xy 
(i) 8 and 0 (j) —8 and 0 (k) —3$ and —3} (I) —8x and £x. 

, 3. Assume that you have built up a coordinate system and 
assigned the following coordinates to pairs of points on a line : 
T (a) --7 and —10 (b) 7 and —10 (e) 7 and +10 (f) —7 and 

Now suppose that you decide to assign the number zero 
to the first point in each pair. Find the co-ordinate that you will 
assign to the second point in each case. 

» 4. Given three collinear points A,B,C and AB=15 and 
C=25, then: 

(a) If A—B—C, find AC. 

(b) If B—A—C, find AC. 

(c) Is it possible to have B-C—A ? Ifnot, why not ? 

5. Given three collinear points A, B, C where AB=5 sand 
BC=10. In how many ways can you arrange these on the line! 
Illustrate with the help of a physical model. 

s If A—B- C and A— C—D, then preve that A—B- D. 


7. If A—B—C and B—C- D, then A-B—D and A—C—D. 


8. If A—B—G, then AB a 
common. 

9. Find the co-ordinates of mid-point of AB if the co-ordinates 
that you assign to A and D are as follows : 


nd BC have only one point B in 
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(a) 2 and 4 (b) —2 and 4 (c) —2 and —4 (d) 2 and —4. 
Draw physical model in each case. 
10. If A—B—C, then AC>AB and AC BC. 


=e > 
ll. Find the intersection of (i) AB and AB (ii) AB and BA. 
12. Prove the segment subtraction theorem. 
13. IfA—B—C then A, B, C are distinct collinear points. 


14. Prove that any four points A, B, C, D can be named on 
a line in order such that A —B—C-D. 
- 15. If A, Bare any two points then ABBA . 
16. IfAB —CD then A=C and B=D. 
E > > 
17. IfR is a point on PQ such that RAP then PO— PR. 


18. Four collinear points A, B, C, D are such that AC>AB 
and BD<BC. Draw as many physical models of this as possible. 


19. Which of the following is (i) a point (ii) a ray (iii) a line 
ifx is the co-ordinate of an arbitrary point on a line : 

(i) x2—7 (ii) x <~7 (iii) x <—7 (iv) |x| <—13 
(9) |x] <7 (vi) [x|>7 (viii) | x | >0? 

[The set of points given by x<—7 is known as a half line. A 
half line is a ray without its end point. 'The set of all the points 

> 

constituting the ray AB but without its end point A is known as half 


o> 
line AB which is symbolically represented as AB, We can define it as 
o> 


AB={P : P=B or A—P—B or A—B—P}]. 


— — 


CHAPTER V 
PLANES, SPACE AND SEPARATION 


In the previous chapter, we talked about lines, planes, space 
etc. We carefully developed the concept of betweenness so that we 
may not have to assume certain properties on the basis of figure. 
But our preparation is still incomplete. We also need to develop 
the concept of separation. The concept of separation includes (i) 
point separation (ii) plane separation (iii) space separation. 

We have intuitive notion that any point on a line divides or 
separates the line into two parts—two opposite rays with that point 


——— l 
B G - D 
Fig. 37. 
as the common end point. The point A on a line /, separates it into 
> > 


two opposite rays AD and AB asin this figure. In other words, 
the point A separates the rest of the points of the set of the points 
that constitute / into two sub-sets which we call as sides of A. 
If the point A is not to be included in any of the sub-sets, then these 
two sub-sets will be the two half lines into which A separates /. 
In this figure, the segment CD whose end points are on the same 
side of A is said to lie entirely on that Side of A. Further, we can 
say that CD lies on C-side of A or D-side of A. We will be often 
making use of this notation. A segment like BD whose end points 
lie on the opposite sides of A contains A in the interior. Summarizing 
we state the following : 


A point separates a line into two parts in such a way that : 


(a) Any segment such as CD whose end points lie on the same 
side of A lies entirely on that side of A. 
(b) Any segment such as BC whose end points lie on the 
opposite sides of A contains A in its interior, — 
The natural corollary that arises out of this discussion is: ‘If 
a point separates a line into two parts then yal a ie separate a 
plane into two parts ”. The axioms and postu ates us P l aas 
stated, do not help us in this regard. Also the postulates a ye 
have stated so far do not help. So we have to state a postu ate for 
this purpose. Before we do so, we have to develop a very important 
concept—the concept of convex sets. 
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Convexity of Sets. Giver. aset S. If we arbitrarily take any 
two points A, B in S and if the entire segment lies AB in the given 
set S, then S is said to beconvex. Followingare examples of convex 
Sets ;— 


Fig. 38. 
A B A 
EA 
[7 (ii) (ui) 
A 
£L " 
(tv) (v) (vi) 
(wii) (viii) 

Fig. 39. 


Fig. 40 on next page consists of physical models of sets which 
are not convex. 


To show that set S is not convex we have to arbitrarily take 


any two elements A, B of S and to show that AB does not wholly lie 
in S. 


A set consisting of only one point is convex as you can take 


only one point (say A) in the set and AA belongs to set. Aline is a 


convex set, a plane is a convex set, space is a convex set. We define 
a convex set as follows : 


Definition V (1). Asct of points is convex iff t 
whose end-points both belong to the set entirely "lies Ed pea 
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Following theorem 
explains t 
i 5 P he most fundamental property of 


Theorem V i i ji ; 
tories UP. (1). The intersection of two convex sets is also a 


(iii) 


Fig. 40. 


Given: S, and S, any two convex sets. 
To prove that: SAS, is a convex set. 
Proof. Let A, B be any two points in $/6,. 


Statement 
(1) A, B both belong to 8, 


(2) A, B both belong to Ss 


(3) AB entirely lies in 8, 
(4) AB entirely lies in Sa 
(5) AB entirely lies in ANB 


(6) ANB is a convex set 


Reason 

(1) As A,B both belong to 
S NS (definition of 
intersection) 

(2) As A, B both belong to 
SiNS, (definition of 
intersection) 

(3) 8, is a convex set 

(4) S, is a convex set 

(5) Statements 3 and 4 and 
definition of intersection 


(6) Statement 5 and also as 
A, B belong to SiN Sz. 
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Now we discuss a theorem regarding the separation of aline by 
a point. 


Theorem V (2). A point P lying on a line / divides the rest of 
points on the line into two sets such that : 


(1) Each set is convex. 


(2) Any segment of / whose end points lie in different sets 
contains A. 


Given: Aline l and a point PE l separating the line into two 


D B P aA € 


Fig. 41. 


l 


o> o> 
sets PC and PD (of course P is not to be included into any of the 
sets). 
To prove that : Each of the two sets is convex and a segment 
AB whose end points lie in different sets, contains A. 


Proof. 


— 


ae 
(1) Postulate 2 helps us to assert that each of PA and PB is 
convex, 


> > > > 
(2) Now AEPC and BEPD. Also AB=BCNAD (Why ?). 
— > > > 
Also BC=BP UPC and AD=APUPD. It implies that both 
-> > > > 


BC and AD contain’P. Hence BCMAD contains P. Hence AB 
contains P. 


Now we state a postulate regarding the separation of a plane 
by a line. 

Postulate 10. (The Plane Separation Postulate). Given a 
line and a plane containing it, the points of the plane which do not 
belong to the line form two sets such that : 

(1) Each set is convex. 


(2) A segment having one of the end points in one set and the 
other end point in the second set, intersects the given line. 


The physical model representing 
this postulate is as in Fig. 42. 
line /, lying in the plane = separates the 
set of points in the plane into two sets 
H, and H, Ifwe take any segment 
AB whose end points both lie in Hi 
then the segment AB wholly lies in 
H, implying that H, is convex. But if 
we take a point C in H, then AC inter- 
sects /. 


99 


: Each of the convex sets H; and H; is called a half plane. The 
line / which according to the plane-separation postulate does not 
belong to either Hi or H, is called the edge 
of each half plane and is said to separate 
the plane into two half planes. Two or 
more points which lie on the same half 
plane are said to Jie on the same side of 
the given line. The two points that lie 
in different half planes are said to lie on 
opposite sides of the given line. There will 
be infinitely many half planes having the 
line / for its edge, some of which are shown 
in Fig. 43. 


A plane separates the space into two 
half-spaces such that each half-space is con- Fig. 43. 
vex and any segment joining a point in one 
half-space to another in the other half-space intersects the plane. We 
state the following postulate containing these notions. 


Postulate 11. (The Space Separation Postulate). Given a 
plane in space. The set of points of space which do not lie in the 
given plane form two sets such that : 

(1) Each set is convex. 

(2) Any segment joining a point in one set to a point in the 
other set, intersects the given plane. 

The two sets into which a plane separates the space are. known 
as half-spaces. We have included this postulate to simplify the 
matters ; otherwise this can be proved as a theorem. Its proof as a 
theorem is rather complicated. However, it is given below : 

Theorem V (3). (Space Separation Theorem). Given a plane 
P in space. The set of points which do not lie in the plane P form 
two sets S, and S, such that : 

(1) Each of S, and S, is convex. 

(2) If A isa point in S, and B 
is a point in S, then the segment AB 
intersects the plane P. 


Proof. Let the given plane P 
divide the set of points of the space 
which do not belong to P into two 
sets S; and S, in the following 
manner. 


(1) Set S; consisting of an 
arbitrary point O not belonging to 
the given plane and all other points 
like A such that segment OA does 
not intersect P. 
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(2) The set S, consisting of all points like B not belonging to 
the given plane P such that the segment OB intersects the given 
plane P. 


We want to show that S; and S, are convex. It means that if 
we take any two arbitrary points A; and A, in S, then the segment 
AA, wholly lies in Sj... Similarly, if we take points B, and B, in S 
then the segment B,;B, wholly lies in S,. Also the segment A,B; 
intersects the plane P. 


Suppose, A and B are arbitrary points in S; and S, respectively. 
The segment OB intersects the plane P according to our definition of 
S}. Let C be the point of intersection. Let O be the plane deter- 
mined by O, A and B or any plane containing O, A, B if these 
happen to be collinear (Postulate 3). Now the planes P and Q, will 
intersect in a line (J say) (Postulate 6). Inthe plane Q, the points 
O and A are on the same side of the line / as OA does not intersect 
the plane P. (Def. of Sj). But in the plane O, the points O and B 
- lie on the opposite side of / as OB intersects the plane P (Def. of S,). 
"Therefore, A and B are on opposite side of / and hence the segment 
'AB intersects the line / and hence the plane P (as /C P). 


Now we want to show that S, is convex. Let Aj, A, be any 
two points in S}. Now there are following three possibilities : 


(1) The segment A;A, does not entirely lie in S, and has a 


point D which belongs to Sj. The physical model of the segment 
A,A, then will be as in Fig. 45. 


Fig. 45. Fig. 46. 
(2) The segment A;A, does not entirely lie in S, and the 


segment AA, has a point E which belongs to P. The physical 
model of the segment A,A; in this case will be as in Fig. 46. 


(3) The segment A;4, entirely lies in Sis 


Now if A,A, contains a point DES, 


h E then by the first part of 
our proof both A,D and A;D will each hav 


€ a point in common with 
, > > 
P. Moreover, as these will lie on opposite rays DA, and DAs, 
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these points will be distinct. Hence A,A. will have two points in 
common with z and hence A,A: must entirely lie in m (Postulate 5) 
which is not possible as A}, A» are elements of S, and according to 
our definition of S,, it does not contain any element ofP. Hence the 
first possibility has to be rejected. 


_ Let us now consider the second possibility. A,A, contains a 
point EC P. Then the plane containing O, A,, A, having E in 
common with P must intersect P in a line (/ say) and in this plane 
A, and A, must lie on the opposite side of /’ and hence OA; or OAs 
must intersect /’ and hence P (Plane Separation Postulate). This is 
impossible in view of our definition of Sı. Hence this possibility also 
stands rejected. Hence A,A entirely lies in. S, Therefore, Sı is a 
convex set. n 

Similarly, we can „prove that S, is a convex set. Thus the 
theorem is proved. 

Each of S; and S, is called a half-space. The plane P is called 
the face of each half-space. Two or more points in the same half- 
space are said to lie on the same side of the given plane. Two points 
which lie in different half-spaces are said to lie on opposite sides of 
the given plane. 


Some Incidence Theorems based on Plane Separation 
Postulate. 


Below we discuss some incidence theorems based on plane sepa- 
ration postulate . 
Theorem V (4). IfA and B are on the opposite sides of a 


line / and if (i) B and C are on opposite sides of / then A and C are 
on the same side of /. (ii) B and C are on the same side of / then 


A and C are on opposite side of /. 


Given: A and E are on opposite sides of /. Also B and C are 


on opposite sides of /. 


To prove that: A and B are on the same side of l. 


Proof. Let / divide the plane = in two half planes H and Hy. 


Statement Reason 


(1) If A is in Hı then B is in Ha (1) A and B are 
opposite side of I 
(2) B and C are on oppo- 
site side of / 
(3) Statements 1 and 2 
(4) Statement 3 


on 


(2) IfB isin H, then C is in H, 


(3) A and C are in Hi 
(4) A and C are on seme side of | 


(ii) Given: A and B are on opposite side of l. B and C are on 


same side of l. 
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To prove that: A and C are on opposite side of /. 
Proof. 
Statement Reason 
(1) I£ A is in Hy then B is in E (1) Why ? 
(2) If B is in H, then C is in E (2) Why ? 
(3) If A is in H, then Cis in H, (3) Statements 1 and 2. 
(4) A and C are qn opposite side of / 
Theorem V (5). 


on/. Prove that all the 
the same side of /. 


Given a line / and a ray whose end point is 
points of the ray except the end point lie on 


€ 
Given : Aline Į and a ray PQ whose end point P is on /. 


Q 


R 


Fig. 47. 


— 
To prove that: All points of PQ excepting P lie on the same 
side of /. 


Proof. We will prove it indirectly 


by contradiction. Assume 
that / divides the plane of the line into tw 


o half planes H, and Hy. 


> 


Assume that Q lies in H,. Further assume that PQ contains a point 


= 
REH,. In other words we are assuming that the set of points PQ 
excepting P does not wholly lie in H}. As Q and R are on opposite 
side of /, therefore QR intersects /. The point of intersection will be P 


eX 

as QR lies on PQ and P lies on Z. Also as / and QR cannot intersect 

in more than one point (Why ?). Therefore, R—P—OQ (Why ?) which 
> 


implies that R is the end point of PQ which contradicts the definition 
> > > 

of PQ as P is the end point of PQ. Hence the assumption that PQ, 

contains a point RE H, has to be abandoned. 
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CHAPTER V1 
ANGLE AND ANGLE MEASUREMENT 


In elementary geometry, an angle has been sometimes defined 
in terms of amount of rotation or in terms of difference of direction 
between two lines. These definitions are not very satisfactory as it 
is not possible to define rotation or direction in exact mathematical 
terms. Also it is not easy to put in clear words as to how the 
rotation takes place. Consider the two angles whose physical models 
are given below : 


Fig. 48. 


The ray that serves as the initial side in the first case is in the 


position of the ray that serves as terminal side in the second case. 


Also the rotation in two cases are in different directions. S» we will 
have to consider these angles being different although their measures 
may be equal. We may have to introduce the notion that measure 
of an angle is positive when the rotation is counter-clockwise and it 
js negative when the rotation is clockwise. 


Anotker approach is to define an angle in terms of some set 
of points. This method of defining an angle solves some of our 
problems that we encounter while defining an angle in terms of 
amount of rotation Or the change in direction. This mode of 
defining an angle has been commonly accepted and we will employ 
this very approach and define an angle in the following manner. 


Definition VÍ (1). (Angle). An angle is the union of two 


rays which have a common end point and which do notlie in the 


same line. 
Each of two rays which form the angle are called the sides of 
the angle and their common end point is called the vertex of the 


> = 
angle. The angle that is formed by the union of rays AB and AC is 
either denoted by ZBAC or Z CAB. We can denote an angle by its 
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: TEN : ES 
x if there is no ossibility of any confusion. In that case wec 
bonsai P denote / BAC or ZCAB as simple 
ZA. 


It may also be noted that we 

C have used the word ‘ray’ in our 

definition of an angle. It implies 

that the sides of our angles extend 

infinitely and we show it with the 

help of arrow heads. Also accord- 

4 5 ing to our definition an angle consists 
ofunion of two rays and hence it 
does not include the points that lie within the two sides of the 


angle; The set of such points is known as the interior of the angle. 


Exterior Interior 


Exterior ^^ A C 
Ao 

ee, Exterior 
Q 


Fig. 50. 


In Fig, 50 the set of points like P belongs to interior of the angle 
A. The points like B, A or C belong to ang 
like Q, R,S belong to the exterior of ZA, In fa 


(1) The set Si consisting of all points like P such that P lies 
> 


ay 
on the same side of AC as B and on the same side of AB as ©. In 


> 
other words the Points like P lie on E—side of AG and C~side of 
=> 
AB. These points constitute the interior of 7 A, 


(2) The set Ss consisting of a]] points lying on the union of the 
— — 
rays AB and AC. These Points constitute the ZA. 


(3) The set S; consisting of all those points of the plane which 


neither belong to the Interior of the angle nor to the angle, 
We define the interior and the exterior of the angle as follows : 


Definition VI (2). (Interior of an angle). If an ZBAC 
lies in a plane 7, then a point P of the plane lies in the interior of 


—+ 
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> => 
the Z BAC if P lies on the B—side of AC and C—side of AB. 


Definition VI (3). (Exterior of an Angle). The exterior of 
Z.BAC is the set of all those points of the plane = that neither belongs 
to the interior of the / BAG norto the /BAC. (‘x’ is of course 
the name of the plane in which the angle lies.) 


It may also be noted that figures that are referred to as 
‘straight angles’ or 'zero-angles' or ‘reflex-angles’ are not angles 
according to the definition ofthe angle that we have adopted. So 
the diagrams in Fig. 51 are not angles according to our definition. 


B a B G 


1 a> 


AC 


(So called reflex angle) (Socalled straight angle) (So called zero angle) 
Fig. 51. 


_ These diagrams do have some importance in a course on 
Trigonometry but these do not serve much useful purpose in elemen- 
tary Geometry. These have been purposely excluded as to include 
them would necessitate creating exceptions to various fundamental 
theorems that we are going to take up. 


Measurement of an angle. The angles are generally 
measured in degrees. It may be clearly understood that ‘an angle’ 
and ‘measure of an angle’ are two different things. The anglevis a 
union of two rays while the measurement of an angle is the number 
of degrees that it contains. 


If there are 30° in an / BAC, then it will be denoted as 
m/BAC=30. In writing so, we do not indicate the unit of the 
measure as we understand that it will be degrees. Whenever we are 
to express the measure of an angle in a unit different from degrees, 
we will indicate the same. 


+ 
We measure an angle with the help of a protractor. Let AB 
e 
be one side of the angle that we want to measure. b i 
divides the plane of the paper into two half plana n m ET 
Assume that the angle that we want to measure lies in Hi. e wi 
i e 
measure the angle by placing the edge of the protractor on BA, the 
edge of the half plane H,. In Fig. 52: 
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m/ CAB=10 mZFAB=60 
m/ DAB=30 m/ GAB=90 
m/ EAB=45 m/ HAB=120, and so on. 


Fig. 52. 


äg > 
Note that there will be no such angles as / MAB as AB and AM 
are collinear, 
Now we state some 
which are merely al 
the protractor, 


postulates regarding measure of anglies, 
pstract descriptions of the familiar behaviour o 


Postulate 12. (The Angle Measurement Postulate). To every 


angle A, there corresponds a real number between 0 and 180. 


This postulate, of course, clearly lays down that measure of an 
angle will be greater than zero but less than 180. 


-> 
Postulate 13. (Angle Construction Postulate). If AB is any 
ray on the edge of half plane Hy, then for every real number r 
— 
between zero and 180, there is exactly one ray AK with K in the 
half plane H, such that m/KAB=r. 


angle 
1 there corres- 


12 helps us in 
measuring an angle. We denote the measure of an ZA by 
mZA. The statements like / A= 
one like m / A=30 states 


Postulate 14. 
Point in the interior of Z BAC, then : 


m/ BACi—m/ BAP-Lm ZPAC 


SS NN 
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Spposing we want to find the measure of / BAP, we can either 
> 
place the edge of the protractor on AC 
or we can find the measure of Z BAC B 
and /PAC and then with the help of 
postulate 14, we can find the measure n 
of Z BAP by ‘subtraction’. 


We could have combined postulates 
12 and 14 and then we could have prov- 
cd postulate 13 as a theorem. This A C 
could have been done as follows : Fig. 53. 


= 
The Protractor Postulate. If VA is any ray lying in the 
edge of half plane Hy, there is one-to-one correspondence between the 


set of real numbers r where 0<r<180 and the set of rays VX which 
lie in the union of H; and its edge such that : 


— 


(1) VA corresponds to the number zero. 


=$ 
(2) The ray opposite to VA corresponds to 180. 


(3) If X and Y are points belonging to H, and which are not 
collinear with V and if x,y are the real numbers corresponding 


— — 
to VX and VY respectively, then mZXVY= |x—yl- 
It may, however, be noted that in the statement of our postulate 


> — 
we have included the ray VA and the ray opposite to VA and hence 


y 


x 


Y X 


V A 


Fig. 54. 


80. Of course the measure of any ‘angle will 


the inequality 0<r<1 
Pop d t less than 180. 


be larger than zero bu 


Now we prove the angle construction postulate as a theorem, 
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a 
"ucti i If VA is any 
Theorem VI (1). (Angle Construction Theorem). any 
ray lying ia the hd d half plane H, and ifr is any number lying 
> z 
between 0 and 180, then there is a unique ray VX such that X be- 
longs to H, and m Z AVX—r. 


> : 
Given: VA any ray lying in the edge of a half plane Hı and r 
is any number such that 0<r<180. 


> 
To prove that : There isa unique ray VX (X€ Hi) such that 
mZAVX=r., 


= 
Proof. Protractor postulate helps us to assert that VA corres- 


bes — 

H t] E x 
ponds to 0 and there exists a unique ray VX (X € Hi) such Das x : 
corresponds to r where 0—r— 180. (As the protractor postula f el 
that there is one-to-one correspondence between the set o 7 
> 


numbers r where 0<r<180 and the set of rays VX lying in the union 


of H, and its edge.) 


Also m/AVX-— | r—0 | =r (Protractor Postulate). 


"Therefore, there are two possibilities before the reader : 


(1) Either to state separate postulates for angle measurement, 
angle construction and angle addition ; or 


(2) To state the protr 


actor postulate and to prove angle 
construction postulate as 


a theorem, 


Linear Pair. Although we 
have excluded 'straight angles' from 
the set of angles by the way we 
choose to define the angle, yet we C 
may often have to consider figures like 
one shown in Fig. 55, which suggest 
the notion of ‘straight angles’. To 
describe such figures, the mathema- B 
ticians have introduced the concept 
of a linear pair. 


V A 


Fig. 55. 


— — 2 
Definition VI (4). (Linear Pair). 1f VA and VB are opposite 
> 


rays and VC is an 


y other ray then ZCVA and / CVB are said to 
form a linear pair. 


Adjacent Angles. Figs. 56, 57 and 58 are each a physical 


d\-— 
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model of a i : 
tellows: a pair ofadjacent angles. We define adjacent angles as 


C 
B V A 
(Physical model of a Linear pair) 
Fig. 56. 
C G 
B 
B V A V A 
Fig. 57. 
C 
B 
V A 
Fig. 58. 


Definition VI (2). (Adjacent Angles). T 
adjacent angles if : ). Two angles are called 

(1) They lie in the same plane. 

(2) They have a common vertex. 

(3) They have one ray in common. 

(4) The intersection of their interiors are empty. 

The condition (1) has been imposed to exclude the possibility 
of two angles lying in different planes. The condition (2) has been 
imposed to exclude figures like the one given m Fig. 59 from the pur- 
view of adjacent angles. 


The condition (3) has been imposed to exclude figures like the 
en it represents ZBVA and ZCVD. ZBVA 


one given in Fig. 60 wh 
and / CVD are not adjacent angles. 
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i i figures like one 
dition (4) has been imposed to exclude fig 
given i Eis 60 ws it represents / CVA and / BVD. ZCVA and 


V A 
Fig. 59. Fig. 60. 


iti jacent 
ZBVD are not adjacent angles. In fact our epos Me 
angles unambiguously states our common notion abou 
angles. ' 
Clearly linear pair of angles is a special case of adjacent angles. 
We give below some more definitions pertaining to angles. 


, ; hose 
Definition VI (3). (Supplementary Angles). 'Two angles w 
measures add to 180 are called supplementary angles and each angle 

is called the supplement of the other. 


Definition VI (4). (Complementary Angles). Two angles porn 
measures add to 90 are called complementary angles and each angle 
is called the complement of the other. 


Definition VI (5). (Acute Angles). An angle whose measure is 
less than 90 is called an acute angle. 


Definition VI (6). (Right Angle). An angle whose measure is 
90 is called a right angle. 


Definition VI (7). (Obtuse Angle). An angle whose measure 
is more than 90 is called an obtuse angle. 


Clearl 
than 180, 


Definition VI (8). 


y the measure of an obtuse angle is more than 90 but less 


(Congruent Angles). Two angles whose 
measures are equal are known as congruent angles. If m/ ABC= 
m/ DEF, then we can also write it as ZABC= /DEF. We will 


read it as: Angle ABC is congruent to angle DEF. Clearly all right 
angles are congruent. 


Now congruency relation betw 
angle is congruent to itself, Also it is 
ZB= ZA. Also it is transitive a 
then / Ae AG: 


Hence the co 
equivalence relation, 


cen angles is reflexive as any 
symmetric as if / Aœ / B, then 
s if /Az/B and / Bez/ C, 


ngruency relation between the angles is an 
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ZABC= / DBF means that Z ABC. is same as / DBF. Equality 
relation between two angles means something more than that their 
measures are equal. In fact it means that the two are the different 
names for the same angle. Since an angle isa set of points ; hence 
ZABC=/DBF if they consist of exactly same points. In such a 
situation the physical model will be as in Fig. 61. 


A 
D 


B C F 
Fig. 61. 
Obviously, equal angles are congruent but congruent angles 
may not be equal. 


Now we are ready to take up some theorems of Euclidean geo- 
metry that have traditionally formed a part of curriculum of school 
geometry. 


Theorem VI (1). The two angles of a linear pair are supple- 
mentary and the converse. 


This theorem is generally taken up as a postulate as it is 
difficult to build up a very satisfactory proof on the basis of postulates 
we have stated so far. Generally for an elementary course, it is taken 
as a postulate which is stated below : 


Postulate 15. (The Supplement Postulate). If two angles 
form a linear pair then they are supplementary. 


However, somewhat satisfactory proof of this theorem can be 
built up in the following manner. 


> > > 
Given: VA and VB, two opposite rays and VC another ray, 
forming a linear pair of angles consisting of 7 CVA and ZCGVB. 


To prove that: m / CVA+m/ CVB=180. 


C 


"wt c 
(Physical model of a linear pair) 


Fig. 62. 
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Proof. 
Statement Reason 


— = 
(1) VA and VB are opposite 


(1) Given (premise) 
rays 


5 
(2) If VA corresponds to 0 (2) Protractor postulate 


> 
then VB corresponds to 
180 
(3) mZCVA+mZCVB (3) Protractor postulate. 
= | 180—0 | =180 
By a similar reasoning, it can be proved that two angles 
> > 
forming a linear pair will be supplementary if VA and VC are the 
> > > 


opposite rays and VB is any other ray or if VB and VC are opposite 
> 
rays and VA is any other ray, 
Converse of theorem I, 
Statement. Supplementary adjacent angles form a linear pair. 


Given : Two adjacent angles / CVA and /CVB such that 
m/ CVA--m/ CVB=180. 
To prove that: / CV A and Z CVB form a linear pair. 
Proof. 
Statement 


(1) ZCVA and /CVB are (1) Given 
adjacent angles such that : 
(a) V is the common vertex 
> 
(b) VC is the common ray 
(c) ZCVAN ZCVB=o 


(d) m/ CVA--m/ CVB—180 


Reason 


a 
(2) Since VC is the common (2) Statement 1 


> 
ray if VA corresponds 


wa 
to 0 then VB corres- 
ponds to 180 
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=> 


E > 
(3) VA and VB are opposite (3) Statement 2, Protractor 
rays Postulate 


> > 
(4) Since VA and VB are (4) Definition of a linear pair. 
> 
opposite rays and VC is 
any other ray, / CVA and 
ZQVB form a linear pair 


Following are the riders to this theorem or Supplement 
Postulate. 


Theorem VI(1A). If two angles of 


1 I a linear pair are con- 
gruent, each is a right angle. 


Given : Two adjacent angles / CVA and Z CVB such that : 
m/ CVA-—m/ CVB 


or ZCVA= / CVB 
and mZCVA+mZCVB=180. 
To prove that: mZCVA=m/CVB=90, 


Proof. 
Statement Reason 

(1) mZ CVA--mZ CVB (1) Given 
=180 

(2) mZCVA=mZCVB (2) Given 

(3) mZCVB+m/7CVB (3) Statements 1 and 2 on 
= 180 substituting the value of 
Or, mZ CVB=90 mZ CVA 


(4) mZCVA=mZCVB=90 (4) Statements 2 and 3. 


Theorem VI (1B). Supplements of the congruent angles are 
congruent. 

Theorem VI (1C). Complements of congruent angles are 
congruent. 


The proof of these two riders 
is left to the reader. 

Vertical pair. In this figure 
iy < 4 
ABand CD have a point O in 
common. / AOD and / BOC are 
said to form a vertical pair. Simi- 
larly / AOG and / BOD form a 
Vertical pair. So when two lines 


114 


have a point in common, two pairs of vertical angles are formed. 
We define a vertical pair as follows : 

Definition VI (9). (Vertical Pair or a Pair of. Vertical Angles). 
Two angles are said to form a vertical pair if their sides form a pair 
of opposite rays. 

Theorem VI (2). (The Vertical Angle Theorem). Two angles 
that form a vertical pair are congruent or vertical angles are 
congruent. 

> > 
Given: Two pairs of opposite rays : VA opposite to VB and 
> > 
VC opposite to VD such that : 


(1) ZOVA, ZBVD arc a pair of vertical angles. 
(2) ZCVB, ZAVD are another pair of vertical angles. 


Fig. 64. 


To prove that: mZ CVA=mZBVD or / CVAzz/ BVD and 
mZCVB=mZAVD or /CVB=/AVD. 


Proof. 
Statement Reason 


> > 
(1) VB is opposite to VA (1) Given 


-> 
and VC is any other ray 


(2) mZCVA+mZ CVB (2) Statement 1 ; Z CVA and 
=180 . ZCVB form a linear pair 

(3) mZ CVB--m/ BVD (3) ZCVBand 7 BVD form 
=180 a linear pair 

(4) mZCVA+m/ZCVB (4) Statements 2 and 3 
=m/CVB+m/BVD 


a MÀ——— M MÀ 
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(5) mZ CVA-m/ BVD (5) Statement 4, 
or ZCVA=/BVD 
Similarly, we can prove that Z CVBe / AVD. 


e 
Theorem VI (2A). If AB is any line dividing a plane P into 
< — 
two half planes H, and H, and V is any point in AB and if VC is 


= 
any ray in H, and VD is any ray in H, such that / CVAz Z BVD, 
then ZCVA, ZBVD form a vertical 
pair. 


ex . 
Given: AB divides a plane 
P into two half planes Hy and Hy. 
— > 
VC isa ray in H, and VD is a ray 
in H, such that ZOVA /BVD. 
To prove that : ZOVA, 
Z BVD form a vertical pair. Fig. 65. 
Proof. 


Statement Reason 


XE > | 
(1) VA isa ray opposite to VB (1) ABisa lineand V is 
-— 


and VC is any other ray any point in it, 
(2) mZCVA+mZ CVB—180 (2) Statement 1, theorem 
VI (1) 


— — 
3) VA isa ray opposite to VB 3) Why ? 
(3) y ) 
— 


and VD is any other ray 
(4) mZAVD+mZBVD=180 (4) Why ? 


(5) mZCVA+m 7 CVB (5) Statements 2 and 4 
=mZAVD+m/BVD 
(6) mZCVA=m/BVD (6) Given 


(7) mZCVB=mZAVD (7) Statements 5 and 6 
(8) mZ CVA+m/AVD=180 (8) Statements 2 and 7 
(9) ZOVA, ZAVD are such that (9) Given 

(a) They lie in the same plane 


(b) They have the common 
vertex dV 


(c) ZCVANZAVD=9 


— 


7 
8 
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(10) ZCVA, ZAVD are adjacent (10) Statements 8 and 9 
supplementary angles . 


> > 
(11) VC is opposite to VD (11) Statement 10 [Converse 
. : " 

to theorem VI(1)]. 


> > => = 


Hence VC is opposite to VD and VA is opposite to VB 
(Why ?). 


Therefore, / CVA, / BVD form a vertical angle. 
Problem Set 


I. Determine the measure of complementary angles of each 
of the angles whose measures are as follows : 


(a) 73 (b) 34:5 (c) x (d) (90—x) (e) (90+x) (f) (180—x) 
(g) 0°01 (h) 45 (i) 27-001 (j) 89:999. 


2. Determine the measure of supplementary angles of each of 
the angles whose measures are given in problem 1. 


3. Iftwo angles with the same measure arc complementary» 
then what is the measure of each ? 


4. Iftwoangles with the same measure are supplementary> 
then what is the measure of each ? 
< 


< 
5. Two lines AB and CD have a point V in common, forming 


two pairs of vertical angles. 


(a) If measure of / AVB—50, then what is the measure of 
each of the remaining angles of the vertical pairs ? 


(b) If all the angles of the vertical pairs are congruent to each 
other then what is the measure of each ? 


6. The measure of an angle is five times the measure of its 
supplement. Find the measure of each. 


7. Find the measure of the angle whose supplement is three 
times as large as its complement. 


8. In the edge of a half plane 


> > 
D H,, VA, VB are the opposite rays: 

E > > > 
€ VC, VD, VE are rays in Hi such 


that m/ZEVB=mZEVD and 
mZDVG=mZCVA. Find mZEVG. 

> > > 
Fig. 66 9. VA, VB, VC are three 
pos distinct rays in a plane P such that 


| 
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no two of them are opposite. Then, will : 
(a) mZ AVB+mZBVC=mZAVC ? 
(b) mZAVB+mZBVC+m ZAVC=360 ? 


10. One of the two supplementary angles has a measure of 40 
more than the measure of the other. What is the measure of each ? 


11. The measure of an angle is two times the measure of its 
complement. What is the measure of each ? 


12. Prove that if two angles are complementary, then each of 
them is acute. 


13. Prove that if two intersecting lines form one right angle, 
then they form four right angles. 


14. Prove that the bisectors of two supplementary adjacent 
angles are perpendicular to each other. 


15. Provethatiftwo angles are right angles then they are 
congruent. Write the converse, opposite and contrapositive of this 
statement. Which of these will be true ? 


-> > Sern 
16. Given two pairs of rays VA opposite to VB and VC 
; > are > > 
opposite to VD. If there is a ray VE between VA and VC, then the 
-> > =e 


= 
ray VF opposite to VE is between VB and VD. 


We have already defined a right angle as an angle whose 
measure is 90. This concept of right angle is very closely connected 
to the concept of perpendicularity. Two rays that form a right 
angle are called perpendicular rays and are said to be perpendicular 
to each other. The lines determined by these rays will be called 
perpendicular lines. Segments determined by these rays are called 
perpendicular segments. A ray and a line can be perpendicular to 
each other. A lineand a segment can be perpendicular to each 
other and so on. Hence we state the following definition of perpendi- 
cular lines and perpendiculars : 

Definition VI (10). The lines determined by two rays which 
form a right angle are called perpendicular lines and any two sets, 
each of which may be a segment, a ray ora line and which deter- 
mine two perpendicular lines are said to be perpendiculars. 


If S, and S, are any two sets which are perpendicular to each 
other, then we write this as $ LS. Its physical model will be : 


Two perpendicular sets may intersect each other as in the case 
of Fig. 67 or may not do so (Fig. 68). If they intersect then they will 
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; int i n. If F is a point common 
at the most one point in common. — : oint 
ed the perpendicular sets and if P is any other point in one of 


2 S. S5 


S, Si 
Fig. 67. Fig. 68. 


the sets but which does not belong to the second set, then F is said 
to be the foot of the perpendicular from P to the set that does ae 
contain P. A line, a ray or a segment is a set of points and e can a 
point we can have only one set of points which will be perpendicular 


to the given set of points. This is of fundamental importance and 
we prove it as a theorem. 


Theorem VI (3). At each point ofa given line, there is one 
and only one line which is perpendicular to the given line and 
; lies in the plane which contains the 
given line. 


<] 
Given: A line AB lying in a 


ey 

plane P and F any point on. AB (or 
t} 

FEAB). 


To prove that : (i) There is 
at least one line in the plane P which 
Fig. 69. is | erpendicular to the given line 

at F. 

(ii) There is atmost one line in the 

cular to the given line at F. 


Proof. 


plane P which is perpendi- 


Statement Reason 


< 
(1) The line AB divides the 
plane P into two half 
planes H, and H, 
(2) There exists a point C in 
Hi such that / CFB isa 
right angle and the ray 


— 


(1) Plane Separation Postulate 


(2) Angle Construction 
theorem 


FC is unique 


== 


y 
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e 4? 
(3) FC | AB (3) Statement 2 


- 


(4) There exists at least one (4) Statement 3 & 
line in plane P which is 
perpendicular to the given 
line at the point F 


(5) There exists a point C’ in (5) Angle Construction 
H: such that / C'FBisa theorem 
right angle and the ray 


— 
FC’ is unique 


> e 
(6) FC’ | AB (6) Statement 5 
(7) mZCFB+mZC'FB=180 (7) Statements 3 and 6 


(8) ZCFB and Z C'FBforna (8) Statement 7 
linear pair 


> 

(9) FG and F'G are opposite (9) Statement 8 
rays 
= = 

(10) FC and FC’ are the same (10) Statement 9 


< e 
line (or FC- FC") 
(11) There is atmost one line in (11) Statement 10. 
plane P which is per- 
pendicular to the given 
lineat F 
We prove below some Incidence theorems based on the plane 
separation postulate and interior of an angle. We shall be using the 
results of these theorems in proving other theorems of the system. 
Theorem VI (4). If A, B, C are non-collincar points and if 
A—GO—D; B—F—QG and A—F—G then G is in the interior of 
Z BCD, given that A, B, C, D, F, G are coplanar. 


B 
G 


Fig, 70. 
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Given : 


(1) A, B, C three non collinear points. 


(2) A—C—D ; B-F-C; A—F—G. 
(A—C—D means that C is between A and D.) 


To prove that : 
Proof. 
Statement 
(1) Band F are on the same 
bod 
side of AC 
(2) F, G are on the same side 
e 
of AC 
(3) B, G are on the same side 
Lax d 
of AG 
(4) B, Gare on the same side 
e 
of CD 
e 
(5) G lies on B-side of CD 
(6) A and D are on opposite 


e 
side of BC 


(7) A and G. are on opposite 
side of BC 


(8) G, Dare on same side of 
-— 


BC 


c9 
(9) G lies on D-side of BG 


- 

(10) G lies on B-side of CD 
e 
and D-side of BC 


(11) G lies in the interior of 
ZBCD 


G is in the interior of / BCD. 


Reason 


(1) As B—F—C, BF does 


— 
not intersect AC. 
(2 A—F—G; hence FG 


e 
does not intersect AC 


(3) Statements 1 and 2 


= e 
(4) As CD=AG 


(5) Statement 4 

(6 A—C—D and as AD 
and BC intersect in C 

(7) A—F—G and as AG 


and BC have F in 
common (B—F—C) | 


(8) Statements 6 and 7 and 


theorem V (4) 


(9) Statements 6, 7, 8 


(10) Statements 5 and 9 


(11) Statement 10. 
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Theorem VI (5). If D lies in the 
P "re C 
interior of / BAC then AD—A or AD 

> 
(ail the points of the ray AD excepting 
its end point A) lies in the interior of D 
ZBAC., 

Given: D lies in the interior of A 
ZBAG, Fig. 71. 


To prove that : AD—A lies in the interior of Z BAC. 
Proof. 
Statement Reason 
> 
(1) D lies on C-side of AB (1) Given, definition of 


e» interior of an angle 
and B-side of AC 


ex 
(2) AD—A, lies on B-side of (2) Theorem V (5) 
< e 
AC and C-side of AB 


=F o> 
(3) AD—A Or AD lies in the (3) Statement 2. 
interior of / CAB 
Theorem VI (6). IfD lies in the interior of ZBAC and 
o> > |] 
G—A—D then AG (AG—A) lies in the side of AC that does not 
contain B. 


Proof. 


Statement Reason 


= 
(1) D lies on the B-side of AG (1) Given; D lies in. the 
interior of / BAC 
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Ew 
(2) G lies on the side of AC (2) (a) G—A—D (Given) 
that does not contain D (b) Plane Separation 
Postulate 


(3) G lies on the side of AC (3) Statements 1 and 2; 
that does not contain B since B and D lie on the 


same side of AG 


| 
= | 
(4) All points of AG—A lie (4) Theorem V(5) | 
— 
on the same side of AC 


=. 
(5) AG—A lie on the side (5) Statements 3 and 4. 


of AC that does not con- | 
tain B | 
Theorem VI (7). If D 
is in the interior of / BAC | 
and E—A—C then E and B 


e 
are on the same side of AD. 
Given: (1)D is in the 
interior of / BAC. 
(2 E—A-C. 
To prove that: E and 


Fig. 73. 


< 
B are on the same side of AD. 


Proof. 
Statement Reason 
(1) E and C are on opposite (1) E—A—G (Given) 
acd 
side of AB 
> 
(2) BE—B lies on the side of (2) Theorem V (5) and 
= 
AB that does not con- statement 1 
tain C 
(3) EB does not contain any (3) Statement 2 
point lying in the interior 
of / BAC 


(4) EB does not contain A (4) E~A—C (Given) 
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On 


) EB does not contain any 
point of AD 


> 
(6) EB—E lies on B-side of 
e 


AG 
(7) EB—E lies on B-side of 


ep 


AC 


> 
(8) If F—A—D then AF—A 


< 
lies on the side of AC 
that does not contain B 


= 
(9) AF—A and EB—E lie 


< 
on opposite side of AC 


> 
) AF does not contain E 

=$ 
) AF and EB donot have 
any point in common 
EB does not contain any 
point of AF U AD 
) EB does not contain any 


(5) Since it does not either 
contain À or any point 
lying in the interior of 
Z BAG (Statements 3 
and 4) 

(6) Theorem V (5) 

(7) Statement 6 ; 


-> 
since EB C EB 


(8) Theorem VI (6) 


(9) Statements 7 and 8 


(10) E-CA—C and F—A—D 
(11) Statements 4, 9 and 10 


(12) Statements 5 and 11 


(13) Statement 12 


e 
point of AD 
(14) E and B are on the same (14) Statement 13. 
- 
side of AD 
Theorem VI (8). (The 
Crossbar Theorem). If D is B 
in the interior of ZBAC then 
AD inters BC. 
D Sirerseot BC. . ; E-A 
Giren: Dis in the in- <----; 
terior of Z BAC. " C 
> e’ 
To prove that: AD Fig. 74. 


intersects BC. 
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Proof. 


We will prove it indirectly by contradiction. Assume that 


— d 


AD does not intersect BC. Then B and C are on the same side of AD: 


(Plane Separation Postulate). 


— 
In other words C lies on B-side of AD. Also if E—A-— C. then 
- < 
E, B lie on same side of AD or E lies on B-side of AD [Theorem 


— 
VII (7)]. It implies that E and C lie on B-side if AD or E and C lic 


€ 


on the same side of AD or EC does not havc any point common with 
Eş 


AD but this contradicts the statement that E—A—C. Hence the 


Bes 
assumption that AD does not intersect BC has to be abandoned. 


| 


CHAPTER VII 
TRIANGLES AND THEIR CONGRUENCE 


'The Triangle is most commonly encountered figure in 
elementary geometry. If A, B and C are any three non-collinear 
points, then the union of segments AB, BC and AC is called a triangle. 
It is denoted by the symbol AABC. We can define a triangle as 
follows : 


Definition VII (1). (Triangle). The union of three segments 
determined by three non-collinear points is called a triangle. 


The points A, B, C of the AABC are called its vertices and 
three segments AB, BC and AC are called its sides. The angles 
Z ABC, / BCA and Z CAB are called the angles of AABC. If one 
angle of a triangle is a right angle then it is called a. right triangle. 
A triangle having the measure of its two sides equal (or with its two 
sides congruent) is called an Isosceles triangle. A AABC-will be 
isosceles if either AB&BC or BCZZAC or ABSAC. If three sides of a 
triangle are congruent in pairs, the triangle is said to be equila- 
teral. A AABC will be equilateral if AB2&BC, BCS:AC and 
ACEAB. Any side of a triangle and an angle whose vertex is 
not a point of that side are said to be opposite to each other. If all 
the angles of a triangle are equal in measure, then the triangle is 
called equiangular triangle. 


In aright triangle, the side opposite to the vertex of right 
angle is called the hypotenuse and other two sides are called legs. 


For any tri- 


Fig. 76. 
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he perpendicular segment from any vertex to the line deter- 
ea Pas opposite side is called the altitude. We have 
already stated that a AABC determines three angles. It will 
be a proper question to ask whether the triangle contains its 
angles or not. We note that a triangle is a set of points and 
also an angle is a set of points. Now / ABC is an angle of triangle 
ABC. Does AABC contain /ABC ? Obviously not because 
ZABC contains points like A}, A,...... and points C,, Cy...... _ which 
do not belong to the triangle. The A ABC does not contain points like 
Ay, Ag... and, C, C,...... Therefore, although it is proper to speak 
of angle of a triangle or the angle determined by a triangle but it is 
incorrect to speak about ‘the angle contained in a triangle’. 


The classification of a triangle on the basis of the measure of 
its sides is as follows : 


(1) A Scalene triangle is a triangle having no two sides equal in 
measure. 


(2) An Isosceles triangle is a triangle having two sides equal in 
measure, 


(3) An Equilateral triangle is a triangle having three sides 
equal in measure in pairs, 


Congruence of two geometric figures. Roughly speaking 
two geometric figures are said to be congru:nt if they are of exactly 
same shape or size. If two figures are congruent and if it is possible 
to move one figure onto other, then through some trial and error, the 
two figures will coincide. For example, if we have two triangles, 
AABC and ADEF with AB=DE, AC=DF and BCe«EF and if it is 
possible to move A. ABC onto ADEF, then both may fit each other 
exactly if we move the vertex A on the vertex D, vertex B on 
vertex E and vertex C on the vertex F. Please note the use of 
phrase ‘if possible’ in "if it is possible to move one figure onto the 
other’. Congruence is correlation of two regions of space point by 
point so that all corresponding distances and all corresponding 
angles are equal in measure. Congruence is an idea of one-to-one 
correlation or correspondence of Points in space. 


We were earlier talking about the moving of one figure onto 
the other, if possible. In the example of congruence of two triangles, 
we stated that two triangles will fit each other if A moves onto D, B 
moves onto E and C moves onto F, (Ifthe order of ‘moving’ the 
vertices is changed, the triangles may not fit each other.) So we can 
say that the vertex A corresponds to vertex D, vertex B corresponds 
to vertex E and the vertex C corresponds to vertex F. This is a 
one-to-one correspondence and this can be represented as follows : 


AoD, BoE, CF 


There are five more possibilities of writing one-to-one corres- 
pondence (or 1—1 correspondence) between the vertices of two 


<a 
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triangles, AABC and ADEF, which are as follows : 

AcD, BoF, CGE ; 

AGE, BeF, CoD, AGE, BoD, CoF: 

AeF, BeD, CeE and AF, BeE, CoD. 

But if AB=DE, XCe&DF and BCZeEF, then the triangles will 

fit each other only if AD, BE and CesF provided each of 
AABC, ADEF is scalene. The 1—1 correspondence which makes 
the triangle coincide or ‘fit each other’ is called a congruence 
between two triangles. We can write this correspondence as : 


AeD 

Bek 
and CF 
or, we can simply write it as ABCDEF which implies that 
AD, BoE and C«F and if we are given that 1—1 corres- 
pondence ABCDEF is a congruence then we know that ABE DE ; 
BC&EF ; CA&DF, /Ac/D; /B=ZE and /C=/F. This 
congruence can be shown graphically by indications on correspond- 
ing angles and sides as in the figures given here. 


A D 


B G E F 


Fig. 77. 


It may be noted that 1—1 correspondence ABCDEF is 
different from 1—1 correspondence ACBe+DEF for if we are given 
that 1—1 correspondence ACBe+DEF_is a congruence then, 
LAS/D, £CeZE, ZB ZF, AC=DE, CB=EF and AB=DF 
which is different from the implication of 1—1 correspondence 
ABC«DEF being a congruence. 


It is possible for two triangles to be congruent in more than 
one way. If we are given that each of the AABC and ADEF is 
isosceles (AB&xAC and DESDF) and 1—1 correspondence 
ABCDEF is a congruence and AABC=ADEF then the follow- 
ing 1—1 correspondence will each be a congruence. (1) ABCDEF 
and (2) ABC++DFE. Ifwe are given that each of the triangles, 
AABG and ADEF is equilateral and 1—1 correspondence 
ABCesDEF is a congruence and AABC= ADEF then the follow- 
ing 1—1 correspondences will each be a congruence : 


(1) ABGeDEF (2) ABCeEFD (3) ABCOFDE 
(4) ABC@DFE (5) ABC@EDF (6) ABC-SFED. 
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‘ow let us consider the case of only one triangle. When 
vill ee (AABC say) coincide with itself ? Obviously, 
1-1 ccrrespondence ABCeABC, will serve the purpose. In 
other words, every vertex would correspond with itself. Such 
a congruence is called identity congruence. If a AABC is an 
isosceles triangle with AB=AC then the following two 1—1 came 
pondences will give identity congruence. (1) ABC ABG (2) 
ABCeACB. Ifa AAPC is equilateral then the following six 1—1 
correspondences will each give identity congruence. (1) ABC+ABC 
(2) ABCeACB (3) ABCGBCA (4) ABCGBAC (5) ABCeCAB 
(6) ABCeCBA. We can define a congruence as follows : 


Definition VII (2). (4 Congruence). A1—1 correspondence 
between the vertices of the same or different triangles such that the 
corresponding sides and corresponding angles are congruent is called 
a congruence between the triangles. 


Definition VII (3). (Congruent T) riangles). Two triangles are 
congruent iff (if and only if) there exists a congruence between them. 
Summarising, we state the following i 


(1) Any triangle ABC is congruent to itself with 1—1 cor- 
respondence ABC++ABC being a congruence. 


(2) There are six possible 1—1 correspondences between the: 
vertices of two triangles and in general not even sone o 
these correspondences may be a congruence. But if it so 
happens that one of these correspondences is a congruence 
then the triangles are said to be congruent. 


(3) According to our definition, before we can assert that two 
triangles are congruent, we must know that six simple 
congruence relations hold. These are : (1) three con- 
gruences between Corresponding sides and (2) three 
congruences between Corresponding angles. 


(4) The definition of the concept of congruence in the form in 
which it has been given here is of much help in making the 
statements about the congruent triangles self explanatory 
and exact. If we are given that 1—1 correspondence 
ABCeDFF js a congruence then we know that AB2DE; 
BCeEF, AC=DF; / Ac- ZD ; Z Bez / E and / Ce ZF. 

Ifa statement ‘A ABC is congruent to ADEF' occurs in a 

course of elementary geometry with conventional treatment in which 
the definition of congruent triangles has not been based on 1—1 cor- 
respondence in the form in which we have defined it then we will not 
know whether ZA=/Dor /A~ ZEor /Az/7F andsoon. In 
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The statement AABC2ADEF in a modern course in 
clementary geometry implies that these triangles are congruent 
ina particular way je., under 1—1 correspondence ABC DEF. 
The statement AABC ADFE will not be the same as the statement 
AABCez ADEF. 

We explained the concept of congruence between two triangles 
by the statement ‘if it is possible to move one figure on to the other’. 
This approach was adopted simply to make the concept clear. The 
method of ‘superposition of figures which is used as a method of 
proof for establishing congruence between two triangles in the con- 
ventional treatment of elementary geometry is defective and will not 
be used in this course. We know that if 1—1 correspondence 
between the vertices of two triangles is a congruence then six simple 
congruence relations—three between the corresponding sides and 
three between corresponding angles hold. However, if certain sets of 
three of these six simple congruence relations hold, then the remain- 
ing three congruence relations will hold also and the triangles will be 
congruent. There are four such sets. Ina conventional course of 
elementary geometry which uses the method of superposition of 
figures all these four cases are proved. However, in the present 
course, we will take one of these as a postulate and then we prove 
the remaining three. Hence we state the following postulate. 


Postulate 16. (S.A.S. Postulate). If there exists 1—1 cor- 
respondence between two triangles (or between a triangle and 
itself) in which two sides and the angle determined by these sides of 
one triangle are congruent to the corresponding parts of the second 
triangle, the correspondence is a congruence and the triangles are 
congruent. (S.A.S. ‘stands for’ Side-Angle-Side and 1—1 corres- 
pondence between two triangles means that there exists a 1—1 
correspondence between the vertices of two triangles.) 

In a course of elementary geometry with conventional treatment, 
this postulate is proved as a theorem by superposition of figures— 
‘Place the triangle ABC over the triangle DEF such that.,....' which 
is defective. The postulates that we have stated earlier do not help 
us in proving this as a theorem. Hence we have stated it as a 


postulate. 


A D 


B CG E F 
Fig. 78. 


oted that as stated in this postulate, the 1—1 


It may be n e, the 1—1 
ABCeDEF will be a congruence iff AB2DE, 


correspondence 
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i iven that / Be/ E or 
ACEDF and /A=/D. Had we been give that Z LE. 
AP: instead of having been given /AX~/D along wae 
ad and AC=DF then the correspondence would not have ee 1 
onc cele The use of the phrase ‘the angle determined by these 
sides’ in the statement of this postulate may be noted in this con- 
nection. 


With the help of S.A.S. postulate, we prove the following 
theorem : 


Theorem VII (1). (A.S.A. Theorem). If there exists to m 
correspondence between two triangles (or between a triang : X^ 
itself) in which two angles and the side common to two ang sd 
onc triangle are congruent to the corresponding parts of the giner 
triangle, then the correspondence is a congruence and the triang 
are congruent (A.S.A. ‘stands for’ Angle-Side-Angle). 


Given: Two triangles ; AABC and ` ADEF in which AeD, 
B&E and CGF, Also ZB=/E, / Cz ZF and BC SEF. 


A D 


B C E F 
Fig. 79. 


To prove that: 1— 


; I correspondence ABC DET is a congru* 
ence and AABCe ADEF 


Plan of Proof. We can apply S.A.S. Postulate, if in addition 
to what is given to us we can prove that cither AC&DF or AB=DE- 
Hence we will consider the measures of AC and DF. 


Proof. Law of Trichotomy tells us that either : 


(1) mAC=mDF which means the same as ACe-DE or AC=DF. 
(As AC means mAC and DF means mDF. AC or DF each is a num- 
ber while AC or DF each is ‘a segment.) 
(2) Or, mAC<mDF which is same as AC<DF, 


(3) Or, mac mpbr which is same as ACSDF. 

First case. If AC&DF then as we are given that BCe«EF and 
Z Ce / F then 1—1 correspondence ABCDEF is a congruence 
and AABC ADEF (S.A.S. Postulate). 


Second case. When DAC <mDF. 


ea: ———X 
—— 
— 
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Statement 
(1) There exists a point D’ 


such that F— D'—D and 
such that ACeD'F 


A 


B C E 


Fig. 80. 


(2) 1—1 correspondence 
ABC«D'EF is a con- 


gruence and AABCz 


AD'EF 
(3) ZCBAz: / FED' 


(4) ZCBA= / FED 
(5) Z FED'z:/ FED 


(6) D and D' are on the same 
<| 
side of EF 
> > 
(7) ED=ED' 


(8) D=D' 


We have arrived at the result that D —D' but this is impossible 
D. Hence the assumption 


Since D' is between F and 


Reason 


(1) Segment Construction 
"Theorem 
IV (5)] 


[Theorem 


ly 


(2) S.A.S. postulate 


(3) Corresponding parts of 
congruent triangles 

(4) Hypothesis or given 

(5) Statements 3 and 4 

(6) F—D'—D (which means 


that F is not between 
D and D’) 


(7) Statements 5 and 6; Angle 
Construction Postulate 


(8) Statement 7 and as two 
lines intersect atmost one 


point. 


that 


DmAC-mpF leads to a contradiction and this must be abandoned. 


By proceeding on similar lines we can prove that the assump- 
tion taken in the third case leads to a contradiction and this will 
have to be abandoned. Hence if A.S.A. of one triangle are respec- 
tively congruent to A.S.A. of the other triangle then that particular 
1—1 correspondence between the vertices of two triangles is a con- 


Bruence and the triangles are congruent. 
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Now we prove some more theorems based on the concept of 


congruence of two triangles. 


Theorem VII (2). (Isosceles Triangle Theorem). If two sides 
A ^ ofa triangle are congruent, then the angles 


opposite these 
Given : 


sides are also congruent. 
AABC in which ABEAC. 


To prove that : ZO ZB. 
Proof. Let us consider the 1—1 cor- 
respondence ABC++ACB (or AeA, BOC 
B C and C++B) between the given triangle and 
Fig. 81 itself (or between AABC and AACB). 


Statement 


Reason 


(1) ABe&AC (1) Given 
(2) ZBAC= / CAB (2) Any angle is congruent to 


itself (or congruence bet- 
ween angles is an equi- 
lence relation) 


(3) AC=AB (3) Given ; congruence of seg- 


ments is a symmetric 
relation 


(4) 1—1 correspondence ABC (4) S.A.S. postulate 


ACB is a congruence and 
AABC= A ACB 


(5) Z ABCz / ACB 


Theorem VII (3). (Converse to 
Isosceles Triangle Theorem). If two 
angles of a triangle are congruent, then 
the sides opposite these angles are also 
congruent. 

Given: ABC in which 


ZB /C. 
To prove that :  XBe«Xc. 
Proof. Consider the 1—1 cor- 
respondence ABC++ACB between the 


triangle and itself (or between AABC and AACB). 


Statement 
(1 ZBe^G 
(2) BC=CB 


(3 ZCzm7B 


(5) Corresponding parts 


of 


congruent triangles. 


A 


B C 


Fig. 82. 


Reason 
(1) Given ; 
(2) A segment is congruen 
to itself ; 
(3) Given as congruence r 
angle is a symmet 
relation 
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(4) 1—1 correspondence (4) A.S.A. Theorem 
ABC+ACB is a congru- 
ence and AABC= AACB 


(5) AB=AC 


Theorem VII (4). 


AB=AC then the segment 


(5) Corresponding parts of 
congruent triangles. 


If ina AABC, A 


determined 


by A and mid-point of BC is perpen- 


dicular to BC. 


Given: A AABC in which AB&AC 
and D is the mid-point of BC. 


To prove that: AD BC. 


Proof. 


Statement 


B D C 
Fig. 83. 
Reason 
(1) Given 
(2) Isosceles Triangle Theo- 
rem 
(3) Given that D is mid. 
point of BC 


(4) 1—1 correspondence (4) S.A.S. Postulate 
ABD«ACD is a congru- 
ence and AABD= AACD 


(5) ZADB= 7 ADC 


(5) Corresponding parts of 
congruent triangles 


> > 
(6) ZADB, ZADC form a (6) DC is opposite to DB and 
> 


linear pair 


- 
m 


is a right angle 
(8) AD.LBC 


A 


Fig. 84. 


DA is any other ray 


Each of ZADB, / ADG (7) Statements 5 and 6 


[Theorem VI (1A)] 
(8) Statement 7. 

Theorem VII (4). [Converse to 
Theorem VII (3). The perpendicular 
bisector of the base of an isosceles 
triangle passes through the vertex 
opposite that side. 

Given: A AABC in which 


z% 
AB&AC and DE is the perpendicular 
bisector of the base BC. 


a 
To prove that : DE passes through 
the vertex A. 


Consi 


134 


Proof, There are three probabilities in which DE can *behave'. 


> 


(1) DE passes through A. 


-J> 
(2) DE does not pass through 


interior point A’. 


= 
(3) DE does not pass through A but intersects BA in 


point A", 


A 
A 


B D 


Q B 


— 


A but intersects CA in its 
its interior 


A 


^" 


D C 


Fig. 85. 


Statement 


(4) 1—1 correspondence 
A'BDGA'CD is a con- 
Sruence and AA’BD& 
AA'CD 

(5) ZA'BD= 7 A'CD 


(6) ZABD=/ A'Cp 
(7) Z A'BDe« / ABD 


(8) 7 A'BCe / ABC 


> 
Case I : If DE passes through 
to prove, 


= 
Case If: When DE intersects 
der the correspondence A'BDeA'CD 


A, then there is nothing further 


CA in its interior point A', 


"es 


Reason 
(1) Given 
(2) Each isa right angle 


(3) A segment is congruent 
to itself 


(4) S.A.S. postulate 


(5) Corresponding parts of 
congruent triangles 

(6) Given, Theorem VII (2) 

(7) Statements 5 and 6 as 


C—A'—A and hence 
ZA'CD= / ACD 


(8) Statement 7 


| 
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(9) A and A' are on the same (9) C is not between A 
side of BC and A’ 
> => 
(10) BA=BA’ (10) Angle Construction Pos- 
tulate 
(11) A=A’ (11) Two lines intersect in 


atmost one point. 


We have arrived at the result that A=A’ which is impossible 


=: 
as A’ is between C and A. Hence the assumption that DE does not 
pass through A has to be abandoned. 


By proceeding on similar lines we can prove that the third 
> 
assumption that DE does not pass through A and instead intersects 
BA in its interior point A” leads to a contradiction and hence this 
assumption must also be abandoned. Hence only the first assump- 
-> 
tion that DE passes through the vertex A holds. 


Theorem VII (5). (S.S.S. Theorem). If there exists a 1—1 
correspondence between two triangles (or between a triangle and 
itself) in which three sides of one triangle are congruent to the 
corresponding sides of the other triangle, the correspondence is a 
congruence and the triangles are congruent. (S.S.S. ‘stand for’ 
Side-Side-Side.) 

Given: AABG and ADEF such that AD, BeE and Ce? 
and also AB=DE, BCSEF and ACeDF. 


A 


B C E F 
Fig. 86. 


To ‘prove that: 1—1 correspondence ABCDEF isa con- 
gruence and AABC= ADEF. 


Plan of Proof. If we can prove either one of the three 
simple congruences viz., (1) ZABCe/DEF (2) ZBCA=/EFD 
(3) ZCABY / FDE, then we can apply S.A.S. postulate and arrive 
at the required result. We will consider the measures of Z ABC and 
ZDEF. 
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Proof. By Trichotomy law we know that: 

(1) Either 7 ABC] / DEF 

(2) Or, mZ ABC. c m/ DEF 

(3) Or, mZ ABC»mZ DEF. 

Case 1. If ZABC= / DEF then as we are given that 


BC=EF ve know that 1—1 
AB=DE and BC EF, then by S.A.S. postulate we w 
da ispondence ABCDEF is a congruence and AABC ADEF. 


Case 2. When mZABC<m/ DEF. 


4 
A D D 


Statement Reason 


= 
(1) There is a ray ED’ (1) Angle construction pos- 


— — 
between ED and EF such tulate and angle addition 
that Z D'EF= / ABC postulate 

> 

(2) On ED’, there is a point (2) Segment Construction 
D" such that ED" AR Theorem 

(3) ABYED (3) Statement 2 

(4) ZABCe 7 D'EF (4) Statement 1 

(5) BCE (5) Given 

(6) 1—1 correspondence 6) S.A.S. postulat 
ABCeD'EF isa congru- "m en 
ence and AABC= AD’EF 

(7) FD" 2CA (7) Corresponding parts 97 

congruent triangles 
(8) CASED (8) Given 
(9) FD? Fp 


(9) Statements 7 and 8 
(10) D'FD is an isosceles triangle 


(10) Statement 9 
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(11) DED” is an isosceles triangle (11) ED"=AB (Statement 2) 
and AB&ED (Given) 


(12) The perpendicular bisector (12) Statement 10 and 
of DD” must pass through F Theorem VII (4) 


(13) The perpendicular bisector (13) Statement 11 
of DD” must pass through E 


(14) EF is the perpendicular (14) Statements 12 and 13 ; 
bisector of DD” Postulate 2 


> > 
(15) D and D” are on the same (15) ED’ is between ED and 
e > 
side of EF EF ; Statement 1. 


Now statements 1! and 15 contradict each other. (How ?).. 
Hence the assumption that mZ ABC «mz DEF must be abandoned. 
By proceeding on similar lines we can prove that the third assump- 
tion that mı Z ABC 771^ DEF need to be abandoned as it leads to a. 
similar contradiction. Hence the first assumption that ZABC=. 


Z DEF holds. 
Alternative Proof of S.S.S. Theorem. 


B E 
A 
e D F 
B 
G 
Fig. 88. 
Proof. 
Statcment Reason 
> 
(1) There exists a ray AG on (1) Angle Construction 
the opposite of B-side of Postulate 


a 
AG such that Z CAGz 
ZEDE 
e 
(2) There is a peint B' on AG 
such that AB’=DE 


(2) Segment Construction 
Theorem 
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(3) ACeDF 


(4) 1—1 correspondence AB'C 
DEF is a congruence 
and A AB‘C= A DEF 


(5) BC&EF 


(3) Given 
(4) S.A.S. Postulate 


(5) Corresponding parts of 
congruent triangles 


(6) BB’ intersects AC at O (6) Band B’ are on oppo- 


site sides of AC ; Plane 
Separation Postulate. 


Now depending upon whether the given triangles are acute, 


obtuse or right triangles, the order relation between A, O, C would 
be one of the following : 


(à) A—-0—C_ (b) OCA—QC or A—C-O (c) O=C or 
C=O 


cr O coincides with C. 


We will take up the first case 


A—O—C and build the proof 
further, 


(7) ZABOX/ AB'O 


(8) / CBOz Z CP'O 


(9) O is in the interior of 


Z ABC 

(10) mZ ABC—m/ ABO 
+mZCBO 

(11) O is in the interior of 
ZAB'G 

(12) m/ AB'C—-m/ AB'O 
TTmzCB'O 

(13) Z ABCe« 7 AB'C 

14) ABzAB' 

(15) Bcesp/c 


(16) 1—1 correspondence 
ABCAB'C is a con- 
gruence and AABC& 


AAB'G 
(17) AABC=ADEF and 
1—1 correspondence 


ABCDEF is a con- 
gruence 


(7) Isosceles Triangle | 
Theorem AB’=DE 
DESAB 

(8) Isosceles Triangle 
Theorem 

(9) A—O-C 


and 


(10) Statement 9 ; the Angle 
Addition Postulate 


(11) A—O-C 
(12) Statement 11 


(13) 
(14) 


Statements 7, 8, 10, 12 
AB'-— DE (Statement 2) 
and AB=DE (Given) 
B’C= EF (Statement 5) 
EF=BC (Given) 

(16) S.A.S. Postulate 


(15) 


(17) Statements 4 and 16. 


C 
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Similarly, we can prove the cases b and c. The figures in these 
cases will be as follows : 


(Case B) 
B) B E 
O > 
C p ; 
B 4 
Fig. 89. 
(Case C) B E 
A N 
B 
Fig. 90. 


Theorem ViL(6). (Perpendicular from a point not on the line 
to the given line). Given a line and a point not on the line, then 
there is onc and only one line which passes through the given point 
and is perpendicular to the given line. 


e ty 
Given: A line AB and a point P such that PÆAB. 
To prove thet: (1) There is at least one line through P, per- 
<- 
pendicular to AB. 
(2) There is atmost one line (not more than one) through B, 


— 
perpendicular to AB. 
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Proof. Let C be a point 


= 
such that CEAB and A—C—B. 
Then there are only following 
three probabilities. 


—> 
(1) PC will be perpendi- 
Lax d 


cular to AB. 


(2 ZACP is an acute 
angle. 


(3) ZACP is an obtuse 


angle. 


Fig 91. 


€ € 


or PC | AB) then 
e> 
we prove that there is atleast one line through P | AB, 


r | 
First Case. If PC is perpendicular to AB ( 


Second Case. If / ACP is acute then : 


Statement Reason 


(1) There exists a point Q on (1) Angle Construction 
the opposite to the P-side Postulate 


e 
of AB such that ZPCA 
=7ACQ 

(2) There exists a point P’ on (2) Segment Construction 


> Theorem 
CQ such that Cpecp 


(3) P’ is opposite to P-side of 
= 


AB 


(3) Statement 1 


gep 


qp 
(4) PP' intersects AB in D (4) Plane Separation 


Postulate 
(5) ZPCA= / ACQ, (5) Statements 1, 2; Any 
CP=Cp’ segment is congruent to 
CD=CpD itself 


(6) 1—1 correspondence 
DPCSDP'C i a con- 
gruence and ADPCe 
ADP’G 


(7) ZPDC=7P'DG 


(6) S.A.S. Postulate 


(7) Statement 6 
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= xpi bad 
(8) DP’ is opposite to DP and (8) PP’ is a line and D isa 
=> 


DC is any other ray point belonging to it 
(9) ZPDC, ZP'DC form a (9) Statement 8 


linear pair 


(10) Each of ZPDC, ZP’DC (10) Steps 7, 9 [Theorem 
is a right angle VI (1A)] 


+> - 
(11) PP’ LAB (11) Statement 10 


(12) There exists atleast one (12) Statement 11. 
line from P perpendicular 
4 


to AB 


By taking the third case we can P 
again prove (on similar lines as for 
second case) that there exists at least 
e 
one perpendicular line from P to AB. 


Now we want to prove that 


there exists = one perpendicular A D= B 
line from P to AB. 
Let us assume that there exist T 
two distinct perpendicular lines. 
e < pod Fig. 92. 
PD and PD’ from P to AB. 
Statement Reason 
(1) There exists a point P” on (1) Segment Construction 
the opposite to P-side of Theorem 
<] 
AB such that PD&=P”"D 
(2) Z PDD'ex/ P"DD' (2) Each is a right angle 
(Given) 
(3) DD’=DD’ (3) Any segment is con- 


gruent to itself. 


(4) 1—1 correspondence (4) S.A.S. Postulate 
PDD'oP'DD' is a con- 
gruence and APDD'e 
AP'DD' 


(5) Z PD'DzzZ P'D'D (5) Statement 4 
(6) ZPD'D is a right angle (6) Given 
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(7) Z P'D'D is a right angle (7) Statements 5 and 6 
(8) ZPD'D, P'D'D form a (8) Statements 6 and 7 and 
linear pair since these are adjacent 
angles 
(9) P, D', P" are collinear (9) Statement 8 
(10) P, D, P" are collinear (10) Statement 2 and since 


Z PDD', / P"DD' form 
a linear pair 


< 
(11) Two distinct lines PD and (11) Statements 9 and 10. 


1] 
PD’ have two points P and 
P” common 


The result at which we have arrived at jn statement 11 

contradicts Postulate 2. Hence the assumption that there exist two 
+ 

distinct perpendiculars from P to AB has to be ab 


< 
there exist atmost one perpendicular from P to AB, 


andoned. Hence 


= 
Definition VII (4). (Bisector of an Angle). A ray AF is 


bisector of / CAD if F is an interior point of £OAD and /CAFez 
Z FAD. 


Theorem VII (7). Every angle 


hasexactly one bisector. (In a tradi- af 
tional course it is simply assumed that ECC. 
an angle has a bisector.) 

Given : An arbitrary angle Z CAB, F 

To prove that: (1) /CAB has 
atleast one bisector. 

(2) ZCAB has  atmost one A D B 
bisector. Fig. 93, 

Proof. 

Statement Reason 


(1) There exists a point D on 
> 


AB such that mAD=r 
where r is any real number 


(1) Segment Construction 


Theorem 
(2) There exists a point E on (2) Segment Construction 


AC such that mAE=,~ Theorem 


ae ££». 
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(3) ADzAE 


(4) Fis a point on ED such 
that EF —D and EEYED 
(F is mid point of ED) 


(5) F is an interior point of 
ZCAD . 


(6) AD=AE 


(7) 1—1 correspondence 
AFD@AFE is a con- 
gruence and AAFDz 
AAFE 


(8) ZFADY/FAE 


> 
(9) AF is the argle bisector 
of / GAB 
Therefore, there exists atleast 
one bisector of ZCAB. Now we 
want to prove that / CAB has at 
the most one bisector, 


We intend 


to prove it by 
contradiction, 


Assume that it has 


=> > 
two bisectors AG and AG’ 
ED in F' and F* respectively. 


Now: 


meeting 


Statement 


> > 
(1) AG is a ray such that AG 
> > 
lies between AB and AC 
and ZF’AD= Z EAF’ 


-$ 
(2) AG intersects ED at F' 
such that E—F’—D 
(3) AE&AD 
AF'eAF' 


and /F’AE= Z F'AD 


(3) Statements 1 and 2 
(4) Theorem IV (8) 


(5 E—F—D 


(6) Statements 3, 4 and every 
Segment is congruent to 
itself 


(7) S.S.S. Thcorem 


(8) Corresponding parts of 
congruent triangles 


(9) Statement 8. 


Reason 


z 
(1) AG is the angle bisector 


of Z EAD 


(2) Crossbar Theorem VI (8) 


(3) (a) Statement 3 of the 
first part 
(b) Any segment is con- 
gruent to itself 
(c) Statement 1 
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(4) 1—1 correspondence (4) S.A.S. Postulate 
F'AEeGF'AD is a con- 
gruence and AF'AEz 


AF’AD 
(5) F'EzF'D (5) Corresponding parts of 
à congruent triangles 
(6) F'is mid-point of ED (6) Statement 5. 


= 

As AG' is another angle bisector of / CAB, by proceeding on 
similar lines as above we can prove that F^ is also mid-point of ED. 
So we establish that ED has two distinct mid-points F'and F" but 
this contradicts the result of the. theorem IV (8) where we proved 


that every segment has exactly one mid-point. Hence the assumption 


> > 
that Z CAB has two angle bisectors AG and AG” has to be abandoned 
and hence Z CAB has only one angle bisector. 


Let Us Review. We have used the term ‘congruence’ in three 
different situations. 


(1) We used it in connection with line-segments. If we had 
two line segments AB and CD such that their lengths or measures 


— me - 
A BC D 


Fig. 95. 


were equal, we said that the line segment AB is congruent to the 
line segment CD. In a course in conventional geometry the term 
‘equal to’ is generally used in such a situation. 


" (2) If we had two angles P and Q whose measures were equal, 
we said that the angle P is congruent to angle Q, while in a con- 


Fig. 96. 


ventional course it will be said that angle P is equal to angle Q. Now 
the question arises as to why the modern mathematician uses the 
relationship of ‘congruent to’ instead of the relation ‘equal to’ ? 
The difficulty that arises for the mathematician is how to make the 
difference between P=Q_as isthe case above and P is same as Q, 
(Point to point P is same as Q). Therelation involved in *P is same 
as Q is called the logical identity. The reader may be thinking 
that if ‘P is same as Q} then why to call a particular thing, idea, etc., 


145 


by two names P as wellas Q? Now the number (7—3) and the 
number (2+2) describe the same number 4. So we write that (7—3) 
=(2+2). The relation denoted by the symbol = here is a logical 
identity. The concept of logical identity or that of P—Q. meaning 
as ‘P is same as Q’ is very important in advanced modern Maths. 
and the symbol (=) has been reserved for expressing the relation of 
logical identity’. j 

The relationship of cogruence is the basic relation in geometry 
and the special symbol (œ) has been given to it. If we have an 


P 
A 
oO B R 
Fig. 97. Fig. 98. $ 
"RE 
angle /POR (as in this figure) and there is a point A on OP and 
=> 


a point B on OR, then the same angle has two different names, 
ZPOR and /AOB. In this case we write that / POR— / AOB. 
But if we have two circles with centres A and B and having the 
same radius and if we denote the first circle by C, and the second 
circle by C, then we will write the relation C,=C,. 


. (3) Asin the case of segments and angles, the congruence 
relationship between triangles is reflexive as any triangle is congruent 
to itself. Also it is symmetric as ifa AABCS= ADEF then ADEF 
=AABC, It is also transitive as if AABC2ADEF and ADEF 
c APOR then AABCzAPOR. Hence congruence is an equiva- 
lence relation in case of triangles. In fact congruence is an equiva- 
lence relation in case of any set of geometrical figures. 

(4) We have learnt that 1—1 correspondence ABCDEF 
between the vertices of two triangles is a congruence if six simple 
congruence relations, three between the corresponding sides and 
three between the corresponding angles hold. ABCDEF implies 
that the vertex A corresponds to the vertex D, the vertex B corres- 
ponds to vertex E and the vertex C corresponds to vertex F. The 
congruence between corresponding sides and angles will be : 


ABSDE and ZLA=ZD 
AC=DE ZBz/E 
BCESEF AGS AE: 


To establish the correspondence between the vertices of two 
triangles, we need mot establish all thesix simple congruence re- 
lations between the pairs of corresponding sides and angles. Esta- 
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blishing the congru 
"These sets are : 

(i) S.A.S. (ii) A.S.A. (iii) S.S.S. with thes 
their usual meanings, I. 
(iv) S.A.A. or A.A.S. ( 
triangles. 


ence of certain sets of three of these is enough. 


€ notations having 
ater on we will establish two more viz., 


v) Hypotenuse-leg in the case of two right 


(5) To write a proof of a theorem i 
ence of the correspondence between the ver 


letter and to write (i) ‘Given’ and (ii) *To prove that'. 


to write any steps of construction. We will be drawing the figure 
just as an aid to help us in writing 


Problem Set 
A 


1—1 correspondence ABC«ORP between the 
s ABC and POR isa congruence. Then fill in 


(1) Given that 
vertices of two triangle 
the blanks : 


(i) Aes —— (ii) Boa —— Gi) Ca = 
(iv) ZA —— (vy) ZBz —— (i) zm —— 
(vii) ABS (viii) ACS —— (ix) BOS —— 


(2) Given that 1—1 correspondence BACGORP between the 
vertices of two triangles ABC and PQR is a congruence. List the 
Six pairs of corresponding congruent parts of the triangles, 

(3) Given that 1—1 correspondence EDFe;NLM between 
the vertices of two triangles DEF, LMN is a congruence. Write the 
six pairs of corresponding congruent parts of these triangles. 

. (4) List of six pairs of corresponding congruent parts of two 
triangles, the 1— 1 correspondence between whose vertices isa con- 
gruence, is given below. Write down this correspondence and also the 
names of congruent triangles : 

ZSe/T SU=TV 

ZUZ=/V UWeYU 

ZLW=ZY SW=TV 


=o 


c 


" 
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(5) How many 1—1 correspondences can exist between the 
vertices of two triangles ? How many of these will be congruences if 
the two triangles are each (i) Scalene (ii) Isosceles (iii) Equilateral 
in case one of the correspondences happens to be a congruence ? 


(6) How many 1—1 correspondences can exist between the: 
vertices of a triangle and itself ? How many of these will be con- 
gruences if the given triangle is a (i) scalene (ii) isosceles 
(iii) equilateral ? 

B 


(1) For each pair of triangles given below, write why the. 
triangles are cengruent. Also write the 1—1 correspondence between 
the vertices of the triangles that is a congruence and. six congruence 
relations between the pairs of corresponding sides and angles. (Here 
the measures of the sides are given in cms. and the measure of 
angles are given in degrees.) 


A 
B 
A 7 h 
7 
N V 
X 6 Y € 
(a) 
A B 
- F 3 E 
8 10 7 A 
C D 
- (b) 
A 7 (E E 
ia la x 
LN [d 
B F D 
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e e 

(1) Two lines AB and CD intersect at a. point E such that 
A—E-—B and C—E—D and AE&EB ; CE &ED. Prove that 1—1 
correspondence AECeSBED is a congruence and AAEC= ABED. 


E 
(2) Given an angle 7PMQ witha point N on the ray MQ 

= 
such that M—N—Q and a point O on the ray MP such that 
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M—O—P and MN2MO and MPzzMQ. Prove that 1—1 corres- 
pondence MPNe+MQO is a congruence and A MPN=AMQO. 


> > > > 
(3) Four concurrent coplanar rays OA, OB, OC and OD such 
= > — > > > 
that OB lies between OA and OC and OC lies between OB and OD. 
Also 7DOC= / BOA ; OD=0C; OB£-OA. Prove that 1— 1 corres 
pondence ODBe+OCA is a congruence and AODB=AOCA. 


e *- 

(4) Given two lines AC and BD intersecting at E such that 
A—E—G and D—E—B. Also AD=BC and /DAB=/CBA. 
Prove that 1—1 correspondence DAB<+CBA is a congruence and 
ADAB= ACBA, 


|] 

(5) Given a AABC with a point D on BC such that B—D—C 
and BD =DC and / ADB= Z ADC (each of Z ADB, ZADC being 
90°). Prove that 1—1 correspondence ABDeACD is a congruence 
and AABD=AACD. 


Ap 
(6) Given a line AB dividing a plane = into two half planes 
H, and H, and a point C in Hy, and a point D in H, such that 
AC=AD and / CABz/BAD. Prove that 1—1 correspondence 
CABeDAD is a congruence and /,CABe ADAB. 


(7) Given a AKEH and points F, G on EH such that E—F— 
G—H and KF &KG and KH £& KE and / HKG=/EKF. Prove 
that 1—1 correspondence KFH-KGE is a congruence and 
AKFHe AKGE. 

> > > -> 

(8) Four concurrent coplanar rays BF, BH, BR and BA such 

> > > > 


2 
that BF is opposite to BA and BH is between BF and BR and BR is 


— > 

between BH and BA. Also BF =BA ; BH=BR and / HBF=/ RBA. 
Prove that 1—1 correspondence HBF«+RBA is a congruence and 
AHBF= ARBA. 


= 
(9) Given AD divides a plane ~ into two half planes H, and 


= = 
H,. Two points B, C are on AD such that A—B—OC-D. E, F are 
two points in H, such that / EBDe: / FCA ; EB &FCand BD=CA. 
Prove that 1—1 congruence EBDe+FCA is a congruence and AEBD 
= AFCA. 


(10) Every equilateral triangle is equiangular. 


(Definition. If all the three angles of a triangle are con- 
gruent in pairs, then the triangle is known as equiangular.) 
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Given: AABC in which AB BC, BC SAC and AB£-AC. 
To prove that: / Ae /B ; 4 Be / C and / Cz A. 
Proof. Consider the 1—1 correspondence CABeCBA. 


Statement Reason 
(1) CB=CA (1) Given 
(2) CA=cB (2) Given 
(3) ZCz7a0 (3) Any angle is congruent to 
itself 
(4) 1—1 correspondence (4) S.A.S. Postulate 


CABeCBA isa congru- 
ence and ACAB> ACBA M . . 
= 5) Corresponding parts o 
iaaa e£: congruent triangles 
6) Simi idering the correspondence ABC&ACB 
S dee Mere ie ZG and by considering the 
corresponding BCA<+BAC, we can prove that / Ce / A. 


.. (11) Given an equilateral triangle ABC and D, E, F are the 
mid. points of AB, BC and CA respectively. Prove that A DEF is 
equilateral, 

(12) Given a AABC. CD the median of AABC is perpendi- 
cular to side AB. Prove that A ABC is isosceles. 

[Definition. (Median). 
of the triangle as one end point 
side as the second end point is c 


(13) Prove that the median from the vertex of an isosceles 
triangle is bisector of the vertical angle. 


The segment determined by a vertex 
and the mid. point of the opposite 
alled a median of the triangle.] 


(14) Prove that the bisector 


ofthe angle at the vertex of an 
isosceles triangle is the perpendicu 


lar bisector of the base. 
D 


-— -— 
(1) Two lines AB and CD intersect in O such that A—O—B 
and C— O—D. Also AOc-OB and ZOAC=/OBD. Prove that 


1—1 correspondence OAC-OBD is a congruence and AOAC 
ABOD. 


> 
(2) Given an /ACB. A point E on the ray CA such that 


== 
C —E-—A and a point D on the tay CB such that C—D- p. Also 
AC=BC and /DAC=/ EBC, Prove that 1—1 correspondence 
ACDeBCE is a congruence and AACDe A BCE, 


—— 
bea ——— Mg 


—-X X 
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> > > > 
(3) Given four concurrent coplanar rays CA, CD, CE, CB such 


-> > > > > > 
that CD is between CA and CE and CE is between CD and CB. 
Also AC=BC; / ACDzz/ BCE and / CADz/ CBE. Prove that 
1—1 correspondence CAD<+CBE is a congruence and ACADS 
ACBE. Further if the points A, D, E and B are collinear, prove 
that 1—1 correspondence CAE@CBD is a congruence and 
ACAE= ACBD. 


__ (4) Given a AACD with DBLAC. Also ZA=/C and 
AB=BC. Prove that 1—1 correspondence ABDe+CBD is a 
congruence and AABD= ACBD. 


(5) Given an angle Z BCA. Also BD | AC such that C—D—A. 
Also E isa point on BD such that B—E—D and CD=DE. Also 
ZC=/DEA. Prove that 1—1 correspondence ADEBDC is a 
congruence and A ADES ABDC. 


(6) Given a AABC. D, E are the mid. points of the sides AC, BC 


= 
respectively. F isa point on DE such that D~E—F and DEZEF 
and BFAD. Write down 1—1 correspondence that will be a 
congruence and the triangles that will be congruent. 


(7) Given a ACAB. G, E are the mid. points of sides CA and 


Lad 
AB respectively. Also F is a point on GE such that G—E—F, GEZ«FE 
and / CGEzz/ EFB. Write down the 1 —1 correspondence that will 
be a congruence and the triangles that will be congruent to each 
other. Write down the proof in detail in support of your answer. 


= = 
(8) Given two lines AB, CD intersecting at O such that 


= 
A—O-B and C--O—D. Also E is a point on AB such that 


e 
A—E—O-B; Fisapointon CD such that C—F—O-—D. Also 
ZDEA=/BFC and OF=0E. Prove that OD=OB. 


(9) If the bisector of ZA ofa AABC is perpendicular to the 
side BC, prove that the given triangle is isosceles. 


(10) Given a AABC. A point D on the side AB and a point 
E on the side AC such that ZADE2/AED and ZEDC=/ DEB. 
Prove that BE=DC. 


E 
(1) Given an isosceles triangle ABC with CA=CB. D is the 


> 
mid. point of side AB. Prove that CD | AB. 
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(2) Given a four sided figure ABCD such that AB=AD and 


: > 
CB=CD. Prove that AC is the angle bisector of / DAB. 


< 
(3) Given a line AB dividing a plane x into two half planes 
H; and H}. Points C and D are in H, such that AC&BD and BCAD. 
Prove that / Cz / D. 


(4) Given a AABC. D isa point on the base BCsuch that 
B—D—G and /BADz:/ CAD. E is a point on AD such that 
A—E-—D and / BEDe/ CED. Prove that AD | BC. 


|] 


e 
(5) Two lines AB and. CD intersect at E such that A—E—B 
— — > 
and C—E—D. EF isa ray between EA and EC such that / CEF& 


=e 
ZAEF. G isa point on the ray EX which is opposite to the ray 
=> > 


= 
EF. Hisa point on EB (E—H—B) and K is a point on ED 
(E—K—D) such that / HGEz /KGE. Prove that GH&GK. 


(6) For proving that the base angles of an isosceles triangle 
are congruent, Euclid started the proof as follows :— 


Let ABC be the triangle such that XBeAC. Let D bea point 


=e > 
on AB such that A—B—D and let E be a point on AG such that 
A—C—E and such that AD=AE. He went on to establish 1-1 
correspondence ADC AEB is congruence. Complete this proof. 


(7) Prove that all equilateral triangles are 
(a) equiangular (b) isosceles. 
F 


(1) Prove that the medians bisecting the congruent sides of an 
isosceles triangle are congruent. 


(2) If the diagonals of a quadrilateral bisect each other at right 
angles, prove that the quadrilateral is a rhombus, (Rhombus is a 
quadrilateral whose all sides are equal in measure.) 


. (3) Ifthe diagonals of a quadrilateral are congruent and also 
bisect each other, prove that it is a rectangle. (Rectangle is a 


quadrilateral whose opposite sides are congruent and whose all 
angles are right angles.) 


(4) Show that the mid- 


à points of the sides of a square deter- 
mine anotber square. 


CHAPTER VIII 


GEOMETRIC INEQUALITIES AND SOME OTHER 
PROPERTIES OF THE TRIANGLE 


Till now we have been talking about congruence of segments, 
angles or triangles. In this chapter we propose to take up the 
segments or the angles that are unequal. If the measures of two 
segments AB and CD are unequal, then the measure of one of them 
will be less than that of the other. Suppose mAB<mCp, then there- 
will exist a point E on CD such that C—E—D and AB=CE (segment 
construction theorem). Similarly if measures of two angles. Z ABG 
and / DEF are unequal then the measure of one of them will be less 
than the measure of the other. Supposing that mz ABC «mz DEF. 

> > — 
Then there exists a ray EG between ED and EF such that 
ZABC / GEF. (Why ?) 
A D 


B G E F 
Fig. 100. 

Before we explore the properties of a triangle having segments. 
and angles whose measures are unequal, we are to state a definition 
and prove a theorem or two which we will make use of in proving- 
certain theorems later on. 

Definition VIII (1). (Exterior angle). Given a triangle ABC. 
Consider a point D such that B—C—D. Then / ACD is called the- 
exterior angle of A ABC. 

Every triangle has six such A 
exterior angles. These form vertical 
pairs (vertically congruent angles). 

At each vertex, the two vertical 

angles are congruent to each other. 

ZA and ZB are called non- 

adjacent interior or remote interior 

angles of the exterior angle with B C D 
vertex at ©. Similarly / B and ZC 

are the non-adjacent interior angles Fig. 101. 
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of the exterior angle with vertex at A and so on. The interior angle 
at the vertex is said to be adjacent to the exterior angle at the vertex. 


Pasch's Axiom. Supposing there is a AABC and there is a 

point D in BC such that B—D—C. Supposing a ray enters the 

A interior of A at D. Then what hap- 

pens to the ray ? Euclid is absolutely 

silent on the matter. Euclid's postulates 

or Axioms do not help us to know as to 

what happens. Will it proceed to inter- 

sect AC, then turn and enter through 

one of the vertices? Of course in a 

B D C conventional course of geometry we rely 

Fig. 102. on the figure and assume that either it 

will pass through the vertex A or it will 

intersect either one of AC or AB. German mathematician Moritz 

Pasch (1843—1931) was the first to recognise this lacuna in the 

Euclid's Postulates. To rectify the defect, he stated the following 
postulate which is known as Pasch’s Axiom. 


Pasch's Axiom. A line lying in the plane of a given triangle 
and which contains one interior point of one of its sides and which 


does not pass through any of its vertices, contains an interior point 
of exactly one other side of the triangle. 


Pasch stated it as a postulate but with the help of the postulates 
that we have already stated, it is possible to prove it as a theorem. 
The proof is as follows : 


_Given: A triangle ABC lying in plane x and a line / lying 
also in plane x such that / contains an interior point D of BG but it 
does not pass through any of the vertices A, B or C. 

To prove that : 


Ms (1) It contains an interior point of either AB 
or AC. 


(2) It contains an interior point of only one of AB or AC. 
Proof. 


Fig. 103. 


Statement 


(1) The line / divides the 
plane x into two half 
planes H, and H, 


Reason 
(1) Plane Separation Postulate 


— _ 
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a = 
(2) The line BC contains a 
point D of l 


(3) B and C lie in the 
opposite half planes ; if 
B lies in H, then C lies 
in H, 


(4) AG! 


(5) So either A lies in Hı 
or Ha 


(6) If A lies in H, then AB 
lies completely in Hy 
and hence does not 
intersect / while AC will 
intersect / as A lies in 
H, and C lies in H, 
Now assume that A lies 
in H, 


(7) IfA lies in H, then A, 
B lie in opposite half 
planes and hence AB 
intersects / but as A, C 
lie in H, so AC does 
not intersect / 


(8) Z intersects one and 
only one of AB or AC 


(2) Given 


(3) Statement 2 ; Plane Separ- 
ation Postulate 


(4) Given : Since / does not 
pass through any of the 
vertices 


(5) Plane Separation Postulate 


(6) Plane Separation Postulate 


(7) Plane Separation Postulate 


(8) Statements 6 and 7. 


Corollary to Pasch's theorem. A line which passes through. 
one of the vertices of a triangle and contains an interior point of the 


A also, contains an interior point 
of the side opposite to the vertex 
through which it passes. 

This corollary helps us to do 
away with any possibility of a line 
entering through a vertex, then 
intersecting one of the sides and 
then intersecting the opposite side 
in an exterior point. We can prove 
this corollary by giving the follow- 

> > > 

ing argument. AB, AC and AD 
> 

are concurrent rays and AD is 


A 


Fig. 104, 
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> > > 
between AC and AB as AD contains an interior point of the 
triangle. Therefore excepting A, all the points of AB, AG ]ie: ton 
opposite sides of AD. In other words it AD divides the plane of 
the triangle into two half planes Hi and H, and if AB (excepting A) 
> 


lies in H, then AC (excepting A) lies in Hy. It means if B lies in 
> 

Hi, then C lies in H,. Therefore BC will intersect AD, 

rollary to Pasch’s theorem is same in sub 

VI (8) that we have already proved, 


The cor- 
stance as Crossbar Theorem 


Now we prove some theorems pertaining to geometric in- 
equalities, 

Theorem VIII (1). The measure of 
triangle is greater than the 
angles. 


an exterior angle of a 
measure of either of the remote interior 


< 


Given: A AABC. Disa point on BC such that B—C— D. 


To prove that : mZACD>m 7B and mZACD>m/ZA. 


A F 


Fig. 105, 
Proof. 


Statement Reason 


(1) There exists a point E (1) Theorem IV (5) 
on AC such that 

A—E-— C and E is mid- 

point of AC 


—" 


TF 
(2) On BE, there exists a (2) Segment Construction 
point F such that Theorem 
B—E—F and BESEF 


(3) F is in the interior of (3) Theorem VI (4) 
Z ACD 

(4) mZ ACDomZ ACF-4- (4) Angle Addition Postulate 
mZ FCD 

(5) mZACD>mZ ACF (5) Statement 4 and Def. of 
or mZ ECF inequality > 

(6) ECSEA, EF2EB (6) Statements 1 and 2 and 
Z FEC / AEB vertical angles 


(7) 1—1 correspondence (7) S.A.S. Postulate 
FECOBEA isa 
congruence and 
AFECez ABEA 
(8) ZECF= / EAB (8) Corresponding parts of 
congruent triangles 


(9) mZACD>mZ EAB (9) Statements 5 and 8. 
ormZA 


e 
By taking a point D’ on AC such that A—C—D and by pro- 
ceeding on the same lines as above. we can prove that mZ BCD'— 
mZBbut / BCD'z/ACD (vertical angles). Hence mZACD> 
m/ D. 


'The theorem that we have proved above is known as the weak 
form*of the exterior angle theorem. 


Theorem VIII (2). In a right triangle, cach of the angles 
other than the right angle is acute. (This theorem has a significance 
as so far we have not proved the angle-sum property of a triangle.) 


E 


B C D 


Fig. 106. 

Given : A AABC with m7 C=90. 

To prove that: (i) mZA<90. 
(ii) mz B«90. 
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r 
Proof. Consider a point D on BC such that B—C—D. 
Statement Reason 


— 


> > 
(1) ZACD, Z ACB form a (1) CD opposite to CB and CA 


linear pair is any other ray. 

(2) mZ ACD-4-m7Z ACB (2) Statement 1, Theorem 
=180 VI (1) 

(3) mZACB=90 (3) Given 

(4) mZACD=90 (4) Statements 2 and 3 

(5) mZACD>m/A and (5) Theorem VIII (1) 
mZACD>m/B 


(6) mZA <90 and mZB (6) Statements 4 and 5, 
<90 


Theorem VIII (3). If the measures of two side: 
are unequal then the measu 


unequal in the same ord 
unequal. 


Given: A AABG in which m AB>m KC or AB-AC. 
To prove that : m/ ACB>mZ ABC. 


Sof a triangle 
res of angles opposite these sides are also 
er in which the measures of sides are 


A 
D 
B C 
Fig. 10 , 
Proof. 
Statement 


Reason 


(1) There exists a point D 
on AB such that 
A—D-—B and ADAG 


(2) D lies on A-side of Bc 


(1) Segment Construction 
Theorem 


(2) Since B is not between A 
and D ; Statement 1 


(3) Since A is not between B 
and D 


(3) D lies on B-side of AG 
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(4) D ye in the interior of (4) Statements 2 and 3 and 


ZACB definition of interior of an 
angle 
> > 
(5) CD is between CA and (5) Statement 4 
> 
CB 
(6) mZACB=m ZACD+ (6) Angle Addition Postulate ` 
mZ DCB 
(7) mZACB>mZ ACD (7) Statement 6 
(8) ZACD=ZADG (8) ACAD ; Statement 1 ; 
Hence AACD is isosceles 
(9) mZACB>mZADG (9) Statements 7 and 8 
(10) mZADC>mZ ABC (10) Since Z ADC is an exterior 
angle for ABCD 
(11) mZ ACB»m/ ABC (11) Statements 9 and 10. 


Theorem VIII (4). [Converse to Theorem VIII (3). If the 
measures of two angles of a triangle are unequal, the measures of the 
sides opposite these angles are unequal in 
the same order in which the measures of A 
angles are unequal. 


Given: A AABC in which 
m/ ABC>mZ ACB. 


To prove that: ~mAC>mAB or 


AC>AB B C 


Fig. 108. 


Proof. There are three possible relations between the 
measures of sides XB and AC. 


(1) mAC—mAB or AC=AB. 
(2) mAC«maAB or AC<AB. 
(3) mAC>mAB or AC>AB. 


First Case. If iÓàC—mAB then Z ABC= / ACB (why ?) which 
contradicts the hypothesis that m/ABC>m/ACB. Hence the 
assumption that m AC—nm AB needs to be abandoned. 


Second Case. If mAC<mAB then m / ABC m« ACB (why ?) 
which contradicts the hypothesis that mABC>m/ACB. Hence 
the assumption that mAC <™mAB needs to be abandoned. 


Hence the third possibility that mA >mMAB is accepted. 
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Theorem VIH (5). The shortest segment joining a point to 
P a line (point not lying on the 
given line) is the perpendicular 

segment. 


e 
Given: A line AB and a 
- <r 
point P & AB. A point Q EAB 
ATs Q 
Fig. 109. 


< 
B l such that PQ LAB and any other 
| 
point S € AB. 
To prove that: mpQ <mPS. 
Proof. 
Statement Reason 


(1) APOS is right angled (1) Given 
with m/ Q=:90 ` 


(2) mZP<90 and mZS<90 (2) Theorem VIII (2) 


(3) mZO»m7S (3) Statements 1 and 2 
(4) mPS >mPQ (4) Theorem VIII (4) 
(5) mPQ<mps~ (5) Statement 4. 


Since S is an arbitrary point with SQ, PO is the shortest 
segment joining P to the given line. 


Sometimes while writing proofs of certain theorems, we are to 
consider a perpendicular from a vertex to opposite side. We must 
know whether the foot of the perpendicular is in the interior of the 
opposite side or in its exterior. In a conventional course, we are to 
depend on a figure. If the figure is of the form as left figure of 


P 


— | 
0 S R Q R S 
Fig. 110. 
Fig. 110 the foot of the perpendicular from P on the side QR will be 


an interior point of QR . If the figure is of the form as right figure 
of Fig. 110 the foot of the perpendicular from the vertex P to the side ; 
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QR will be an exterior point of QR. In the present course, we will. 
be exactly stating as to when the foot of such a perpendicular will be 
an interior point of the opposite side and when it will bean exterior 
point. For this purpose, we prove the following theorem. 


Theorem VIII (6). If one side of a triangle is atleast as long 
as either of the other two sides, then the foot of the perpendicular 
from the opposite vertex to the line A 
determined by that side will be an 
interior point of that side. 


Given: AABG in which 
(i) BO2AG and (ii) BC>AB and 
D isthe foot of the perpendicular 
from A to BC. 


To prove that: D is an B 


interior point of C or B—D—C. D G 
Fig. 111. 
Proof. 
Statement Reason 
(1) In a right AADB, (1) Theorem VIII (2) 
m/BAD<m/ ADB 
(2) BD<AB (2) Statement 1 
Theorem VIII (3) 
(3) CD<AC (3) Reasoning as for state- 


ments ] and 2 
(4) AB<BC and AC<BG (4) Given 


(5) BD<BG (5) Statements 2 and 4 
(6) CD<BC (6) Statements 3 and 4 
(7) B—D—G (7) Statements 5 and 6 


(8) D is interior point of BC (8) Statement 7. 


So we have established that the foot of the perpendicular from 
a vertex of a triangle to the opposite side will be an interior point of 
this side if this is atleast as long as either of the other two sides. Now 
we make use of this result to prove the following theorem. 


Theorem VIII (7). (The Triangle inequality). 'The sum of 
lengths of any two sides of a triangle 
is greater than the third side. 


A Given: AABC. 
To prove that : 
(1) AB+BC>AC 
(2) AB--AC- BC 
(3) BO+AC>AB. 
B D e Proof. Let BC be a side which 
Fig, 112. isatleast as long as AB or AC. 


162 


Therefore (i) BC ZAB and (ii) BCzAC. 

As BCZAB, therefore BC--ACZ2AB--AC. Also AC»0. 
Hence BC--AC- AB and thus we prove result (3). 

We also know that BC 2AC, therefore BO--ABz2AC-L- AB. 


As AB>0O, therefore BO+AB>AC and thus we prove 
:result (1). 


Now to prove the result 


2 di- 
cub dy aes (2), let D be the foot of the perpendi 


Also B—D—C [Theorem VIII (6)]. 


Moreover AB>BD (why ?) and AC DC (why ?) and hence 


on adding these inequaliti C>BD+DC or 
AB AC BO. qualities we get that AB--A zn 


A Cc 
q Fig. 113. 
Alternative Proof. 


Statement Reason 


> 
(1) D is a point on CB such 


1) Segment i 
Cer. atte (1) Segment Construction 


that C— "Theorem 
BD &BA 
(2) AABD is isosceles (2) Statement 1 
(3 ZD=ZBAD (3) Statement 2 
> 
(4) B is on D-side of AC (4) Statement 1 
> 
and C-side of AD 


(5) B Bn the interior of ^ (5) Statement 4 
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(6) mZDAC=m Z DAB+ (6) Angle Addition Postulate 


mZ BAG 
(7) mZDAC>mZDAB (7) Statement 6 
(8 mZDAC>mZD (8) Statements 3 and 7 
(9) CD-AC (9) Theorem VIII (4) 
(10) CB+BD>AC (10) Statement 9 and as 
C—B—D 
(11) CB+AB>AG (11) Statements 1 and 10. 


Similarly we can prove the other two relations. 


We have already proved A.S.A. theorem of congruency of two 
triangles but this is a weak form of the theorem on congruence 
involving two pairs of corresponding congruent angles and a pair 
of corresponding congruent sides. In its general form not only 
A.S.A. but A.A.S. or S.A.A. will be a congruence with the notation 
having its usual meaning. After having proved the weak form of 


the exterior angle theorem, we are now ready to prove S.A.A 
theorem. 


Theorem VIII (8). (S.A.A. Theorem). If there exists a 1—1 
correspondence between two triangles (or between a Aand itself) in 
which two angles and a side of one triangle are congruent to corres- 

.ponding parts of the other triangle, the correspondence is a con- 
gruence and the triangles are congruent. 

Given: Two triangles, AABC and ADEF in which AeD, 
BeEand CF. Also AB =DE, / Bez ZE and Z Cz Z F. 

To prove that: 1—1 correspondence ABCDEF is a con- 
gruence and AABCeADET. 

Proof. The measures of the side BC of AABC and the side 
EF of A DEF bear either one of the following relations : 

(1) BC-EF (2) BC«cEF (3) BC FF or BO—EF. 

First case. If BC>EF then: 


A D 


B G 3B E G 
Fig. 114. 
Statement Reason 


EE 

(1) There is a point G on EF (1) Segment Construction 
such that E—F—G and Theorem 
BC=EG (or BC&EG) 


o 
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(2) (a) AB=DE (b) BCe-EG and (2) (a) Given (b) State- 
(c) ZB=ZE ment 1 (c) Given 
(3) 1—1 correspondence ABC (3) S.A.S. Postulate 
D is a congruence and 
AABC= ADEG 
(4) ZC=/ZDGE (4) Corresponding parts 
of congruent triangles 
(5) mZF>mZDGE (5) Weak form of exterior 
angle theorem 
(6 mZF>m ZC (6) Statements 4 and 5, 


The result which we have arrived at in statement 6 
contradicts the hypothesis that 7C=/F. Hence the assumption 
that BC>EF needs to be abandoned. 


Second Case. IfBC<EF: By proceeding on the same lines 
as in the first case we can prove that this assumption also leads to 
a contradiction. Hence this also needs to be abandoned. 


Third Case. If BCccEF, then 1—1 correspondence ABCDEF 
is a congruence and AABC& A DEF (S.A.S. Postulate). Hence we 
establish the congruence relation between AABC and ADEF 
(S.A.A. form or A.A.S. form). 

Theorem VIII (9). (Hypotenuse Leg theorem). 1f there 
etween two right triangles (or between 


.. Given : AABC and A A'B'C' such that (i) mZC=m 7 C'=90. 
(ii) NBezAg. (iii) BESC. (iv) ABA). A 


22 


B B 
1 v" CM 
G A D G A 
Fig. 115, 


To prove that : 1—1 mi + 
gruence and AABOc« AARC. Pon dence PERABO) is a cona 


— 


two angles 
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Proof. 
Statement 


Ex 

(1) On AC, there exists a point 
D such that CD=C’A’ such 
that D—C—A 


=> > 

(2) CD is opposite to CA and 
> 
CB is any other ray 

(3) mZBCA+m/BCD=180 

(4) m/ZBCA=90 

(5) mZBCD=90 

(6) mz B'C'A'—90 

(7) AZ B'C'A'z« / BCD 

(8) B'C'ezBC 

(9) CA’=CD 

(10) 1—1 correspondence B'C'A' 


«BCD is a congruence and 
AB'C'A'e ABCD 


(11) B’A’=BD 


(12) B’A’=BA 
(13) ZADB= / BAG 


(14) BC=BC 


(15) ZBCA=7BCD 
(16) 1—1 correspondence BCAe* 
BCD is a congruence and 
ABCA ABCD 
(17) ZCBA=/CBD 
(18) ZCBD=/C’'B'A’ 
(19) ZCBA&/C'B’A’ 
(20) AABCeAA'B'C 
Let us Review : 


Reason 


(1) Segment Construction 
Theorem 


(2) Statement 1 


(3) Statement 2 

(4) Given 

(5) Statements 3 and 4 
(6) Given 

(7) Statements 5 and 6 
(8) Given 

(9) Statement 1 
(10) S.A.S. Postulate 


(11) Corresponding parts of 
congruent triangles 


(12) Given 

(13) As BD=BA 
Statements 11 and 12 

(14) Any segment is con- 
gruent to itself. 

(15) Statements 4 and 5 


(16) S.A.A. Theorem 


(17) Why ? 

(18) Statement 10 
(19) Why ? 

(20) S.A.S. Postulate. 


In this chapter we have discussed that :— 


(1) If the measures of two segments are unequal and if there 


are two segments AB and CD such that mAB<m CD then there exists 
a point EC CD such that C—E— D and AB=CE. 


(2) If the measures of two angles are unequal and if there are 


ZABC and Z DEF such that mZABC<mZDEF then 
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— — >. 
there exists a ray EG between ED and EF such that ZABC= / GED. 


(3) We have discussed Pasch’s Postulate (or Pasch’s Theorem) 
which states that a line lying in the plane of a A and which does 
not pass through any ofthe vertices of the triangle. and which if 
contains an interior point of one of the sides of thc triangle, then it 
contains an interior point of. exactly one other side of the triangle. 
But if the line passes through one of the vertices of. the triangle and 
also contains an interior point of it, it contains an interior point of 
the side opposite the vertex through which it passes. 


(4) We have also proved that weak form of : gen angle 
theorem which states that the measure of an exterior angle 


= 6 A » i ior 
triangle is greater than the measure of either of the remote interio 
angles. 


(5) We made use of the weak form of exterior angle theorem 
to prove that (i) Ina right triangle, each of its angles other than 
the right angle is acute and (b) If two sides of a triangle are not 
congruent then the angles opposite these sides are not congruent and 


the larger angle is opposite thelarger side and conversely and (c) 
nd (d) S.A.A. theorem on con- 
gruency. 


The triangle inequality theorem a 
(6) We have made use of S.A.A. 
hypotenuse-leg theorem on congruency of t 


(T) We have also proved that the Shortest segment joining a 
point to a line is the perpendicular segment. 


(8) We have also established that the foot of the 
drawn from a vertex to its opposise side, lies in the int 


side if the opposite side is atleast as long 
the given triangle, 


theorem to prove the 
wo right triangles. 


perpendicular 
erior of that 
as either of the two sides of 


Problem Set 
A 


R 
(1) Given A line AE dividing a plane x into two half planes 


Lal 
H, and H,. Also given a point Bon AE such that A—B—E. In 


Hi, there are two points C and D such that AD and BG intersect at 
O such that A —O —D and B—O—C and AO=OD and BOoc. 
Prove that (a) / DBOz ZACO (b) mZCBE>m/ DBO 
(c) mZCBE>m/ ACO, 
(2) Prove that :— 


(a) The exterior angles of 


an equilateral triangle are equal 
in measure, 
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(b) The exterior angles of an equiangular triangle are 
equal in measure. 


(3) Prove that if one exterior angle of a triangle equals in 
measure to its adjacent interior angle, then the triangle is a right 
triangle. 


(4) Prove that the sum of the A 
measures of any two angles of a 
triangle is less than 180. 


Given: AABG. 
To prove that : 
(1) mZ B--mzZ C «180 


(2) mZ C--mzZ A«180 B € 2 
(3) mZA+mZB<180. Bd 
Proof. 

Statement Reason 


(1) mZ ACE4-m 7 C=180 (1) ZACE and ZG form a 
linear pair 


(2) mZ ACE» mZ A (2) Exterior Angle Theorem 
(3) mZ ACE»mZ B (3) Exterior Angle Theorem 
(4) mZ A--mZ C180 (4) Statements 1 and 2 

(5) mZB+mZC<180 (5) Statements 1 and 3.7 


(6) Similarly we can prove 
that mZ A--m/ B«180 


(3) With the help of the statement proved in problem 4, prove 
that the base angles of an isosceles triangle are acute. Is it possible to 
prove that the base angles of any triangle are acute? — If not, why 
not ? 

(6) Prove that the sum of lengths of diagonals of any quadrila- 
teral (four sided figure) is less than the sum of lengths of its sides. 


(7) IfA, B, C are any three non-collinear points then prove 
that (i) AB+BC>AC (ii) AB+AC>BC (iii) AC+BC>AB. Also 
prove that AB+BC=AC iff B is on AC and A—B—C. 

(8) ABC is a A with ABYAC. Disa pointon BC such that 
B—C—D. Prove that (i) AD AB (ii) AD>AG. 


Ld oe 
9) AB and CD have a point O in common such that A—O-B 
and C—O—D. Eisa point in the plane of these lines. Prove that 
EA-LEB--EC--ED2-OÀ -OB-- OC--OD. 


(10) Prove that if two sides of one triangle are congruent res- 


pectively to two sides of a second triangle then the measure of third 
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side of first triangle will be larger than the measure of the third side 
of the second triangle iff the measure of the angle determined by the 
two sides of the first triangle is greater than the measure of the angle 
determined by the two sides of the second triangle. 


Solution. First we will prove the ‘if’ part. 


Given : A AABC anda ADEF such that AB=DE, AC=DF and 
mZA>mZD. 


To prove that : mBC» mEF. 


E 
Hh 
K 
A GU ID P 
Fig. 117. 
Proof. 
Statement Reason 
> 
(1) There existsa ray AK (1) Angle Construction Postu- 


=e late 
such that AK is bet- 
> > 
ween AC and AB and 
such that / KACe 7D 


(2) There exists a point G (2) Segment Construction 


eri Theorem 
on AK such that 
AGDE 

(3) AC=DF (3) Given 


(4) 1—1 correspondence 4) S.A.S. P 
GACsEDF is a con- “i TAS 


gruence and AGAC& 
ADEF 
(5) CGEF (5) Corresponding parts of 


congruent triangles 
ey 


c 
(6) AR isa ray between AK (6) Angle Construction 
— 


1 Postulate : ’s Theor 
and AB having a point late ;Pasch's Theorem 


H in common with BG 
and such that / BAH 
ZHAG and C—H— B 
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(7) AGSAB (7) &GzzDE and DESAB 
(8) AH& AH (8) Any segment is congruent 
to itself 


(9) 1—1 correspondence (9) S.A.S. Postulate 
ABHeAGH is a con- 
gruence and AABHz 


AAGH 

(10) BHEHG (10) Corresponding parts of 
congruent triangles 

(11) mca «mci-4-mió (11) Triangle Inequality 
"Theorem 

(12) mc «mci-4 mBR (12) Statement 10 

(13) méG «mca (13) Statement 6 

(14) mEF «mca (14) Statements 5 and 13. 


Now we prove *only if part' (Converse to the first part). 


.. Given: AABGand ADEF in which AB=DE, AC &DF and 
MmBC> MEF. 


To prove that : m/A>mZD. 


Proof. There are three possibilities regarding the relationship 
between the measures of ZA and / D. 


(i) mZA=mZD. (ii) mZA<mZD. (iii) mZ A»mzD. 


First Case. If m7 A=mZD then 1—1 correspondence ABC 
DEF is a congruence and hence AABC2 ADEF (S.A.S. Postulate) 
and hence mBC=-mEF which contradicts the hypothesis that mBC> 
mEF. Hence the assumption that m Z A=m / D has to be abandoned. 


Second Case. If m/ A-—m/7D then mBC«mEF (If part) 
and this also contradicts the hypothesis that mBC >mEF. Hence 
this assumption has also to be abandoned. 


Third Case. m/A>mZD is accepted. 


(11) State separately the ‘if’ part (Theorem) and ‘only if’ part 
(the converse) of the statement given in problem 10 and prove them. 


(12) Given a AABG and a point D in AB such that A—D—B. 
Prove that if GA &CB and m/ ACD «m / BCD then mAD «nnDB. 


(13) Given a AABC with mAB >mAC and D a point in BC 
such that B— D- C and BD £z DC. Prove that mZ ADB>m/ ADC. 


. . (14) Given a AACB such that mAB 2mAC. Dis a point in 
AB such that A—D—B and E is a point on AC such that A—E—G 
and EC DB. Prove that EB >mCD-. 
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(15) Given a AABC anda point P in the interior of AABC. 
Prove that mPA--mpPB +mpPc>}(mAB +mAC+mMBC). 


(16) Given a AABG such that mAB>mAG and mAB>mBC+ 
Prove that mAB >3(mAC --mBC ) 


(17) Prove that the sum of the measures of three angles is less 
than 270. 
Proof. If AABC is the given triangle, then we know that 
m/ A--m/ B-180 (Problem 4) 
and mZB+m/C<180 
and mZC+m/A<180 
On adding, we get 


2(mZA+mZB+mZC) «540 


A 
or (mZA+mZB+mZC) <270. F 
(18) Given a AABC and a point P E 
inits interior. Prove that 
mPA --mPB —nmCA --mcB. 
(19) Prove that sum of the mea- 
sures of altitudes of a triangle is less B D C 
than the perimeter of the triangle 
(Fig. 118) Fig. 118. 
Proof. 
Statement Reason 
(1) mAD<mAB (1) In AADB mZB<mZ ADD. 


(2) mBE «mBC 
(3) mcF <mCA 
On adding (MAD +mBE+mCF) — (mAB--mBC --mcA 4 


(20) Given a AABC and D a point in BC such that BCD—C. 
Prove that mAD<maAB or mAD «AC. 


(21) Given a AABC such that AB AG. Dis a point in BC 
such that B-D—C. Prove that mAD<maAp and MAD <mAC. 


(22) Prove that if ZB in a AABC is obtuse then the foot of 
perpendicular from A to BC is not a point of the side BC of the 
AABC. 


(23) If AABC and ADEF are such that map —PAC-HDE = 


mDp:andmBC —mPEF, prove that mZBAC<m/EDF. State and 
prove its converse also. 


(24) Givena AABC. Prove that angle bisectors of ZB and 
ZC intersect in a point in the interior of the A. 
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(25) Show that semi-perimeter of a triangle is greater than any 
of its sides. 


(26) Prove that the perimeter of a quadrilateral is greater than 
the sum of the measures of its two diagonals but the semi-perimeter 
of the quadrilateral is less than the sum of the measures of its two 
diagonals. 


(27) Prove that the perimeter of a triangle is greater than the 
sum of the measures of its medians. 


(28) Givena AABC. D is mid-point of BC. 
Prove that mAB +mAC >2(mAD). 
(29) Assuming that medians of a triangle are concurrent, prove: 


that sum of the measures of medians of a triangle is greater than the 
semi-perimeter of a triangle. 


(30) Ina AABC, D is the mid-point of BC. If mAD>mBD,. 
prove that Z A is acute. 


(31) If two sides of a triangle are unequal in measure then the: 
angle determined by those sides is divided unequally into two parts. 
by the median to the third side such A 
that the smaller part is adjacent to the 
greater side. 


(32) Show that the difference of 
measures of any two sides ofa triangle 
is less than the measure of the third 


side. D 
To prove that: (1) mAB —maAc 
«mBCif MAB >mAC. 


(2) mAC — mAB «mBC B Ga 
if mAC>mAB and four more similar Fig. 119. 
relations. 
Proof. Assume mAB> AC. 
Statement Reason 
(1) There is a point D such (1) Segment Construction 
that A --D—B and Theorem 
ADAC. 
(2) mZADC>mZ DCB (2) Why ? 
(3) mZCDB>mZACD (3) Why ? 
(4) mZACD=mZADC (4) Why ? 
(5) mZ CDB>mZADG (5) Statements 3 and 4 
(6) mZCDB>mDCB (6) Statements 2 and 5 
(7) mBC >mBD (7) Why ? 
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(8) mBC»mAB —AD (8) mAB —mXD-- mBD. 
as A— D—B 

(9) mXB—mAD <mBC (9) Statement 8. 

(10) mAB—mAC<mBC (10) Statement 1. 
— 


(33) Ina AABC, map>maAc. AX is the angle bisector of 
ZA and has a point D in common with BC. Prove that mBD 
>mCb. 


(34) Prove that if the altitudes of a triangle are equal in 
measure then the triangle is equilateral. 


(35) Prove that if two altitudes of a triangle are equal in 
measure then the triangle is isosceles. 


Bes 

(36) AX, the angle bisector of / A of AABC hasa point D in 
common with the side BC such that BCD— C and pp=pc. Prove 
that triangle is isosceles. 


(37) AD is the perpendicular segment from A to the side EC 
ofa AABC in which ABZ-AC. Prove that A~D—B and AD =DB. 


> 
..., (38) Ina AABC, mZC=90 and AG = BC. AY the angle 
bisector of / A meets BC in D. Prove that mAC+mCD —maAB. 

(39) Given two triangles : AABG and ADEF. AL is the 
perpendicular segment from A to BC and DM is the perpendicular 
Segment from D to EF such that AL =pM. IfAB =DE and 
AC &DF prove the following : 


(a) 1—1 correspondence ABL DEM is a congruence and 


AABL ADEM. 
(b) 1—1 correspondence ALCDMF is a congr d 
AALC& ADMF. RARUS 
(c) 1—1 correspondence ABCDEF is a co; 
AABCE ADEF. ngruence and 


(40) Prove that if the measure of one of the si i 
t i sides opposite an 
acute angle of a right triangle is half the measure of the Ere 
then the measure of the acute angle opposite this side is half the 
measure of the other acute angle. à 


A. 


CHAPTER IX 
PARALLEL LINES IN A PLANE 


So far we have been talking about the lines that intersect, How- 
ever in a problem contained in the chapter on ‘Incidence Postulates 
and Theorems' we introduced a postulate which we called Parallel 
Postulate and this postulate assumed the existence of a line co-planar 
with a given line but which would not intersect the given line. In 
this chapter, we intend to talk about the existence of such lines that 
do not intersect. When we think about the lines that do not inter- 
sect, two concepts come to our mind which are that of (1) Parallel 
lines (2) Skew lines. 


Parallel Lines: Parallel lines are sometimes described as 
lines ‘that do not meet however far these arc produced or extended’ 
or ‘parallel lines are the lines that are equidistant at every 
point’ or ‘parallel lines have same direction’. These definitions/ 
descriptions of parallel lines are defective as it is hardly possi- 
ble to explain the concept of direction in exact mathematical terms 
(especially in this space age). Ifat all we may have to try to define 
the concept of ‘direction’ then we will have to depend on the concept 
of parallelism. So we define ‘parallelism’ in terms of ‘direction’ and 
then define ‘direction’ in terms of parallelism which clearly means 
that we have not been able to define anything. This type of defini- 
tion is called a ‘round argument’ and ‘round argument’ leads us 
nowhere. Similarly, it is not possible to define the concept of equi- 
distance. As stated earlier our definitions have to be in terms of 
those terms which we take as undefined or in those terms which 
we have already defined. Hence it is convenient for us to base the 
definition of parallel lines on the idea of ‘do not meet’ or ‘do not 
have any point in common’ or the idea of ‘non-intersection’. 


Definition IX (1). (Parallel lines). Two lines that lie in the 
same plane (or are co-planar) and which do not intersect are called 
parallel lines. In such a case each line will be said to be parallel to 
the other. If /; and /, are the lines that are parallel then we 
denote it by writing ‘/, || /,’. 


In other words parallel lines must satisfy two conditions 
namely : 


(1) Lines must lie in the same plane, (2) These must not 
have any point in common. 
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Lines that do not intersect but also do not lie in the same plane 
will not be parallel. Such lines are called skew lines. 
Definition IX (2). (Skew lines). Lines that have no point 
in common and are not co-planar are called ‘skew lines’. 
Definition IX (3). (Parallel segments). Two segments are 
said to be parallel if the lines that contain them are parallel. Thus 
e] — 


AB isparallel to CD if AB || CD. 


It may be clearly understood that two line segments could be 
coplanar, may not have any point in common and still these may 
not be parallel. Hence we had to define parallel segments in terms 
of the lines that contain. them. Reference here may be made to the 
phrase ‘however far they are extended or produced’, 

— 


= 
Definition IX (4). (Parallel rays). Two rays AB and CD are 
-_- CR 
said to be parallel if (i) AB and CD are parallel and (ii) B, D be 
= 


on the same side of AC. 


Parallel rays 


Fig. 120. 
— 
CD will not be 


^ . " i as > 
parallel if B and D lie on oppcsite side of AC. If AB and CD are 


> 
It may be understood that the rays AB and 


e 
rays such that B and D are on the opposite sid 
rays are said to be anti-parallel. BBs iq, OF AG) then auch 


Definition IX (5). ( Anti-parallel rays). 


T VA re 
are said to be anti-parallel iff : Wo rays AB and CD 


B 


Anti parallel 
rays 


Fig; 121; 
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— = 
(1) The lines AB and CD are parallel ; and 


— 
(2) B and D lie on the opposite side of AC. 


On similar lines we can build up the definition of parallelism 
between (i) a segment and a line (ii) a segment and a ray and (iii) 


LAE e 

a ray and a line etc. For instance a segment AB and the line CD will 
> — 

be parallel if AB and CD are parallel. 

One very important notion that helps very much in the study 
of properties of parallel lines is the notion of ‘Transversal’ of two 
lines, 

Definition IX (6). (Transversal). A transversal of two 
coplanar lines is a line which intersects the union of two lines in 
two different points. 


E 
B 

pé 

C p^ D 


F 
F 
Fig. 122. 
Physical models of a transversal, 
It may be understood that a line passing through the inter- 


section of two lines will not be a transversal according to the 
definition of transversal that we have given. 


After having defined parallel lines and the transversal we are 
ready to prove the following theorems. 

Theorem IX (1). If p, q are any two coplanar lines and f£ is 
any transversal such that p | t and q | ! then p || q. 


Fig. 123. 


Given: Two lines p, q and a transversal f such that p | £ and 
alt. 
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To prove that: pq. 
Proof. We prove it indirectly by contradiction. 
Assume that pq (p is not parallel tog). Then: 


Statement Reason 
(1) p and q have a point in (1) If p and gare not parallet 
common; LetP be then these intersect 
that point 
(2 PA Lt (2) p L t (Given) 
(S) PE Cp (3) g L t (Given). 


Statements 2 and 3 lead us to conclude that from a point P 
(P&t), there are two perpendicular segments PX and PB to the same 
line t. This contradicts the result of the theorem VII (6) which 
states that there is one and only one line that passes through a given 
point and is perpendicular to a given linc. Hence the assumption 
that pq has to be abandoned. Hence p || q. 


Theorem IX (2). Given a line and a point not in it. Then 
there exists atleast one line which passes through the given point and 
is parallel to the given line. 


Q p m 


£ 


Fig. 124. 


Given: A line l lying in a plane x and a point P, Pg but 
Per. 


To prove that: (1) There is a line m containing P and || /. 
Proof. 
Statement Reason 


(1) There exists a unique line (1) Theorem VII (6) 
t through P such that 


LEM 
(2) There exists a unique ray (2) Angle Construction 


=e mz Postulate 
PQ in z such that PO |. 


T 
t (Angle between PQ, 
and t is 90) 


o A AR 
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E. 
(3) PO) 1 £and ti 1^2 (3) Statements 1 aud 2 
> 
(4) PO (4) Statement 3; Theorem 
IX (1) 


(5) Through P, there exists (5) Statement 4. 
a line parallel to 7 


After having got some insight into concept of parallel lines, we 
would like to make some definitions in order to make matters easier 
for us to explore further the properties 
of parallel lines. In the theorems that 
we proved above, we dealt with two 
coplanar lines and a transversal. If we 
look at the physical model of two coplanar 
lines and a transversal, we find that 
various pairs of angles are formed. If, 
P,, P, are any two points in p; Qi, Qe 
are any two points in q ; T, is the point 
in common with p and 1; T, is the point 
in common with ; and ! and A, B are Fig. 125. 
any two points on t such that (i) P,—T,—P, (ii) O.—T,— OQ, and 
(iii) A—T, —T,—B then: 


(1) ZP,TiTs, Z Q4T,T,; and ZP,T4T, £Q.T:T, are two 
pairs of angles which have a special name—alternate interior angles. 


(2 ZATIB, ZTQ;T.Qs; ZAT Pi, ZT,T2Q; ZPj4T,Ts; 
ZQjT,B; ZP,/TiT, ZQAXT,Barethe four pairs of corresponding 
angles. 


(3) Z PT, Ts, Z O;T4Ti and Z PLT,T,, / O1T,T, are the two 
pairs of consecutive interior angles. 

'The various pairs of angles have been given these special 
names as when these pairs exhibit certain properties then the lines 
will be parallel and these names will help us in making statements 
ina concise language. We know that the linear pairs are supple- 
mentary. With the help of this we can prove that if one pair of 
alternate angles are congruent then the other pair will also be 
congruent. Similarly if one pair of corresponding angles are con- 
gruent then the remaining three pairs will be congruent. Also if 
one pair of consecutive interior angles are supplementary then the 
other pair will also be supplementary. ‘These, of course, are very 
good problems to be proved but at the moment our concern is to 
establish conditions for the existence of parallel lines. Do the 
parallel lines as defined by us exist in our infinite space ? It is a very 
controversial question. But we shall be limiting oursclves to the 
finite space around us in our immediate neighbourhood. So we 
state and prove the following theorems. 


Theorem IX (3). Ifa pair of alternate interior angles formed 
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by two coplanar lines and a transversal are congruent then the given 
lines are parallel. 


<] € Tr 
Given : Two distinct lines AB, CD and a transversal EF having a 
tr e 
point P in common with AB and a point Q, in common with CD. 
-Also ZBPQ=/CQP and ZAPQ= /DQP. 


4 - 
To prove that : AB || CD. 


< er 
Proof. There are two possibilities in which AB and CD can 
behave : 


< = 
(1) AB and CD havea point R 
in common. 


Lad < 
(1) ABand CD do not have 
any point in common. 


C 


= 
Proof. (1) When AB and CD 
have a point R in common. 


Fig. 126. 


Statement Reason 


(1) There exists a point T on (1) Segment Construction 
s Theorem 
the ray opposite to QR such 
that TO RP. Also there 
exists a point S on the ray 
> 


opposite to PR 
(2) ZTQP=/RPQ (2) Given 
(3) @=Pa (3) Any segment is congru- 
ent to itself 
(4) 1—1 correspondence (4) S.A.S. Postulate 
TOPeRPO is a congruence 
and ATOP=ARPQ 
(5) ZTPQ=/PQR (5) Corresponding parts of 
congruent triangles 
(6) ZSPQ=/7 POR (6) Given 


(7) ZTPQ=ZSPQ (7) Statements 5 and 6. 
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(3) S, T lie on the same side of (8) Slies on ray opposite to 
— > 
PQ PR and T lies on the 


> 
ray opposite to QR 
Plane Separation Postu- 
late 


> > => 
(9) PT=PS (Ray PT issameas (9) Statements 7 and 8 


= 
ray PS. In conventional 
terminology such a situa- 


as 
tion will be described as PT 
-> 
and PS coincide with each 
other but this description is 
not very exact.) 


(10) P, T, Sare collinear (10) Statement 9 
Er 
(11) T lies on AB (11) Statement 10 as PS is 
e 
contained in AB 
-— - 
(12) R lies on AB (12) RE AB 
e 
(13) T, R lie on CD (13) Statement 1 
(14) T, R are different points (14) T lies on the ray oppo- 
EX 
site to OR 
tr <e 
(15) AB and CD have two points (15) Statements 11, 12, 13, 
T, R in common 14 
- Er 
(16) AB=CD (16) Statement 15 ; Postu- 
late 2. 
Lad ek: e < 
But AB and CD are two distinct lines. Hence ABCD. Hence 


— ep 
the assumption that AB and CD have a point R in common has to 
be abandoned. 
e 


Ld 
Case II. The second possibility that AB and CD do not have 
any points in common is accepted. 
Thus we have established that if a pair of alternate interior 
angles formed by two coplanar lines and a transversal are congruent 
then the given lines are parallel. We will make use of this result in 


proving the following theorems. 
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Theorem IX (4). Ifa pair of corresponding angles formed 
by two coplanar lines and a transversal are. congruent then the given 
lines are parallel. 

- Er 
Given: AB, CD two distinct coplanar lines and a transversal 
= bad 
EF having a point P in common with AB and a point Q, in common 


— 
with CD such that (i) / EPBzz/ POD (ii) /EPAz/PQO (iii) 
ZBPQ=/DQOF (iv) ZAPQ=/COF. (In fact it would have 
been enough to have mentioned the congruency of one pair of corres- 
ponding angles as other relations would have followed from it by 
the use of theorems about linear pairs and vertical angles.) 
Lad — 


To prove that: AB CD. 


Fig. 127. 
Proof. 
Statement Reason 
(1) ZEPB = /PQD (1) Given 
(2) ZEPB £&/ APO, (2) Vertical angles 
(3) ZPODe/ APO, (3) Statements 1 and 2 


(4) Pair of alternate angles (4) Statement 3 
formed by two  coplanar 
lines and a transversal are 
congruent 


— < à 
(5) ABI CD (5) Theorem IX (3). 
Theorem IX (5). Two coplanar lines which are perpendi- 
cular to the same line are parallel. 


Proof. 


Its proof immediately follows from Theorem IX (4) since 
measure of each of the eight angles that are formed in such a situa- 
tion is 90. Hence a pair of corresponding angles are congruent. 


Theorem IX (6). Jf a pair of consecutive interior angles 
formed by two coplanarlines and a transversal are supplementary 
then the given lines arc parallel. i i 
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= < 
Given : AB, CD two distinct coplanar lines and a transversal 
er 
EF having a point P in common with AB and a point Q in common 


€ 
< 
with CD such that : 


E 
A Je 


C Q D 


Fig. 128. f 
(1) mZBPQ4+mZPQD= 180 
(2) mZAPQ+m/PQC=180. 
< oa 
To prove that : AB | CD. 
Proof. 


Statement Reason 
(1) mZBPQ+mZPQD=180 (1) Given 


EE — 
(2) ZBPQ, ZAPQ form a (2) PA is opposite to PB and 
> 


linear pair PQ is any other ray 
(3) mZBPQ+mZAPQ=180 (3) Statement 2 
(4) mZPQD=mZAPQ (4) Statements 1 and 3 


or /PQD= / APQ. 


(5) Pair of alternate angles (5) Statement 4 
formed by two coplanar 
lines and a transversal are 
congruent 


— = 
(6) AB || CD (6) Theorem IX (3). 


Euclid’s Parallel Postulate. In theorem IX (2), we proved 
that a given line and a point not in it, there exists at least one line 
which passess through the given point and para'lel to the given line. 
So we have found the existence of at least one line through a point 


= e 
P (PAB) which is parallel to AB in the structure that we are build- 
ing up. Butare there more than one line through P which are 
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bazd 
parallel to AB? The use of the word ‘atleast’ in the theorem cited 
here may be noted. Can we use the word ‘atmost’ in the statement 
of theorem IX (2) and prove it? Alternately can we prove the con- 
verse of the theorem IX (3) ? Can we prove that if two lines are 
parallel then the alternate interior angles determined by these lines 
and any transversal are necessarily congruent ? On the basis of the 
postulates that we have already stated and the theorems that we 
have already proved, it is not possible to do so. We need another 
Postulate for this purpose. The postulate that can help us in this 
situation is the Euclid’s Parallel Postulate which has been the 
basis of controversy between mathematicians sinze long. This 
postulate of Euclid was considered to be a law of nature for 
thousands of years, During the nineteenth century mathematicians 
like Lobachevski and Bolyai developed geometrical systems by 


denying that there is one and only one line through P parallel to 
bazd 


AB. They postulated the—existence of atleast two parallel lines 


“< 
y given line AB. Rieman developed another 
no two lines in the same plane 
are ever parallel. In other words, Rieman's system absolutely 
But in the system that we are 


ablished. Hence we state the 
following version of Euclid's Parallel Postulate. 


Postulate 17. (The Parallel Postulate). Given a line and a 


point not on that line, there is atmost onc line through the given 
point parallel to the given line. 


By stating this postulate, we simply assun 


42 uniqueness of 
parallel lines. In other words w 


e assume that i... e exists one and 


= 
only one line through a point P (P&AB) fparallel toa given line 
e 


AB. 


Having stated the parallel postulate, we apply it in | roving the 
converse to each of the theorems IX (3), IX (4) and IX (6). 

Theorem IX (7). 
nate interior ang!es determi 
versal are congruent. 


[Converse to theorem IX (3)]. The alter- 
ned by two parallel lines and any trans- 
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oe 
Given: AB || CD and a transversal */ having,a point P in 
e e 
common with AB and a point Q in common with CD. 


To prove that: (i) ZBPQ=/PQC (ii) ZAPQ=/PQD. 


Proof. Now there are three possibilities of the relationship 
between the measures of / BPO and Z PQC : 

(1) mZ BPO»m7/ PQC fi 7 

(2) mZBPQ<mZPQG 4 Trichotomy Law ¢ 

(3) mZBPQ=mZPQC E J 

Case I. If;m/BPO-m/ POC then : 


Fig. 129. 
Statement Reason 
> 
(1) There exists a unique ray PR (1) Angle Construction Pos-" 
in the half plane determined tulate and Angle Addi- 
E > tion Postulate 
by PQ and D such that PR 
> > 
is between PB and PQ, and 
/ RPQz / PQG 
< - 
(2) PR || CD (2), Statement 1, Theorem 
IX (3) 
qr = 
(3) PR is different from AB (3) Statement 1 
< — < 
(4) AB || CD and PEA (4) Given 
= 
(5) Two distinct lines, AB and (5) Statements 2, 3, 4 
r 


PR containing a point 


bad — 
P(P& CD) are parallel to CD 
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The result at which we arrive in statement 5' contradicts the 
Parallel Postulate which states that there is atmost one line through 


bad r 
P(PẸCD) parallel to CD. Hence the assumption that m/BPQ, 
>m POC has to be abandoned. 


Casell. Ifm / BPO—m/ POC. 


By proceeding on the same lines as for case 1, we can prove 
that this assumption also leads us to a contradiction of Parallel Pos- 
tulate. Hence this assumption also has to be abandoned. 


Case III. If mZBPQ=mZPOC. 
As this possibility only remains we accept this. 
Hence we prove that the alternate interior angles determined 


by two parallel lines and any transversal are congruent. 


Theorem IX (8). [Converse to theorem IX (4).] Correspon- 
ding angles determined by two parallel lines and any transversal are 
congruent. 


€ — 
Given: AB| CD and a transversal *i having a point P in 
e 


E m 
common with AB and a point Q in common with CD. Also points 


e 
T,S € PQ such that T-P—Q-S. 


To prove that: (i) / TPAe/ POC 
(i) Z'TPBz« / POD 
(iii) / BPQe& / DOS 
(i) ZAPQz / COS 


Fig. 130, 
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Proof. 
Statement Reason 
a T 
(1) AB CD (1) Given 
(2 ZBPQ= ZPQG (2) Interior alternate angles 
[Theorem IX (7)] 
(3) ZBPQ2/ZTPA (3) Vertical angles 
(4) ZTPASZ POG (4) titus 2 and 3. 


To prove ZTPB=ZPQD, we would take the relation 
ZAPQ= ZPQD as these are alternate interior angles and as 
ZAPQ=/ TPB being vertical angles, we arrive at the result that 
ZTPB= 7 POD. 

On similar lines the remaining two results can be proved. The 
reader may prove these as problems. 


Theorem IX (9). [Converse to theorem IX (6).] Consecutive 
interior angles determined 
by two parallel lines and 
any transversal are supple- 
mentary. 

€ e 

Given : AB || CD and a 
transversal ‘ft’ having a 
point P in common with 


xcd 

AB and a point Q in common 
L3 

with CD. Fig. 131. 


(1) m Z BPO 4m Z POD-—180 
(2) mZAPQ+mZ POC —180. 


To prove that : 


Proof. 
Statement Reason 
— — 
(1) AB] CD (1) Given 
(2) ZBPQ=ZPQG (2) Alternate interior angles 


3) mZPQC+mZPQD=180 (3) ZPQC, 4 POD form a 


linear pair 
(4) mZBPQ+mZPQD=180 (4) Statements 2 and 3. 
Similarly we can prove that m/ APO4- mZ POC —180. 


the measures of three angle 
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Angle Sum Property ofa Triangle. In the problem set on 


the chapter on geometric inequalities, we proved that the sum of 
measures of any two angles of any triangle is less than 180. So far, 
we were not in a position to prove the theorem on the sum of 
measures of three angles of a triangle. After having stated the 
parallel postulate and provedtheorem IX (7) we are in a position 
to prove that the sum of measures of angles of a triangle is 180. 


Theorem IX (10). (The Angle-sum theorem). The sum of 


Given : AABC. 


s of any triangle is 180. 


To prove that : mZA+mZB+mZC=180. 


A 


Fig. 132. 
Proof. 


Statement 
(1) Through A, there exists 
baud 
a unique line p || BC 
(2) Disa point on p on the 


= 
C-side of AB 


- 
3) BC and p have no points in 
( P! 


common 
(4) B, C are on the same side 
Lad 
of AD 
> > > 


(5) AC is between AB and AD 
or C is in the interior of 


ZDAB 


(6) mZDAB=mZ DAC 
+m/ CAB 
(7) Z DACz / ACB 


b 
D 


Reason 


(1) Parallel Postulate 


(2) Point Plotting theorem 


— 
(3) BC Il p 


(4) Statement 3 ; Plane 
Separation Postulate 


(5) Statements 2 and 4 
as C is on D-side of 
— 


< 
AB and B-side of AD. 
(6) Statement 5 ; Angle 
Addition Postulate 


(7) Alternate interior 
angles 
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(8) mZ DAB=m / ACB (8) Statements 6 and 7 
--mZ CAB 
(9) mZDAB+m/ ABC=180 (9) Theorem IX (9) 
(10) mZACB+mZCAB (10) Statements 8 and 9 


+m/ABC=180 
(11) mZC+mZA+mZB=180 (11) Statement 10 
(12) mZA+mZB+mZC=180 — (12) Statement 11. 


This theorem is most important theorem in Euclidean geometry. 
In fact we can take this theorem as a Postulate and prove the Parallel 
Postulate as a theorem. We can say that the parallel postulate and 
the angle sum theorem (There exists a triangle for which the sum of 
the measures of the angles is 180) are logically equivalent. It may 
however be noted that this angle-sum theorem holds only in the 
system which we are developing (Euclidean geometry). In the non- 
Euclidean geometry (Plane Hyperbolic geometry) which postulates the 
existence of atleast two parallel lines through a point to a given line, 
the sum of the ineasures of angles of a triangle will be less than 180. 
In the Piane Hyperbolic geometry, alternate interior angles formed 
by two parallel lines and a transversal will not be congruent. In 
another non-Euclidean geometry (Elliptic geometry), the sum of the 
measures of angles of a triangle will be greater than 180. 


We have already proved that the measure of an. exterier angle 
ofa triangle is greater than the measure of either of the remote 
interior angles [Theorem VIII (1)]. We called it the weak form of 
exterior angle theorem. After having proved the angle-sum theorem, 
we are in a position to prove the stronger form of the exterior angle 
theorem whose statement is as follows :— 


Theorem IX (11). The measure of an exterior angle of a 
triangle is equal to the sum of 
the measures of two non-adjacent A 
interior angles. E 


Given: A AABG and a 


e 
point D in BC such that 


B—-C-D. 
To prove that: mZACD= B C D 
mZA+mZB Fig. 133. 
Proof. 


Statement Reason 
(1) Through C, there exists a (1) Parallel Postulate 
< 
unique line CE parallel to 


— 


AB 
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Ek 
(2) E is a point on CE such that (2) Point Plotting Theorem 
VES 
E is on A-side of BD Plane Separation Pos- 
tulate 

(3) E is not in the interior of (3) If E is in the interior 

-= 

ZACB of /ACB then CE 


will intersect AB (Pas- 
ch's theorem) and then 


— t> 
CEJF AB which contra- 
dicts statement 1 


(4) Eis in the interior of Z ACD (4) Statements 2 and 3 


(5) mZACD=mZ ACE (5) Angle Addition Pos- 
+mZECD tulate 
(6) mZACE=m7ZA (6) Atlernate interior 
angles \ 
(7) ZECD=/B (7) Corresponding angles 
(8) mZACD=mZB+mzA (8) Statements 5, 6 and 7. 


We can take this very theorem as a postulate and prove the 
angle sum property of a triangle or the Parallel Postulate as a 
theorem. It may be noted that this theorem is truc only in 
Euclidean geometry. In general, those theorems whose proofs are 
based cither on parallel postulate or any other theorem which is 
logically equivalent to parallel postulate are truc only in Euclidean 
geometry. The results of such theorems will not be valid in non- 
Euclidean geometrics. 


Quadrilaterals and Polygons. The idea of a triangle lcads 
us to the concept of a quadrilateral and then to a polygon in general. 


Definition IX (7). (Quadrilateral). If A, B, C, D are 
coplanar points such that : 


(1) No three of these four points are collincar. 


Q) None of the segments AB, BC, CD, DA intersects any other 
at a point which is not one of its end points. 


ARES union of segments AB, BC, CD, DA determine a 
quadrilateral is a figure of the form as re- 
odel in Fig. 134. It has four vertices A, B; 
- Ifthe three of the vertices are collinear 
€ reduced to a triangle. So any three vertices 
al should not be collinear. The second condition 


;D. These are coplanar 
then the figure will h 
of a quadrilater 
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has beca imposed to exclude the figure of the form Fig. 133. 
This figure is certainly not a quadrilateral. In this case AD and 
BC intersect at O which is not an end point of either of these. 


B 
D C 


A B 


Fig. 134. Fig. 135. 


As already stated the four points A, B, C, D are called the 
vertices of a quadrilateral. The four segments AB, B2, CD, DA are 
called the sides of the quadrilateral. ‘The vertices which are the 
end points of the same side are called consecutive vertices. The 
vertices which are not consecutive are said to be opposite. Two 
sides of a quadrilateral which have a common vertex are called 
consecutive sides. The sides which are not consecutive are called 
opposite sides. The segments joining the opposite vertices are called 
diagonals. While naming the quadrilateral by listing its vertices, we 
agree to follow the following convention. 


(1) The vertices that are listed D 
adjacent to each other should be the 
end points of the same side. 


(2) The first and the last 
vertex listed will be the end points 
of the same side. 


A G 

According to this convention, 
this figure can either be named as 
ABCD or BCDA or CDAB or 
DABC or ADCB and so on. but not 
as ACBD or BDCA. 

B 
Convex Quadrilaterals. In Fig. 136. 


Chapter V, we haye defined that a set of points is convex iff (if and 
only if) any segment whose end points both belong to the given set, 
lie entirely in the set. If we apply the definition of convexity of a set 
to the set of points that make the interior of an angle or the interior 
of a triangle, we find that both the interior of an angle and the 
interior of a triangle are convex sets. If we take any two points 
A, B in the interior of an angle or a triangle, then the segment AB 
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entirely lies in the interior of the angle or the triangle 


A A. 


Fig. 137. 


But interior of a quadrilateral may not always be a convex set, 
Union of segments AB, BC, CD, DA may determine any one of the 
quadrilaterals in Fig. 138. 


Now the physical model I of quadrilateral ABCD is one whose 
interior is a convex set as if we take any two points P, Q in its 
interior, the segment PQ lies entirely in the interior of the quadrila- 
teral. It is not the case with the physical model II of the quadrila- 


D 
€ 
A C P 
p 
Q II 
B A B 


Physical model I Physical model II 


Fig. 138. 


teral. If we take any two points P, Q 
segment PQ does not entirely lie in its 
of this quadrilateral is not a convex set 


in the interior of this set, the 
interior. Hence the interior 


It will be seen that in the case of a convex i i 
t wil See n x quadrilateral, if any 
one of its sides (AB say) divides the lane of th ri vo halt 
planes H; and Hy, then its remain; P ai it o Md 


half planes. We define a co 


ex Quadrilateral). A quadrilateral is 
5 sides lies in the edge of the half 
the quadrilateral. 

Two angles of a conve 
if these have a side of the 
which are not consecutiy 


X quadrilateral are said to be consecutive 


quadrilateral in common. The angles 
€, are said to be Opposite. 
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After having defined a quadrilateral, we define a polygon on 
the pattern of the definition of a quadrilateral and it is as follows. 

Definition IX (9). (Polygon). If P, Po, Ps, .. 
n coplanar points with 7:23 and if the n segments P,P, P; 
P,P, determined by these points are such that : 


(1) No two segments which have a common end point are 
collinear. 


(2) No two segments intersect excepting at their end points. 


Then the union of the segments PIP, PP, PaPa, o oPPEPS 
determine a quadrilateral PyP,P,, ..., Pr- 


The » points Py, P, P,.., P, are called the vertices of 
the polygon. The;; segments P,P., PP, PaPa +> PnP, are called 
the sides of the polygon. A polygon having n vertices has n 
sides. Inthe definition of a G 
polygon, condition (1) has been 
imposed to exclude the possibility 
of a polygon determined by 7 
vertices having less than 7 sides. 
The condition (2) has been im- 
posed to exclude the figures like 
the one given opposite. 


The angle determined by 
any two segments with a com- 
mon vertex is called the angle 
of the polygon. Two vertices of 
the polygon which are the end 
points of the same side are 
called consecutive vertices. Two 


Fig. 139. 

sides of the polygon which have a common end point are called 
consecutive sides. The segment joining two  non-consecutive 
vertices is called a diagonal. We follow the same convention for 
naming the polygon as we do for a quadrilateral. A polygon can 
be a convex or it may not be convex. We define a convex polygon 
as follows, 


Definition IX (10). (Convex Polygon). A polygon is convex 
iff each of its sides lies in the edge of the half plane, that contains 
the rest of the polygon. 


A polygon having all its sides congruent to each other and 
also all its angles congruent to each other is called a regular polygon. 


From the definition of a polygon that we have given here, it 
will be clear that a triangle isa polygon having three vertices, a 
quadrilateral is a polygon having four vertices etc. A polygon having 
five vertices is called a pentagon. Following table shows the 
Names of different polygons based on the number of vertices they 
ave: 


Vertices Name Vertices Name 
a Triangle 8 Octagon 
4 Quadrilateral 9 Nonagon 
5 Pentagon 10 Decagon 
6 Hexagon 12 Do-decagon 
7 Heptagon 15 Penta-decagon 
n n-gon. 


A polygon having all its angles congruent is called an. equi- 
angular polygon. 


A polygon having all its sides congruent is called an equi- 
lateral polygon. 


A polygon which is both equiangular and equilateral is called 
a regular polygon. 


The interior of a convex polygon is the intersection of all the 
half planes each of which has a side of the polygon in its edge and 
contains the rest of the polygon. 


Theorem IX (12). The sum of the measures of angles of a 
convex polygon of 7 sides is (n—2)180. 


To prove this theorem, we prove the following statement. 


(1) A triangle is a. convex "polygon of three sides and sum of 
the measures of its angles is (3— 2)180. 


(2) The sum of measures of angles of a convex quadrilateral 
(A convex polygon of four sides) is 360 or (4—2)180. 
po!yg 


(3) The sum of measures of angles ofa convex polygon of 
5 sides is (5—2)180 etc. etc. and then we generalise and prove that 
the sum of the measures of angles of a convex polygon of n sides 


is (n—2)180. $ 
Proof. 


C Statement 1. We have already 
proved that the sum of measures of 
angles of a triangle (A triangle is a 
convex quadrilateral of three sides— 
the interior ofa triangle being always 
convex) is 180 which we can write as 


(3—2)180. 


A B Statement 2. The sum of measur- 
es of angles of a convex quadrilateral 
Fig. 140. is 360. 


Statement 


(1) If AB divides the plane 
of the quadrilateral 
into two half planes 
then BC, CD, AD lie in 
the same half plane 


(2) D lies on C-side of AB 


(3) If BC divides the plane 
of the quadrilateral 
into two half planes 
then BA, AD, CD lie in 
the same half plane 


(4) D lies on A-side of BC 


=> > 
(5) BD lies between BC and 
> 


BA 

(6) mZABC=m 7 ABD+ 
m/ DBC 

(7) mZADC=m Z ADB+ 
mZCDB 


(8) mZ DAB4-m Z ABD4- 
m / ADB—180 


(9) m Z DBC4-m / BCD4- 
m / CDB—180 


(10) mZ DAB4-mZ ABD 4 
m / ADB4-m / DBC+ 
m/BCD + mZCDB 
= 360 


mZDAB-+ (m Z ABD4- 
m/ DBC) + (m Z ADB 
+m /CDB)+mZBCD 
=360 


m / DAB4-m ZABD+ 
m / ADC4-m / BCD 
=360 


(13) mZA+mzB+mZD 
+m / C=360 


(11) 


(12) 
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Reason 


(1) Definition 
quadrilateral 


(2) CD and AB do not have 
any point in common or 


CD N AB=¢ 


(3) Definition of a 
quadrilateral 


(4) AD N B6—4 


(5) Statements 2 and 4 


(6) Angle Addition Postulate 

(7) Reasoning as for statement 
6 

(8) Angle sum property of a 
triangle 


(9) Angle sum property of a 
triangle 


(10) Statements 8 and 9 
(11) Statement 10 


(12) Statement 11 


(13) Statement 12. 


of a convex 


convex 
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Statement II. 
(5—2) 180. 


The sum of measures of a convex pentagon is 


E D 


A B 


Fig. 141. 


Statement 


(1) C, D are on E-side of 
AB 

(2) C, D are on B-side of 
AE 


> > 
(3) AC and AD lie between 
> 


ae 
AB and AE 


> > 
(4) AC lies between AB 
> 
and AD 
(5) mZ A=m Z EAD+ 
mZDAC+m/ CAB 
(6) mZC=m/7 BCA+ 
m/ ACD 
(7) m/D-—m/CDA4- 
m/ADE 
(8) m / CAB+-m / ABC4- 
m ZBCA=180 
(9) mZACD+m/CDA+ 
m / DAC=180 
(10) mZADE+m/DEA+ 
mZEAD=180 
(11) mZA+mZB+mzC 
+mZD+m/E=540 
(12) mZA+m/B+m/C 
~m/D+m/E 
=(5—2) 180 


Reason 


(1) ABCDE is a Convex Poly- 
gon. Hence CD N AB=¢ 
and DENAB=¢ 


(2 ABCDE is a 


Convex 
Polygon etc. 


(3) Statements 1 and 2 


(4) Reasoning as for statement 
3 


(5) Angle Addition Postulate 


(6) Reasoning similar as for 
statement 3 


(7) Reasoning similar as for 
statement 3 


(8) Angle-sum property of a 
triangle 

(9) Angle-sum property of a 
triangle 


(10) Angle-sum property of a 
triangle 


(11) Statements 5, 6, 7, 8, 9, 10 


(12) Statement 11. 
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*We have proved that : tores . 

(a) The sum of measures of angles of a Convex Polygon of 
3 sides is (3—2) 180. s" 

(b) The sum of measures of angles of a Convex Polygon of 
4 sides is (4—2) 180. 1 

(c) The sum of measures of angles ofa Convex Polygon of 
5 sides is (5—2) 180. \ 

We can generalise and assert that the sum of measures of angles 

of a convex polygon ofn sides is (n —2) 180. 


Mathematically speaking this proof is not very rigorous but 
it can very well serve the pucpose of this course. 


Corollary 1. The measure of each interior angle of a 
(n—2) 180 
1 


regular polygon of m-sides is ; 


Corollary 2. The sum of the measures of exterior angles of 
a polygon of any number of sides formed by extending each of its 
sides in succession is 360. 


As A, 


O A; cs d 
Fig. 142. Fig. 143. 

Hint. Atcach of the n-vertices O, Aj, As, Ag,...;An—1, the 
sum of the measures of an angle (interior angle) of a polygon and 
its adjacent interior angle is 180. Hence the sum of the measures of 
all the exterior and interior angles is 1180. We have already 
proved that the sum of the measures of angles of the polygon (interior 
angles) is (1—2) 180. Hence the sum of the measures of exterior 
angles is n x 180 —(n—2) 180 22x 180=360. 

Parallelogram. Now we define a special and a very 
important type of quadrilateral which is known as a parallelogram. 
Before we do so, we review our definition of parallel segments 
which states that two segments are said to be parallel iff the lines 
that contain them are parallel. 

Definition IX (11). (Parallelogram). A quadrilateral having 
cach of its sides parallel to the side opposite to it, is known as a 

parallelogram. A parallelogram is denoted by || 2”. 


The definition of a || *? points to the fact that a || " is a convex 
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quadrilateral. After having defined a ||?", we prove the following 
very important theorems. 


Theorem IX (13). Opposite sides of any |? are congruent- 


Given: || 9" ABCD in which AB || CD and BC li AD. 
To prove that: (i) AB=CD (ii) BC SAD. 

D (63 

A B 
Fig. 144. 
. Proof. 
Statement Reasom 

(1) ZCBD=/BDA (1) Alternate Interior Angles 
(2) ZBDC= / ABD (2) Alternate Interior Angles 
(3) BD=BD 


(3) Any segment is congruent 
to itself 


(4) I—1 correspondence (4) A.S.A. theorem, 
ABDeBCD is a con- 
gruence and AABD= 
ABCD 


(5) Corresponding parts off 
congruent triangles. 
Theorem IX (14). Opposite angles of any parallelogram. 


are congruent. 


, Proof. In theorem IX (13), we proved that AABD=/\BCD 
which implies that ZAS G. By proving 1—1 correspondence 
ACBeCAD a congruence and AACB& ACAD, we can prove that. 


Theorem: IX (15). The 


diagonals of a parallelogram: 
bisect each other: 


Given: |f?" ABCD: Dia- 
gonals AC, BD have a common 
point O. (ACH BD. Why ?) 


To prove that :. (i) GALOC 
Fig. 145, (ii) OB eor. 
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Proof. dinis 
Statement Reason 

(1) ZOAB= ZOCD (1) Alternate Interior Angles 

(2) ZOBA= Z ODC (2) Alternate Interior Angles 

(3) AB =cD (3) Theorem IX (13) 

(4) 1—1 correspondence (4) A.S.A. theorem 


OAB#OCD is a con- 
gruence and AOAB= 
AOCD 


(5) OA =0C and op z op (5) Corresponding parts of 


congruent triangles. 


Theorem IX (16). If oppo- D C 


site sides 


of any quadrilateral 


are congruent then the quadri- 
lateralis a || ?", 


Given : A quadrilateral ABCD 
in which AB=CD and BC &AD. 


To prove that : Quadrilateral 


ABCD isa ||". A B 
Proof. Fig. 146. 
Statement Reason 
(1) ABzCD ; BC =AD (1) Given 
(2) AC =CA (2) Any segment is congruent 
to itself 
(3) 1—1 correspondence (3) S.S.S. Theorem 
ABCeCDA is a con- 
gruence and AABC& 
ACDA 
(4) ZBAC=/ACD and (4) Corresponding parts of 
4 BCAzz / CAD congruent triangles 
(5) AB l| CD and BC || AD (5) Statement 4 ; As these are 


pairs of alternate interior 
angles. 


This theorem is converse to Theorem IX (13). 


~ Theorem IX (17). [Converse 


D C to theorem IX (15)]. If the diagonals 
AXES. of a quadrilateral bisect each other, 
then the quadrilateral is a || ?", 
Given : A quadrilateral ABCD. 
/ The diagonals AC and BD bisect 
í each other at O. (AOz OC and 
BO =OD ). : 


B To prove that: Quadrilateral 
Fig. 147. ABCD isa || 9”. 


Proof. 

Statement 
(1) AO =0C and Bo exób 
(2) ZAOBz/ DOC 


(3) 1—1 correspondence 
AOBeCOD is a con- 
gruence and AAOB= 
ACOD 


(4) AB=DC 
(5) BC=AD 


(6) ABCD is a || 7, 


Theorem IX (18). 
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Reason 


(1) Given 
(2) Vertical angles 
(3) S.A.S. Postulate 


(4) Corresponding parts of 
congruent triangles 


(5) By similar reasoning as for 
statement 4 


(6) Statements 4 and 


5; 
Theorem IX (16). 


If two sides of a quadrilateral are con- 


gruent and parallel, the quadrilateral is a § 2". 


Given: Quadrilateral ABCD in which AB &CD and AB || CD. 


To prove that : 


D 


ABCD is a || 9™, 


C 
A B 
Fig. 148. 
Proof. 
Statement Reason 
(1) AB zcp (1) Given 
(2) AB || CD (2) Given 
(3) ZBAC=/ DCA (3) Alternate interior angles 
(4) AC=CA (4) Any segment} is congruent 
to itself 
(5) 1-1 correspondence 


BACeDCA is a con- 


gruence and ABAC~ 
li ADCA 


(5) S.A.S. Postulate 
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(6) BC=AD (6) Corresponding parts of 
congruent triangles 
(7) Quadrilateral ABCD is (7) Theorem IX (16). 
a ee: 
. Definition IX (12). (Rhombus) :—A ||" which has two 
adjacent sides congruent is called a rhombus. 


Since the set of rhombuses is a subset of set of parallelograms, 
every theorem that has been proved for the set of parallelograms 
will also be true in the case of a rhombus. From the definition it 
dear that measures of all sides of a rhombus are equal to each 
other. 


Definition IX (13). (Rectangle). A ||" having one of its 
angles a right angle is called a rectangle. 

From the definition itis clear that the measure of each angle 
of a rectangle will be 90. 


. Definition IX (14). (Square). A rectangle having two 
adjacent sides congruent is called a square. 


From these definitions we can state the following : 

(1) The set of squares is a subset of set of rectangles. 

(2) The set of rectangles is a subset of set of parallelogrames. 

(3) The set of squares is a subset of set of rhombuses. 

Further we can state that : 

(a) Measure of all the sides of a rhombus is same. 

(6) All the angles of a rectangle are right angles. 

(c) All the angles of a square are right angles. 

(d) Measure of all the sides of a square is same. 

The reader is advised to prove these results with the help of 
theorems that we have proved for parallelograms. 

A square or a rhombus can be called an equilateral ||" while 
à square or a rectangle can be called an equiangular |l". 


Theorem IX (19). The diagonals of a rhombus are perpendi- 
cular to each other. 


D C 


200 


Given: A rhombus ABCD. Diagonals AC and Bp intersect 


at O, 
To prove that: AC | BD. 
Proof. 
Statement Reason 
(1) ABe&BC (1) Given. ; ABCD is a 
x rhombus 
(2) Ao0zoc (2) ABCD isa || ?". 
(3) OB=OB (3) Any segment  con- 


gruent to itself 
(4) 1—1 correspondence AOB (4) S.S.S. Theorem 
«COB is a congruence and 
AAOB= A COB 
(5) ZAOB= 7; BOC (5) Corresponding parts of 
congruent triangles 


(6) ZAOB, /BOC form 


a linear pair 


(6) mZAOB+m/BOC=180 

(7) Measure of each of / AOB, (7) Statements 5 and 6 
ZBOC is 90 

(8) BD.LAC 


Theorem IX (20). If three or more parallel lines intercept 


congruent segments on one transversal, then they intercept congruent 
segments on any other transversal, 


(8) Statement 7. 


Fig. 150. 


Given : Three parallel lines AB, CD and EF anda transversal 
GHi intersecting them a K, L, M respectively such that KL&LM.- 


Any other-transversal jPi intersects them in U,V,W respectively. 
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To prove that : UV=vw:- 
Proof. 


Statement Reason 


4 - 
(1) There exists a line QS ||GH (1) Parallel Postulate 


through V 

<< < < i 
(2) QS intersects AB in Rand EF (2) Through any point, 

in T there is atmost onc 


line parallel to a given 
line and. excepting the 
given line it must 
intersect every other 
line in the same plane 


<? = 
(3) Quad. LVRK isa parallelo- (3) KR || LV (given) and 


gram o e 
KL || RV (State- 
ment 1) 

(4) VREKL (4) Opposite sides of a 
parallelogram 

(5) VI=LM (5) Reasoning similar to 
the one for statement 4 

(6) KL=LM (6) Given 

(7) VR=VT (7) Statements 4, 5, 6 

(8 ZURV=ZVIW (8) Alternate Interior 
Angles 

(9) ZUVR=ZTVW (9) Vertical angles 


Bs 1—1 Correspondence URV | (10) A.S.A. Theorem 
«WTV is a congruence 
and AURVe&AWTV 


(11) UV=Vw (11) Corresponding parts of 
: congruent triangles. 


Above we have proved the theorem in the case when the trans- 
versals GH and JP are not parallel to each other. It is possible, of 
course, that these may be parallel. In such a case KLVU will be 
a parallelogram and hence KLeUv. Also LMWV will bea paral- 
lelogram and hence LM&=VW. As we are given that KL=LM so we 
artive at the result that UV=VW- 


Another possibility is that the transversals GH and Jp meet at 
K (as shown in Fig. 151). We can proceed to prove this case in the 
same manner as we proved the first case. 
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Yet another case will be that when the two transversals meet 
at L (as shown in Fig. 152). In this case we will prove that 1—1 


Fig. 151. Fig. 152. 


correspondence ULK-WLM is a congruence and AULK~ A WLM. 
as KL=LM (given) and / ULK~ / WLM (vertical angles) and 
ZUKL= / WML (alter nate interior angles). Hence we prove that 
UL=LW or Uyevw. 


Problem Set 
A 


(1) Prove that if the lines P, q, r are coplanar and if p || q and 
glir then pjjr (Transitivity relation of parallelism between two 
parallel lines). 


Given : Coplanar lines P, d, r such that p || q and qlr. 
To prove that : p Ir. 


Proof. (i) Assume pAr. Then p and r intersect. Now p || ¢ 

and r || q and p and r intersect ata point A, say. It implies that 
through A, the point of intersection of 
P and r, two lines p and r are parallel 
to the same line q which contradicts 
the parallel postulate, Hence the 
assumptions that ‘pier < has? er Be 
abandoned. Hence the only other 
alternative that P | r has to be accepted. 


(2) Ifa line intersects one of two 
parallel lines, it intersects the other. 
(It immediately follows from the result 
of problem 1. If Pilg and r and p 
Intersect at A, then riq as otherwise 
Fig. 153, there will be two lines through A 

parallel to the same line q-) 
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. - (3) In a plane, any two lines that are parallel to the third* 
line are parallel to one another. 


: (p|randg|r. Assume pig. Then through the point of 
intersection of p, q two lines p and q are parallel to the same line r.) 


' (4) Through a given point, there can be only one line parallel 
to a given line. [Through a point, there exists atleast one line || to* 
a give line. . (Why ?) Also there is atmost one line through a point 
parallel to a given line. (Why ?)] 


" are > 
(5) A ray AB is parallel to a line p and also a ray AC 


> > 
is parallel to'the same line p. Prove that AB and AC are opposite: 


> > 
rays. Given that AB and AC are distinct rays. 
B 


(1) If two coplanar lines are intersected by a transversal such: 


that a pair of alternate exterior 
angles are congruent, then the 


lines are parallel. 1/2 

[In this figure (1, 8) and 3] EE 
(2, 7) are the two pairs of alter- 4 
nate exterior angles.] 5/6 

(2) If each of the two 718 


coplanar lines is perpendicular 
to the same line then the two 
lines ars parallel. y 


(3) In this figure given Fig. 154. 


Fig. 155. 


A 
that / ABCzz / BCD ; BE is the angle bisector of ZABC and 
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mt A > e 
CF is the angle bisector of /BCD. Prove that (i) AB| CD 


|] J: 
(i) BE || CF. 


(4) If two coplanar lines form interior angles with a transversal 
«which are equal in measure, the lines are parallel. 


(5) If two coplanar lines form corresponding angles with a 
transversal which are equal in measure, the lines are parallel. 


(6) If two coplanar lines form supplementary interior angles 
‘on the same side of a transversal, the lines are parallel. 


(7) Write any five ways of proving two lines to be parallel. 


(8) If two coplanar lines form a pair of supplementary exterior 
angles on the same side of a transversal, the lines are parallel. [In 
the figure of problem 1, (2, 8) and (1, 7) are the two pairs of exterior 
angles on the same side of a transversal.] 


(9) The lines which are perpendicular to the same line arc 
parallel to one another. 


(10) Two line segments AB and CD have a common point E 
such that AE&-EB and CEc-ED. Prove that AC || DB and AD || CB. 
(11) A transversal intersects two parallel lines. 


s Prove that the 
lines that are angle bisectors of pair of alternate angle 


s are parallel. 


< -— + “e — ier cc 
(12) AB || CD . PQ intersects AB in E and CD in F . EG bisects 


> E — 
angle / AEF and FG bisects Z CFE . EG and FG have a point G in 
‘common. Prove that m/ EGF— 90, 


c 


(1) If a line coplanar with two 


arallel lines is perpendicular 
to one of the two parallel lines then it r ue 


is perpendicular to the other. 


P, q are perpendicular respectively to 


(2) If two coplanar lines 
ct and m (pl! and qm) then p and q will 


two intersecting lines / 
antersect. 


(3) A line through the vertex of a 


n isosceles triangle parallel to 
the base will be the angle bisector of ex fe a 


terior angle at the vertex. 
(4) A line that intersects one of the two congruent sides of an 


isosceles triangle and is parallel to the other, forms another isosceles 
triangle. 


. T = ld —> = 
(5) Givena AABC . BD | BC. CE l| BD.BA is the angle 


Ly 
bisector of / DBC and CA is the angle bisector of / ECB. Prove 
that A ABC is isosceles. 
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(6) Prove that if two coplanar angles have their sides respec- 
tively parallel then the angles are congruent. 


D Ts 
Fig. 156. 
(7) Prove that if two coplanar angles have their sides respec- 
tively anti-parallel, then the angles are conguent. 


A 
em 
i > 
B C v 
E P 
EE 
F 
Fig. 157. 


(8) Prove that if two coplanar angles have one side of eacl» 
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-parallel while the other side of each is anti-parallel then the given 
angles are supplementary. 5 s 


(9) Assume theorem IX(3) as a postulate and prove the parallel 
-postulate as a theorem. 


Given: (1) Two linesp, y having a common point A and the 
"line p is parallel to the other line r. (2) Alternate interior angles so 
formed are congruent. 


To prove that: qr. 


e 

Proof: Let EF be the trans- 
versal containing A. Let this trans- 
versal divide the plane containing 
these lines into two half planes Hi 
and H}. 

Let C€ p be in H, and Der 
be in H}. 


Fig. 159. 
Statement Reason 

(1) pir (1) Given 
(2 ZCAG=/DGA (2) Alternate interior angles 

> -> 
(3) AC and AB are distinct (3) p and q are distinct lines. 

rays 
(4) mZCAG4mZBAG (4) Angle construction postu- 
late. 

(5) mZBAGAm ZDGA (5) Statements 2 and 4 
(6) gir (6) Theorem IX/3 which has 


been assumed as postulate. 
In fact we should have assumed g | r and then we should have 
«proved that it leads to a contradiction of the theorem IX(3) which we 
,assume as a postulate. 
(10) Assume the result of problem 1 (Ifa line lies in the plane 
„of two parallel lines and is perpendicular to one of them then it is 
perpendicular to the other) as a postulate and prove the parallel 
„postulate as a theorem. 
2s 
(11) Given an angle ZABC. BR is the angle bisector of / ABC. 
> > > : = 
PEBR. PX || BC have a point D in common with DA. Prove that 
‘ is isosceles. 
/ABPD is isos 5 
(1) Given 1—1 correspondence between the vertices of two 
4riangles ABCDEF. If two pairs of corresponding angles are con- 
æruent then the third pair of corresponding angles is also congruent. 


CL Er ts c A El i di 
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(2) AABC isa right A with mZA=90. Prove that Z B and 


ZC are complimentary. 


(3) Can you prove the angle-sum property of a triangle with- 
out making use of parallel postulate ? If not, why not ? 


(We use parallel postulate in proving alternate interior angles 
congruent. Also it assumes that there is one and only line through 
C parallel to base AB). 


(4) Can you preve the strong form of exterior angle theorem 
without making use of parallel postulate ? If not, why not ? 


(5) The bisector of an exterior angle at the vertex of any 
triangle is parallel to the base iff the triangle is isosceles. (The use of 
“iff” in the statement implies that both the theorem and its converse 
is to be proved.) 


(6) Given a right AABC with mZA=90. D C BC such that 
DA = DB, prove that DB & DC. 


(7) Given a right AABC with m/ A—90. DC AB, E € BC and 
F € CF such that A—D—B, B—E—C and C—F—A and BDS BE 
and CE & CF, prove that m / DEF—45, 


(8) Given a AABC with / C an obtuse angle. Prove that the 


e 
foot of perpendicular from A to BC is nota point of segment BC. 
[Assume D € Bc. If D=B, then 
m/B=9) and mZC>90 (given). A 
Then the sum of measures of angles of 
AABC is more than 180 which contra- 
dicts angle-sum property of a triangle. 

Now let DEBE such that B—D—C, then 

m / ADB=90 and then mZADB<m/C 

and this contradicts the weak form of 

exterior angle theorem. Now assume 

D—-C. It contradicts the hypothesis D C B 
that / C is obtuse.] Fig. 160 


(9) Without using angle-sum property ofa triangle, prove that 
if AABC and ADEF have AB = DE, /ABCz/DEF and 
Z BCAz / EFD then AABC= ADEF. 


(10) Prove that in a triangle, there can be only one right angle 
or one obtuse angle. 


(11) If two right triangles have the hypotenuse and one acute 
angle of the one congruent respectively to the hypotenuse and one 
acute angle of the other, the triangles are congruent. 
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(12) Prove that in an isosceles triangle the altitudes on congruent 
sides are equal in measure. 


(13) The perpendiculars from any pointin the bisector of an 
angle to the sides of the angle are equal in measure. 


k (14) Perpendiculars from any point in the base ofan isosceles 
triangle to the congruent sides make angles with the base which are 
equal in measure. 


(15) Following is a proof for angle-sum property of a triangle. 


Proof: Assume that the sum of A 
the measures of angles of any triangle is y 
constant and equals k. 
(1) mZA+m/B+mZC=k. 
(2) mZ BAD-4-m/ B4-m/ ADB 
k 


(3) mz CAD4-m 7 C 4-m ZADG ` 


=k. B D G 
(4) mZ BAD+m/ CAD—m/ A. Fig. 161. 


(5) mZ ADB+mZADC=180. 
(6) mZ BAD 4-m / B--m/ ADB-4-m / CAD4-m / C--mZ ADG 
=2k. 
(7) (m/ BAD4-m / CAD) 4-m /B+(m Z ADB4-m / ADC) 
Tm/GC-2k. 


(8) mZ A4-m7Z B--1804-m / C—2k. 
(9) (mZA+m/B+mZC)+180=2k. 
(10) k+180=2k. 
(11) 180=k. 


Hence the sum of measures of angles of a triangle is 180. In 
this proof we have made use of some assumptions which you are 
required to list down. Have we made use of parallel postulate or any 
statement logically equivalent to parallel postulate in the proof of 
this theorem ? Have we directly or indirectly made use of strong 
form of exterior angle theorem ? 


(16) If the bisector of an angle of a triangle and the perpendi- 
cular bisector of the opposite side do not coincide, prove that their 
intersection is always a point in the exterior of the triangle. (This 
problem tells the flaw in our proof of the theorem : ‘Prove that 
every triangle is isosceles’ given in the first chapter in which although 
the bisector of / A and the right bisector of BC do not coincide, vet 
we have taken their intersection to be in the interior of the A.) ES 


Hint. Consider any arbitrary triangle which is scalene. 
'There are three alternatives for the point of intersection of the 
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bisector of the angle and the right bisector of opposite side. (i) Either 
these intersect in the interior of the A or (i on the side opposite 
the angle or (iii) on the opposite side. Reject the first two alter- 
natives as these lead to the conclusion that the triangle that is 
being considered is isosceles, 


€ 
(17) Givena AABC. Disa point on BC such that D—B— C. 
e < 
E is a point on AB such that E—A-—B. Fis a point on AC such 
that A—C—F. Prove that mZ EAC--m / DBA +m / FCB—360. 


(18) The angle bisectors of / B and ZC ofa AABC meet in 
O which lies in the interior of AABCG. Prove that mZ BOG-90. 


= 
(19) Given a AABC. Disa point on BC such that B—C-—D. 


— => 
BE is the angle bisector of ZB and CF is the angle bisector of 


— — 
Z. ACD. BE and CF has a common point P. Prove that mZBPC=} 
mZA, 


e 
(20) Given a AABC. D isa point on AB such that A--B—D. 
= > 
E is a point on AC such that A—C—E. BF is the bisector of / CBD 
— 


— > 
and CG is angle bisector of ZECB. BF and CG have a point P in 
common. Prove that mZBPC=90—4 m/ A. 


a 

(21) Given a AABC. AD is the angle bisector of ZA and 
AE | BC. Prove that mZEAD=}(m/B—m/C) if m/B»m/G 
and m/ EAD—1 (mz C—m B) if m/9B«m/ C. 


(22) The sides of an n-gon are produced to form a star shaped 


figure. Prove that the sum of measures of angles at the vertices is 
2(n—4). 


(23) Find the number of degrees in each interior angle of a 
(i) regular pentagon (ii) regular hexagon (ii) regular heptagon 
(iv) regular octagon (v) regular decagon (vi) regular polygon of 
20 sides. 

(24) As the number of sides of a regular polygon, does the 
measure of exterior angle increase or decrease ? What about the 
measure of an interior angle ? What is the measure of smallest 
interior angle that an equiangular polygon may have ? 


(25) Find the number of sides of a polygon ifthesum of 
measures of its interior angle is twice the sum of the measures of its 
exterior angles. 
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(26) ABCDE is a regular pentagon. DF | AB such that 
A—F—B. Prove that F is mid-point of AB. 


(27) Prove that the opposite sides of a regular hexagon are 
parallel. 


(1) Prove that two parallel lines are everywhere equidistant. 


(2) Prove that if the diagonals of a ||?" are perpendicular to 
each other, the || 2” is equilateral. 


(3) Prove that every pair of consecutive angles of a ||?" are 
supplementary. 


(4) Prove that if the diagonals of a ||?" bisect every angle 
angles at the vertices that each diagonal joins) then the || 2” is 
( o 
equilateral. 


(5) The joins of mid. points of opposite sides ofa ||?" divides 
itinto four congruent parallelograms. (Write your own definition 
of congruent parallelograms on the lines of definition of con- 
gruent triangles.) 


(6) If one pair of opposite sides of a quadrilateral is parallel 
to each other while the other pair is congruent to each other, will 
this quadrilateral be a |?" ? Give arguments in support of your 
answer. Provethatifa pair of opposite sides of a quadrilateral 
are congruent as well as parallel the quadrilateral isa {| 9. 


(7) Prove that if the diagonals of a ||?" are congruent then 
the || 9” is a rectangle. 

(8) The joins of mid. points of four sides of a [| 9" determine 
another || 2”. 


(9) If the diagonals ofa rectangle are perpendicular to each 
other, then the rectangle is a square. 


-N 


mec, À 
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(10) The angle bisectors of the angles ofa || 7n (if it is not a 


rhombus) determine a rectangle. What happens when the |] 2” isa 
rhombus ? 


(11) The segment determined by the mid. points oftwo sides 


of a triangle is parallel to the third side and half as long as the 
third side. 


Given: (ABC. D is mid. point of AB and E is mid. point of 


BC. 
B 
D HAF 
A 
Fig. 163. 
To prove that: (i) DE || AC (ii) mDE =$ MAC: 
Proof. 
Statement Reason 
(1) There exists a point F (1) Point plotting theorem 
> 
on DE such that DE = 
EF 
(2) BE =EC (2) Given 
(3) ZBED=/FEC (3) Vertical angles 


(4) 1—1 correspondence (4 
BEDeCEF is a con- 
gruence and ABED= 


2 


S.A.S. Postulate 


ACEF 

(5 ZBDE= /EFG (5) Corresponding parts of con- 
gruent triangles 

< - 

(6) BD || FC (6) Statement 5; As alternate 
interior angles are con- 
gruent 

(7) BD =FC (7) Statement 4; Corresponding 


parts of congruent triangles 
(8) BD SDA (8) Given 


(9) FC =D 


e €r 
(10) DA | FG 
(11) DACF isa | ?? 


(12) DE || AC 
(13) DF &AC 


(14) mpE —imAC 


(15) DE ll AC 
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(9) Statements 7 and 8 & 


me os 


(10) Statement 6 ; BD=DA 


(11) Ifa pair of opposite sides 
of a quadrilateral are con- 
gruent as well as parallel 
then it is a || 9" ; Theorem 


IX (18) 
(12) Opposite sides of a || 7” 


(13) Opposite sides of a [| °™ 


(14) mDE =} mDF; State- | 
ment 12 


(15) Statement 12. 


(12) Given a ||?". ABCD. On the diagonal AC, there are 
points E, F such that A—E—F-—C and AE&-FC. Prove that DEBF 


is a || ?". 


(13) Given AABC and ADEF such that AD || EC and EC || FB. 
Also AC || DE and CB || EF. Prove that ABFD isa [|?". 


D 


F 


Fig. 164. 


Hint. Prove that ACED is a||?", ECBF is a||?"». and 
hence AD =EC and EC =FB. Therfeore, AD FB. Also AD || FB. 


(14) Given an isosceles AABC with ABeAC. D isa point in 


BC such that B—D—C 


E isa point in AB such that A—E—B and ^ 


DE || AC. F is a point in AC such that A~F—C and DF || AB. 


Prove that AEDF isa || ?", 


(15) ABC is an isosceles triangle with AB2AC. D, E,F are 


the mid. points of BC, AB, AC respectively. Prove that AEDF isa 


rhombus. 
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(16) Given a || ?* ABCD. E, F are the mid. points of AD, BC 
respectively. Prove that AFand ECtrisect the diagonal BD. (See 
problem 18.) 


(17) Prove that if the angle bisectors of two consecutive 
angles ofa || 9" have a point in common then they are perpendi- 
cular to each other. 


(18) Prove that the lines through opposite vertices of a ||?" 
and mid. points of opposite sides trisect a diagonal. 


A E B 
Fig. 165. 


Given: A ||"" ABCD. E is the mid. point of AB and F is the 
mid point of CD. DE intersects AC in G and BF intersects AC in H. 

To prove that: (i) AG2=GH and (ii) GH SHC. 

Proof. The ordering of points G, H on AC will be A— G— 
H-—C as B, F lie on the oppoiste to A-side of DE and hence A—G—H. 
Similarly G—H—C as D, E lie on opposite to C-side of FB . 


Statement Reason 


(1) Through C, there exists a (1) Parallel Postulate 
line p, parallel to BF 


(2) EB =DF (2) Why ? 

(3) EB || DF (3) Why ? 

(4) DEBF is a || ^" (4) Statements 2 and 3 
Theorem IX (18) 

(5) BF || DE (5) Statement 4 


(6) p, BF, DE are parallel to (6) Statements land 5 
each other 


(7) CF =F (7) Given 


(8) cH =HG (8) Statements 6 and 7 
Theorem IX (20). 
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xe. ue 
By considering a line through A, parallel to anyone of DE, FB 
and by following similar reasoning as for CH= HG, we can prove that 


HG=GA. Hence we prove that the lines through opposite vertices 
ofa || 7" and mid. points of opposite sides trisect a diagonal. 


(19) E, F, G, H are mid. points of sides AB, BC, CD and DA 
of a quadrilateral ABCD respectively. Prove that EFGH isa [2n 
and hence prove that EG , FH bisect each other. 


(20) If one angle ofa ||?" is a right angle then all its re- 
maining angles are right angles and the || ?" is a rectangle. 


. _(21) ABCD is a square. P, Q, R, S are the mid. points of sides 
AB, BC, CD, DA respectively. Prove that AQ; AR, CP, CS enclose 
a rhombus. 


(22) ABCD isa|?" AC, BD intersect at O. MCAB such 


=~ 
that A—M—B. MO intersects CD in N. Prove that MOON. 


CHAPTER X 
LOCI 


The word locus, the plural of which is ‘loci’ is the Latin word 
meaning ‘place’ or ‘location’. These meanings of the word ‘locus’ 
donot at all explain the context in which it is used in geometry. In 
geometry, ‘the locus of the points’ is a geometric figure consisting 
of set of points and only those points that satisfy a given condition or 
set of conditions. A locus may consist of only a point or a line or 


several lines or a set of isolated points or a surface or a combination 
of these. 


In a traditional course in geometry, the locus of a point is 
generally defined as a path traced out by a moving point under cer- 
tain given conditions. The modern trend is to use ‘the locus of 
points’ rather than the ‘locus of a point’ and the concept of motion of 
a point is not very much accepted. 


In fact with the coming into popular use of set terminology, 
there is not very much need to retain the term ‘locus’. Mathe- 
maticians coined the word ‘locus’ to describe geometric problems 
involving sets of points. Now the term ‘locus’ is generally being re- 
placed by the term ‘set’ and it may not be very long before the term 
locus gets out of use in a course of geometry and is completely re- 


placed by the term set which has a universal applications in all 
Mathematics. 


We may, however, define locus as a geometric figure which 
satisfies the given condition or set of conditions and it contains such 
points which do not satisfy the given condition. Hence locus is in- 
clusive as well as exclusive. "Therefore, while proving a the-rem on 
locus, we have to show that the figure includes all those points that 
satisfy the given condition or set of conditions and at the same time 
excludes all those points that do not satisfy those conditions. There 


are two methods of attach for developing a proof of theorem on 
locus. 


Method I. To prove that every point on the figure , satisfies 
thegiven condition. Also to prove that every point that satisfies the 
given condition lies on the figure. 


Method II. To prove that every point on the figure satisfies 


the given condition or set of conditions and also every point not on 
the figure does not satisfy the given condition or set of conditions. 
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We can make use of any one of these methods according to our 
convenience. It will be clear from what is stated above that in a 
theorem on locus, we have to prove that a statement p is equivalent 
to statement q or pe»q. In other words we have to prove that 
D-q and q—p. So while proving a theorem on locus, we have to 
prove both the theorem and its converse. In fact a statement on 
locus is if and only if statement and should be proved as iff state- 
ment. In the language of sets, it can be said that for giving a com- 
plete proof of a theorem on locus, we have to prove that a geometri- 
cal figure consisting of set of points (Set A) is equivalent to set of 
points that satisfy the given condition or set of conditions (Set B). 


This implies that Set A=Set B or we have to prove that ACB and 
BCA. "s 


A statement involving the concept of ‘locus’ is :— 


‘In a plane, the locus of points "equidistant from two given 
points is the perpendicular bisector of the line segments joining the 
given points. (Please note the use of the word ‘points’.) 


This statement is equivalent to following two st 


(1) If a point lies on the perpendicular bis 
ment, it is equidistant from the ends of the line 


atements : 


ector of a line seg- 
segment, 


(2) If a point is equidistant from the ends of 
it lies on the perpendicular bisector of that line segm 


If we prove the above theorem b: 
we will illustrate the first method of p 


a line segment, 
ent. 


y Proving these two statements, 
roving a theorem on locus. 


Again this theorem is also equivalent to following two state- 
ments : 


(1) Ifa point lies on the perpendicular bisector of a line 
segment, it is equidistant from 


the ends of the line segment. 


: (2) If a point does not lie on the perpendicular bisector of a 
line segment, it is not equi 


distant from the ends of the line seg- 
ment. 


We can prove this theore 
This will illustrate our second 
We however intend to follow 
venient. However, we can s 
sets. This is as follows. 


m by proving these two statements. 
method of proving a theorem on locus. 
the first method as it is rather con- 
tate this very theorem in language of 


Theorem X (1). The perpendicular 
ment in a plane is the set of all points of the 
tant from the end points of the line segment. 


bisector of a line seg- 
plane that are equidis- 


First we will prove that ‘in a plane, 
pendicular bisector ofa line segment is 
points of the line segment’. 


every point on the per- 
equidistant from the end 
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Given : A line segment AB and a line p 1 AB at C. where G is 
the mid. point of AB (or AC&=CB). Also D is an arbitrary point lying 
on p. 

To prove that: D is equidistant from A and B or DA=DB. 

Proof. (1) If DCAB (or D lies on AB) then D=C. Hence 
D satisfies the given condition and there is nothing further to 
prove, 


(2) If D & AB, then: 


D 
A C B 
Fig. 165. 
Statement Reason 
(1) PLAB (1) Given 
(2) DOLAB (2) Statement 1 


(3) There is exactly one line 
containing A and D 


(4) There is exactly one line 
containing D and B 


(5) mZDCA=m / DCB=90 
(6) DC—CD 


(7) CAS=CB 

(8) 1—1 correspondence 
DCAceDCB is a congru- 
ence and ADCAezADCB 


(9) DA=DB 


(3) Postulate 2 


(4) Postulate 2 


(5) Statement 2 


(6) A line segment is congru- 
ent to itself 


(7) Given 
(8) S.A.S. Postulate 


(9) Statement 8 


(10) D is equidistant from A and (10) Statement 9. 
B 


Now we have to prove that ifa point is equidistant from the 


ends of a line segment, it lies cn the perpendicular bisector of that 
line segment. 
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Given: A line segment AB and C is the mid. point of AB. E is 
a point such that EA&EB. 
To prove that: E lies on the perpendicular bisector of AB. 


Proof. (1) If EC AB, then E=C and we have nothing further 
to prove as we have already proved that ata given point on a given 
line in a given plane, there exists one and only one perpendicular to. 
the line. 


(2) If EB then : 
E 


4 C B 
Fig. 167. 
Statement Reason 
(1) EAS ZEB (1) Given 
(2 ZEAC= / EBC (2) EAB is isosceles A 
(3) AC=CB (3) Given 
(4) 1—1 correspondence (4) S.A.S. Postulate 


ECA«cECB isa congruence 
and A\ECA=/AECB 


(5 ZECA= / ECB (5) Corresponding parts of 
congruent triangles 


> > 
(6) ZECA, /ECB form a linear (6) CA is opposite to CB 
pair 
(7) mZECA=m / ECB=90 (7) Statements 5 and 6 


(8) E lies on perpendicular bi- (8) Statement 7. 
sector of AB. 


Theorem X (2). The right bisectors (perpendicular bisectors) 
of the sides of a triangle are concurrent. 


Given: /\ABC. D, E, F are the mid. points of the sides AB, BC 
and CA respectively. 
a Hb prove that : 'The perpendiculars to the sides AB, BC and 
CA oa points D, E and F respectively are concurrent (meet at a 
point. 
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Proof. 
Statement 


Reason 


> > 


=> > 
(1) DK | AB and FM is perpen- (1) DK and FM are not 


5 
dicular to AC ; DK')FM—O 


(2) OA=0B 


G C 
F O(E) 
A D B 
Fig. 168. 
(t 
F E 


A 
Fig. 169. 


(3) oAeoc 

(4) oBeoc 

(5) O lies on perpendicular bi- 
sector of BC 

(6) O lies on the perpendicular 
bisectors of AB, AC, BC 


(7) The perpendicular bisectors 
of sides of a triangle are con- 
current 


parallel to each other 
(why ?) ; hence meet at a. 
point 


= 
(2) Theorem X (1) OC DE 


O 


me 
M 
D B 


=> 
(3) Theorem X (1); OE FM 
7(4) Statements 2 and 3 


(5) Statement 4 
Theorem X (1) 


(6) Statements 1 and 5 


(7) Statement 6. 
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The point of concurrency of the perpendicular bisectors of sides 
of a triangle is called circumcentre, 


Theorem X (3). Ina triangle, the altitudes are concurrent. 


Given: AABC. AD, BE, CF are the attitudes respectively to 
the sides BC, CA, AB. 


To prove that : AD, BE, CF are concurrent. 
Proof. Now either the triangle ABC is right angle, obtuse 

angle or acute angle. We have already A 
Proved that [Problem D (8) Chapter 
TEXTU HE ZAG of AABC is obtuse angle 
then the foot of perpendicular from A to 
BC is not a point of segment BC, On 
similar lines we can prove that if all the D 
angles of a triangle are acute then the 
foot of perpendicular from any vertex 
to the opposite side is a point of that 
side, 

., Now in case the given triangle is a 
right triangle, then the altitudes are con. B G 
current. Let ABC be the right triangle 3 
with m/B—90. Now Apis the altitude Figo 
to BC and BC is the altitude to AB with B being the common point 
between the altitudes. Altitude BE to AC also contains B. Hence 
in this case the altitudes are concurrent. 


The proof in the case when the triangle is acute is as 
under :— 


Proof. 
Statement Reason 
(1) Through A, there exists a (1) Parallel Postulate 
< 


line XY | BC ; Through B, 

d — 

there exists a line MN || AC 

and through C, there exists 
— 


aline PO || AB 


= = 


e e 
(2) XY and PQ have a common (2) XY J[PO as BCAIAB 
point H 


< < 


(3) His on C-side of AB and (3) As PQ |I AB and XY || BC 
A-side of gC 
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(4) ABCH is a convex quadri- (4) Statement 3 
lateral 


Fig. 171. 


(5) AB || CH and BC || AH (5) Statement 1 
(6) ABCH isa || ?» (6) Statements 4 and 5 
(7) Also ACBJ isa ||?" where (7) Reasoning on similar 


ec eo lines as for | ?» ABCH 
MNNXY=J and J lies on 


A-side of BC and B-side of 


AC 
(8) BCeAH (8) Statement 6 
(9) BCSAJ (9) Statement 7 
(10) AH=Ay (10) Statements 8 and 9 
(11) J-A—H (11) Statements 3 and 7 
(12) A is mid. point of JH (12) Statements 10 and 11 
is mi i fjG where (13) Reasoning similar as 
ie) ae RAT s tape! for statement 12 
MNNPQ=G and C is mid. 
point of GH 
=90— B 14) mZADB=90; also 
CS ete = angle-sum property of 
a triangle 
= Alternat interi 
(15) mZJAB=m/B (15) RE e rior 


(16) m/DAB+m/Z JAB=90 (16) Statements 14 and 15 
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(17) AB is between AD and AJ (17) AB is diagonal of 9] 9™ 
AJBC 


(18) m/ JAD-90 (18) Statement 16 and 17 

(19) AD.LAJ or AD|JH (19) Statement 18 

(20) AD is right bisector of JH | (20) Statements 12 and 19 

(21) BÉ is right bisector of JG and (21) Reasoning similar as 
CF is right bisector of GH for AD 


(22) Right bisectors of sides of (22) Theorem X (2) 
AN JGH are concurrent B 


(23) AD, BE, CF are concurrent (23) Statements 20, 21, 22 


(24) Altitudes of (ABC are con- 
current 
We can proceed on similar lines in the case the triangle is 
Tiaving one obtuse angle and prove that altitudes of the triangle are 
concurrent. 


The point of concurrency of the altitudes is called the ortho- 
centre. 


Theorem X (4). The bisectors of the angles between two 
intersecting lines, excluding the point of intersection, is the set of all 
points that are equidistant from two lines. 

This statement is in set terminology and is equiv 

i i 5 alent t 
following statement involving the use of word locus al o the 


«The locus of a point which is equidistant from two give 
intersecting lines, is the pair of bisectors of the angles Ana ahe 
lines”. 

In fact a better statement of this theorem using the word 
locus will be : 3 


“In a plane, the locus of points which are in the interior of an 
angle and which are equidistant from 
its sides is the bisector of the angle." 


To prove this theorem, we are 
to prove that : (1) If a point lies on 
the bisector of an angle then it is 
equidistant from the sides of the 
angle. (2 Any point equidistant B 
from the sides of the angle lies on the 
bisector of the angle. E172: 


= 
on : h . — 
Given uc e angle bisector of / ABC and PEBD ( 


Pasa 


point lying on BD). PE. BC and pF | AB. 
To prove that : PE=PF. 


u-———— 
A tt —— ]UráÁá——ss—|U"€ Pag ——— —— ————— 
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Proof. 
Statement Reason 
(1) ZPBEz / PBF (1) Given 
(2) Z PEBz / PFB (2) Measure of each is 90 
(3) PB=BP a (3) Any segment is con- 


gruent to itself 


(4) 1—1 Correspondence PBEe (4) S.A.A. Theorem 
PBF is a congruence and 
APBE= APBF 


(5) PES=PF (5) Corresponding points 
of congruent triangles. 


Now we prove the second statement : 
Given: An / ABC and P any point in the interior of Z ABC 
=e > 
such that PE&«PF where PE | BC and pF | BA. 
To prove that : P lies on the angle bisector of / ABC. 


Proof. 
Statement Reason 
(1) PESPF (1) Given 
(2) PB=BP (2) Any segment is con- 


gruent to itself 


Fig. 173. 


(3) Measure of each of /PEB (3) Given 
and / PFB is 90 


(4) 1—1 correspondence PEBe> (4) Hypotenuse-leg Theo- 
PFB is a congruence and rem 
ANPEBe APFB 
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(5) ZPBEX / PBF 


(6) P lieson the angle bisector 
of / ABG 

Now we are ina position to prove 
angles between two intersecting lines 
excluding the point of intersection is the 
set of all points that are equidistant from 

Er *- 

the lines. If AB and CD are two lines in- 
tersecting at O, we can consider the angle 
pisectors of / BOD, /BOC, /COA, 
ZDOA and prove that the angle bi- 
sectors represent the required locus. 

Theorem X (5). Inany triangle, 


the bisectors of angles are concurrent. 
=> > > 


(5) Corresponding parts 
of congruent triangles 
(6) Statement 5 


that the bisectors of the 


Fig. 174. 


Given: A AABC. AX, BY, CZ are the angle bisectors of the 


angles / A, / B and /C respectively. 


> — > 
To prove that : AX, BY and CZ and concurrent. 


Proof. 


Fig. 175. 


Statement 
> > 
(1) AX, BY have a common 
point O in the interior of 


AABC 


Reason 
es 
(1) AX lies in the interior 
> 
of / CAB and BY lies 
in the interior of 
> 


ZABC. Hence AX 


an 
NBYE / CABN Z ABC 
or O lies in the interior 
of A ABC 
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(2) OE LBC ; . OF.LAB and (2) There exists a unique 
OD.LAC exists uniquely perpendicular from 
any point in a plane 
to a line segment lying 
in the same plane (the 
given point not lying 

in the given plane) 


© 


(3) OE=0F (3) Theorem X (4) 
(4) OF=0D (4) Theorem X (4) 
(5) OE=0D (5) Statements 3 and 4 
(6) O lies on the angle bisector (6) Statement 5 
of Z ACB 
-— 
(7 O€ CZ (7) Statement 6 
> > > 
(8) AX, BX, CZ have a common (8) Statements 1 and 7 
point O 


(9) Ina triangle, the bisectors (9) Statement 8. 
of the angles are concurrent. 


The point of concurrence of the bisectors of angles of a triangle 
is called in-centre. 


Theorem X (6). Ina triangle, the medians are concurrent 
and the point of concurrency is the point of trisection of each 
median. 


B D C 


Fig. 176. 


Given : ABC. D, E, F are the mid points of sides BC, CA and 
AB respectively. 
To prove that : AD, BE and CF are concurrent. 
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Proof. 
Statement 


(1) AD and BE have a. common 
point G which lies in the 
interior of A, ABC. 


> 
(2 CGNAB=F’ such that 
A—F'—B and F'zF 


zr = 

(3) BK || DG exists 
=> > 

(4) CF', BK have a common 
point H 


(5) In ACBH, DG |I BE _ 
and D is mid. point of BC 


(6) G is mid. point of CH 


(7) CG=GH 

(8) In ACAH, G is mid. point 
of cH and E is mid. point 
of CA 

(9) GE || AH 


(10) BG || AH 
(11) BH || AG 

(12 BGAHisa|?" 
(13) BF'ZzAF' and GF'Z:F'H 


(14) F' is mid. point of AB and 
hence F’=F 


(15) AD, BE, CF have a com- 
mon point G and hence 
these are concurrent 


Reason 
(1) AD lies in the interior 
of / CAB and BE lies 
in the interior of 
AZ ABC. Hence ADM 
BEC Z CABN ZABO 
or G lies in the in- 


terior of AABC 
(2) Cor. to,  Pasch's 
theorem 


(3) Parallel Postulate 


= 
(4) As CG have a common 
point with DG, it must 
have a common point 

> > 
with BK as BK || DG 


(5) Statement 3. Given 


(6) Statement. Result of 
problem 11 of problem 
set of Chapter IX 


(7) Statement 6 
(8) Statement 6. Given 


(9) Statement 8. Result of 
problem 11 of Chapter 
Ix 

(10) Statement 9 

(11) Statement 3 

(12) Statements 10 and 11 

(13) Diagonals of |”. 
bisect each other 

(14) Statement 13, given. 
Aline segment cannot 
have more than one 
mid. point 

(15) Statements 1, 2, 14 


— 
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(16) m(GF)=} m(CG) (16) Statements 7 and 13 
(17) Gi is the point of trisection (17) Statement 16 
of CF 
(18) G is point of trisection of (18) Reasoning similar as 
AD and BE. for 17 


G, the point of intersection of the medians of a “es is known as 
centroid, 


Problem Set 


(1) Prove that the perpendicular bisectors of the sides of a 
triangle meet in a point, which is equidistant from the vertices. 


(2) Given a A ABC. The bisectors of ZA and the bisectors 
of exterior angles at B and C meet in a point which is equidistant 
from the sides. 

(3) Given a AABC, Prove that the bisectors of 7A and /B 
intersect in a point in the interior of the triangle. Then prove that 
the bisectors of angles of a triangle are concurrent. 


ER Given a AABC. D, E are points on the rays opposite to 


BA and CA. Prove that the bisectors of / CBD and / BCE intersect 
in the interior of / A. Hence prove that the bisectors of any two 
exterior angles of a triangle are concurrent with the bisector of the 
interior angle at the remaining vertex, at a point which lies in the 
interior of that angle. 

(5) Two isosceles triangles stand on a common base ; prove that 
the line segment joining their vertices bisects the base at right angles. 

(6) Prove that the bisectors of exterior angles of a triangle 
enclose a triangle whose vertices are equidistant from the sides of the 
given triangle. 

(7) Show that there are altogether four points equidistant from 
the sides of a. triangle. 


< < 
(8) Giyen. poigkiun the plane of AB, P&AB, A, A; 


A;...are points on AB. What will be the locus of mid. points of line 
segments PA; PA, PAs PA;...PB ? 
(9) If O is the orthocentre of (ABC, then prove that B is the 
orthocentre of AAOC and A is the orthocentre of ABOC. 
(10) If O is the orthocentre of (ABC and D, E, F are the mid 
points of AO, BO and CO, prove that O is also the orthocentre of 
ADEF. ul 


CHAPTER XI 
SPACE GEOMETRY 


The geometrical figures that we have been discussing so far are 
called plane figures since the set of points (points and lines) constitu- 
ting these figures lie in the same plane. In space geometry, figures 
also consist of points and lines but all of these will not lie in the same 
plane. Plane figures have either one or two dimensions. A line has 
only one dimension—its length. A rectangle has two dimensions— 
length and breadth. Figures in space have either one or two or 
three dimensions. A cuboid is an example of a figure in space 
geometry and it has three dimensions—length, breadth and height. 


We have already discussed postulates about the plane and the 


space and it may not be out of place to 
mention those bere again :— 


Postulate 3. A plane is a set of points 
and contains atleast three non-collinear points. 


Postulate 4. If A, B, Care any three 
non-collinear points, then there is one and 
only one plane that contains all of them. 


Fig. 177. Postulate 5. If two points of a line lie 
in a plane, then every point of that line lies in that plane. 


Postulate 6. If two planes intersect (have a point in com- 
mon) then their intersection is a line. 


Postulate 7. Space contains atleast four points which are non- 
collinear and non-coplanar. 


We have also proved the following theorems about planes and 
space in the chapter on *Incidence postulates and theorems' :— 


Theorem. The intersection ofa line that does not lie in a 
plane but intersects it, is only one point. 


Theorem. Given a line and a point not on the line, then there 
is one and only one plane that contains both the line and the plane. 


Theorem. If two planes intersect, their intersection is only 
one line. 


Theorem. Two intersecting lines determine exactly one 
point. 
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Theorem. Space contains atleast six lines. 


Theorem. Space contains atleast D 2G 
four planes. 


Although a plane is indefinite 
in extent, we represent it as a || ?". 
or as a rectangle seen obliquely, we 
call it by naming one of its diagonals 
as plane AC or giving it a name like 


T etc. A B 
Fig. 178. 


Perpendiculars and Parallels in space 


Perpendicularity of a line and a plane. Whenare a 
line and a plane not containing that line perpendicular to each 
other? A line that isnot in the given plane but intersects it and 
is perpendicular to every line lying in the given plane and 
passing through the point of intersection (We know that intersec- 
tion is only one point) of the line and the plane, is said to be per- 
pendicular to the plane. If a line is perpendicular to the plane, 
the plane is also said to be perpendicular to the line. We can state 
the following definition in this regard. 


Definition XI (1). A line and a plane not containing the 
line are said to be perpendicular to each other if these intersect and 
if every line that passes through their point of intersection and lies 
in the given plane is perpendicular to the given line. 


Sometimes it is very hard to visualise three dimensional figures 
as we represent them on two dimensional plane of the paper. For 
instance to represent a line perpendi- 
cular to the plane we make use of 
the following two dimensional 
drawing. We read this drawing as 
follows : 


= 

A line AP intersects the plane 

7 at P and as we are given that this 

line is perpendicular to the plane the 

measure of each of the angles 

ZAPB, 7, APC, 7 APE, / APD is 

90, although the figure apparently 

Fig. 179. does not show it. If you feel any 

> > > > 

difficulty, then you can draw the plane and the rays PB, PC, PE, PD 

etc. and then you can represent the line perpendicular to the plane 

by a match stick and then you will see that the measure of each of 
these angles is 90. 


e € € € 


In this fizure, we have indicated the lines BP, DP, EP and CP 
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= 
‘lying in the plane = which are perpendicular to the line AP. In fact 
= 

at any point P on the line AP, there are many different lines which 
are coplanar with each other and which are each perpendicular to 
<r — 

AP. Hence we say that the line APis | tothe plane = which contains 
all these lines that are perpendicular to the given linc at the given 
point P. In fact if a plane x contains atleast two lines which are 

- — = 

perpendicular to the given line AP, then x | AP or AP | z, but we 
need to prove this : 


Theorem XI (1). If a line is perpendicular to each of the two 
intersecting lines at their point of intersection then it is perpendi- 
cular to every line which passes their point of intersection and which 
lies in their plane (or then it is perpendicular to the plane that 
contains these lines). 


Given: Two lines, and l, intersecting at a point A and 
lying in a plane = (z is simply the name of the plane) A line / is 
perpendicular to each of the lines /, 
and /, at A (/ will not be coplanar 
with /; and /, as then it cannot be 
perpendicular to both /; and /,). 


To prove that: If l, is any 
other line lying in the plane = and 
passing through A, then / | /, and 
hence every line through A and 
lying in z is perpendicular to / or l 
is perpendicular to every line passing 
through A and lying in the plane x. 


Proof. If/,;=/, or ;=/, then 
we have nothing further to prove. So 
let J, 4 l and also l,  /,. Also on 
lo lh, ly there are rays 7j, ls, fe 
having a common end point A such 
that r, lies between r, and rs. 


Fig. 180. 
Statement Reason 

(1) There exists a point B (1) Segment construction 

onr, and D on 7$ such theorem 

that AB=AD 
(2) BD andr, have a com- (2) BD and r; are coplanar and 

mon point C such that r, lies between rı and ry. 

* B—C—D (Also cor. to Pasch’s Pos- 


tulate). 
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(3) There exists a point Q (3) Point plotting theorem 


X. 


(4) 


(6) 
(7) 


(8) 
(9) 


(12) 


(13) 


(14) 


on the ray opposite to 
> 


AP such that APAQ 


Z PAB= / PAD and 
ZQAB= /QAD 


1—1 correspondences 
PAB PAD QAB 
QAD are congruences 
and APAB=]/APAD= 
AQAB=AQAD 


PB=PD=QB=QD 


1—1 correspondence 
PBDQBD and APBD 
=QBD 


ZPBD= ZQBD 


1=1 correspondence 
PBCeQBC is a con- 
gruence and /\PBC= 
AQBG 


PC =QC 


1—1 correspondence 
PAC@QAC is a con- 
gruence and /APAC= 
AQAG 


Z PACE Z QAC 


ZPAC, Z QAO form a 


linear pair 


Measure of each of 


ZLPAG, ZQAC is 90 


(4) Measure of each being 90 


(5) S.A.S. Postulate (How 
APAB=AQAB etc ?) 


(6) Corresponding parts of 
congruent triangles 


(7) S.S.S. Theorem. How ? 


(8) Corresponding parts of con- 
gruent triangles 


(9) S.A.S. Postulate. How ? 


(10) Corresponding parts of con- 
gruent triangles 


(11) S.S.S. Theorem. How? 


(12) Corresponding parts of con- 
gruent triangles 


LL > 
(13) AP and AQ are opposite 
rays 


(14) Statements 12 and 13. 


Theorem XI (2). [Converse to theorem XI (/).] Al lines 
à which are perpendicular to a given line at a given point lie in the 
e same plane. 


| l; is perpendicular to lat A. 


Given: A line | and two lines J, and /, each perpendicular to / 
at the point A. The plane m contains both /; and /,. Another line 
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To prove that: l, lies in x. 

Proof. There are two possible alternatives : 

(i) l lies in x. In this case there is nothing further to prove. 
(ii) I, does not lie in = (/; @ x). Then: 


Statement Reason 
(1) A and J determine a (1) Theorem: Two intersecting 
plane p lines determine exactly one 
plane 


(2) The planes p and ~ (2) They have a point A in 
intersect common 


(3) Planes p and z havea (3) Postulate 6 
line,/, (say) in common 


(4) lis | lat A (4) es Wii nm a) 

(5) Z i, l are coplanar (5) L lies in p the plane deter- 
mined by / and /, 

(6) LIandl 1 1 (6) Statement 4 and given 

(7) Two lines /,, J; lie in the (7) Statement 6. 


plane of another line / 
and are perpendicular 
to 7 at A. 


Statement 7 contradicts the theorem VI (3) which we have 
already proved. Hence the assumption that l é& x has to be 
abandoned. Theorem XI (1) and XI (2) together establish the exis- 
tence and uniqueness of a plane perpendicular to a given line 
at a given point on the given line which we can state as follows : 


‘At each point of a given line, there is a unique plane contain- 
ing the given point and perpendicular to the line at that point’. 
Another statement would be: ‘Through a given point on a given 
line, there passes one and only one plane perpendicular to the line’. 
We can however prove its following generalised form. 


Theorem XI (3). There exists a unique plane containing a 
given point and perpendicular to a given line. (The given point may 
or may not lie on the given line). 

Given: A line l and a point A. 


To prove that: (1) There exists at least one plane z, through 
A and perpendicular to /. 


(2) There exists atmost (only one) one plane through A and 
perpendicular to /. 
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Proof. There are two possible alternatives. 


(i) A lies on Z. In this case we have nothing further to prove as 
theorems XI (1) and XI (2) establish the existence as well as unique- 
ness of a plane perpendicular to a given line at a given point on it. 


(ii) A does not belong to/ (A g 1). Then: 
Statement Reason 


(1) There exists a unique line (1) Theorem VII (6) 
l, containing A and per- 
pendicular to line /. 


(2) I and h have a common (2) Theorem: If two lines 


point P (1M =P) intersect then their in- 
tersection is atmost a 
point. 


(3) There exists a unique plane (3) Theorem XI(1) and 
x | to/at P XI (2) 
(4) L lies in = (4) Since = contains all 
2 lines | to / at P. 
[Theorem XI (2)] 


(5) x contains A and is | to l (5) Statements 1, 3 & 4. 


So we establish that there exists atleast one plane through A 
and | to/. Now we want to prove that there exists atmost one 
plane through A and | Z Let us assume the contrary and state 
gari there exists another plane p, through A and perpendicular to 
« Then: 


(6) The line / and the plane p (6) Def. of perpendicularity 
have a point B in common of a line and a plane. 
(intersect at B) 


(RBS SP (7) B=P leads to a contra- 
diction of theorems 
XI (1) and XI (2) as 
two planes cannot be 
perpendicular to a given 
line at a given point. 


— e 
(8) AB is | 7. (8) AB lies in plane p, which 
we have assumed per- 
pendicular to /[Theorem 
XI (1)] 


4 
(9) AP (A) is 1 7 (9) Statement 1 
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< 
(10) Two distinct lines AB and 


J 
AP having a common 


point A are perpendicular 
to /. 


(10) Statements 7,8 & 9. 


Statement 10 contradicts the theorem VII (6) which we have 
already proved. "Therefore the assumption that there exists an- 
other plane p through A and perpendicular to / need to be 
abandoned. 


Hence there exists one and only one plane through A per- 
pendicular to /. 


Theorem XI (4): Through a given point in a given plane, 
there exists one and only one line perpendicular to the plane. 


Given: A plane x and a point A € =. 


To prove that: (1) There exists at least one line through A 
and perpendicular to z. 


(2) There exists atmost one line through A and perpendicular 
to 7. 


l 


Fig. 181. 
Proof: 
Statement Reason 
(1) There exists a point B € x (1) Postulate 3 
(2) At A, there exists a plane (2) Theorems XI (1) and 
e XI (2) 
P—perpendicular to AB 


(3) Plane z and plane P, have (3) Statement 2 
a common point A 


(4) x and P intersect in a line (4) Postulate 6. 
I; (say) 
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(5) There exists a line Z € P (5) At each point of a line 
such that / | at A there exists a line which. 

is perpendicular to the 

given line and lies in 

the plane containing 


the line. Theorem. 
VI (3). 
bad 
(6) 7 | AB (6) Def. of perpendicularity 
of a line and a plane. 
(VILA (7) Statement 5. 
(8) lis perpendicular to the (8) Statements 6 and 7 
m Theorem XI (1) 
plane determined by AB 
and J, 
(9) lis perpendicular to = (9) Statement 8. Also as 


VA 
two lines /, and AB both 
lying in x determine a 
unique plane 
(10) = perpendicular to zat (10) Statements 5, 7 and 9. 


So we have proved that there exists atleast one line through A 
and perpendicular to x. Now we want to prove that there exists 
atmost one line through A perpendicular to =. We assume the con- 
trary and state that two distinct lines / and /, are each perpendicular 
tomatA. Then: 


Statement Reason 
(1) There exists a plane Q (1) Two intersecting lines. 
determined by / and /, determine exactly one 


plane (Theorem) 
(2) Qand x have a point A (2) Assumption 
in common 
(3) Qand z intersect in a line (3) Postulate 6 
5. 
(4) l and l, are each per- (4) Theorem XI (1) 
pendicular to /; at A 
(5) J; lies in both Q and m (5) Statement 3 
(6) In plane Q, two limes 7 (6) Statements 4 and 5 
and /, are perpendicular 
to a coplanar line l; at A. 
The statement 6 contradicts the theorem VI (3) which we have 
already proved. Hence the assumption that two distinct lines land 
l, are each perpendicular to plane = at A has to be abandoned. 


236 


This leads us to assert that there exists one and only one line 
perpendicular toa given plane at a given point in it. 


Theorem XI (5). Through a given point not in a given plane, 
there exists one and only one line perpendicular to the given plane. 
Given: A plane x and a point A & z. 


To prove that : (1) Through A, there exists atleast one line 
perpendicular to z. 


(2) Through A, there exists atmost one line perpendicular to x. 
Proof. F 

Statement Reason 
(1) There exists a point PEx (1) Postulate 3 


(2) Z, auniqueline, perpendi- (2) Theorem XI (4) 
cular to z at P exists. 


Now if / contains A, then there is nothing further to prove. 
Let us assume that / does not contain A. Then 


(3) ! aud A, determine a (3) Theorem: given a line 
plane E anda point not on the line, 
then there is one and only 

one plane that contains 

both the line and the point 


l2 B P 


Fig. 182. 


(4) x and E intersect in a (4) Postulate 6 
line /; 


(5) From the point A, a (5) Theorem VII (6) 
unique line /, | /, at the 
point B exists 
(6) l, a unique line per- (6) Theorem XI (4) 
pendicular to z at B 
exists 
If /,—1, then there is nothing further to prove, as it will imply 
the existence of a line through A perpendicular to x. Assume 4#/,. 
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(DETUR (7) As lj is perpendicular to 4 
at B and /, is any line of 
z through B (Definition of 
perpendicularity of a line 
and a plane) 


(8) Two distinct lines /, and (8) Statements 5 and 7 
1; are perpendicular to /, 
at B. 


Statement 8 contradicts the theorem VI (3) that we have 
already proved. Hence the assumption that 4541, has to be 
abandoned. 'Thisleads us to assert that through A, there exists 
atleast one line perpendicular to z. Now we want to prove that 
there exists only one line through A perpendicular to z. Let 
us assume the contrary and assert that through A, there exist two 
lines /, and /, both perpendicular to the plane x. Let E be the plane 
determined by /, and /,. Planes E and zx intersect in a line l, (say). 
(Postulate 6). /, and /, will both be perpendicular to la. (Definition 
of perpendicularity of a line and a plane). Let / be the perpendi- 
cular from A to /,. (Theorem VII (6). If/=/, as well as l=]; then 
there is nothing further to prove as it implies, l—l,—l. Assume 
IAl, and Jl3. Then we have three lines l, l and /, all containing 
the point A and perpendicular to the same line l. This contradicts 
the theorem VII (6). Hence the assumptions Ll, or IAL, or 1Aly 
need to be abandoned. Ofcourse the following alternatives which 
are also contained in the preceding statement viz., (1) l=h but 
Il, and (2) l= but IA], also leads to a contradiction of theorem 
VII (6). Hence /=/, and/=/;. This leads us to assert that there 
exists one and only one line through A, perpendicular to m. 


Definition XI (2). (Oblique line). A line which intersects a 
plane exactly in one point but is not perpendicular to the plane is 
said to be oblique line. 


Theorem XI (6) If froma point on a perpendicular to a 
plane, unequal line segments intersect the plane, the respective line 
segments from their point of inter- 3 
section to the point of inter- B 
section of perpendicular and the 
plane are unequal in the same 
order. 


Given: A plane m and a 
line] | x. Pis a point on /. 
Se OCA 
PB, PC are oblique lines to the 
plane x, B and C belong to m. 
Also m(PB)2m(PC). <A is the 
foot of perpendicular from P to z. 


To prove that: mAB >mAC 


Y 
Fig. 183. 
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Proof. 


(1) 


(2) 


(3) 


(4) 


(5) 


Statement Reason 


D is a point on theray (1) Point plotting theorem 


opposite to AB such that 


AD ‘=AC 
ZPAD= / PAG (2) Measure of each is 90 
PA = PA (3) Any segment is congruent 


to itself. 


1—1 correspondence (4) S.A.S. Postulate 
PACPAD is a congru- 
ence and APAC=APAD 


PC =PD (5) Corresponding parts of 
congruent triangles 
> > 
PBD isa A (6) AD is opposite to AB 
(statement 1) 
m(PB) >m(PD (7) m(PB 2 m(PC) given and 
PC&PD. Statement 5 
m/PDA>m/Z PBA (8) Theorem VIII (3) 
m/ZPDA+m/ZPAD+ (9) Angle-sum property of 
m / DPA—180 a A 
mZPDA+mZDPA=90 (10) Statement 9 : m EADS 
=9 
m/PBA+m/BPA=90 (11) Reasoning similar as for 


statement 10 


m/ PDA--m/ DPA— (12) Statements 10 and 11 

m / PBA--mZ BPA 

mZDPA<m/BPA (13) Statements 8 and 12. Pro- 
blem 15 Chapter I 

-> — > 

PY is between PA and PB (14) Angle construction and 

such that 7YPA=/DPA Angle Addition postulates. 
Statement 13 

=o 

PY has a point E common (15) Statement 14. Cor. to 


with AB such that A—E—B Pasch's theorem 


EN 
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(16) 1—1 correspondence 
PAECPAD is a con- 
gruence and APAE= 
APAD 

(17) AE SAD 


(18) m(AB) >m(AE ) 
(19) m(AB)>m/(AD) 
(20) m(AB)2mAC 
Theorem XI (7). 


(16) (a) ZYPAz 7 DPA 
(How ?) 
(b) mZPAE=m 7 PAD 
=90 
(c) PASPA. A.S.A. 
Theorem 
(17) Corresponding parts of 
congruent triangles 


(18) A—E—B. Statement 15 
(19) Statement 17 


(20) Statements 1 and 19. 


The shortest line segment from an external 


point to a plane is the line segment from the point perpendicular to 


the plane. 


Given : A plane x and point P& x. 


_To prove that : (1) Perpendicular segment from P to z is short- 
est line segment among all line segments from P to =. 


(2) Among all line segments from P to z, the shortest is the 


perpendicular segment to m. 


Proof. 


Fig. 184. 


Statement 


(1) PA, the line segment per- 
pendicular from P to m 
exists uniquely 

(2) An arbitrary point B be- 
longs to the plane 7 

(3) PA and B determine a 
plane E 


Reason 
(1) Theorem XI (5) 


(2) Postulate 3 


(3) Theorem: A line and a 
point not on the line, de- 
termine one and only one 
plane 
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(4) E and z have a iine / in (4) Postulate 6 as E and x have 
common through A a point A in common 


(5) G is an arbitrary point on (5) Postulate 1 
CHA 


(6) In APCA, m/ PAC—90 (6) Statement 1 and Def. of 
perpendicularity of a line 
and a plane 


(7) mZ PCA «90 (7) Sum of measures of any 
two angles of a triangle is 
Jess than 180. Problem 4, 
Chapter VIII 

(8) m PA<m PC (8) Statements 6 and 7. 
Theorem VIII (4) 


Hence we can assert m(PA) will be less than other line segments 
(oblique lines) from P to the plane x. 

To prove the second part, assume that {/, h, lo, 1...) are the 
set of all coplanar line segments from P to æ such that l is the 
shortest line segment among all. 


We want to prove that / js the perpendicular segment to m. 


Let E be the plane containing the set {/, h, 15.1...) = and E 
intersect in a line g. Let r be the perpendicular line segment from 
Ptog. Ifr=/ then we have nothing further to prove. Now assume 
that r4/. Then the measure of r will be less than the measure of 7 
(First part of the theorem). But this leads to a contradiction of our 
assumption that / is the shortest among all the possible line segments 
for P to x. Hence the assumption that rz] need to be abandoned 
Hence the shortest line segment from P to ~ is the perpendicular line 
segment. In fact we can consider set of planes {E, E,, E,...) and all 
these planes wll contain the same line / which will be perpendicular 
from P to z. 

Def. XI (3). A line and a plane are parallel iff these do not 
inrersect. 

Def. XI (4). Two planes are parallel iff they do not intersect. 

How do we know that parallel planes exist ? We have already 
proved that through a given point on a given line there passes one 
and only one plane perpendicular to the line. Also a line has atleast 
two distinct points (Postulate 1). So we can have atleast two distinct 
planes perpendicular to a given line. Will these two planes be 
parallel ? In this connection, let us consider the following 
theorem :— 

Theorem XI (8). Two planes which are perpendicular to 
the same line are parallel. 


Given : A line l. Two distinct points A and B; AC/and BEl. 
Plane zis | to atA and plane E is | to lat B. 


To prove that: x || E. 
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Proof. There are two alternatives : 


(1) Either z || E and in this case we have nothing further to 
prove. 


(2) OrzAfE. Ifitissothenz and E have a point C in com- 
mon. Then (C&)). 


Statement Reason 


(1) There exists a line segment (1) z is perpendicular 7. Def. 
CA perpendicular to /at A . of perpendicularity of a 
"line and a plane 
(2) There exists a line segment (2) /|E 
CB perpendicular to / at B 


(3) CACB (3) * zz E and as AC x. and 
BEE. 


From C, a point which does not lie on l, there exist two line 
segments perpendicular to / which leads to a contradiction of the 
theorem VII (6) which we have proved earlier. Hence the assump- 
tion that zJP E has to be abandoned. 


Theorem XI (9). Two lines which are perpendicular to the 
same plane are parallel. 


Given: A plane x and two lines p, q such that p | z and qlr. 
To prove that: p q. 


Plan of Proof. In theorem IX (1), we have proved that 
two coplanar lines which are perpendicular to the same line are 
parallel. In this theorem, we are given lines p and q. Let these 
lines be perpendicular to x at A and B. So P;q will both be | to 
the line segment AB. Now if we can prove that p and q are co- 
planar then we would have proved the theorem at hand. 


Proof. 


Fig. 185. 


242 


Statement 


(1) There exists a unique line 
r LAB at B (r& x) 


(2) There exists a point Eon p 
(EAA) 

(3) There exists points C, D 
each element of r such 
that D—B—C and 
BD=BC 

(4) mZ ABC=mZ ABD=90 

(5) AB=AB 

(6) 1—1 correspondence 


ABC@ABD is a congru- 
ence and AABC=AABD 


(8) mZEAD=m Z EAC=90 


(9) EASEA 
(10) 1—1 correspondence 
EAC#EAD is a congruen- 
ce and AEAC= AEAD 


(11) EC=ED 
(12) BD=BC 
(13) EB=EB 
(14) 1—1 
and AEBC=/AEBD 
(15) ZEBD= ZEBC 


Reason 


(1) At a point in a line there 
exists a unique line which 
is perpendicular to given 
line 


(2) Postulate 1 


(3) Point plotting theorem 
1V (1) 


(4) Statement 1 


(5) Any segment is congruent 
to itself 


(6) S.A.S. Postulate 


(7) Corresponding parts of 
congruent triangles 


(8) plz. Def. of perpendi- 
cularity of a line and a 
plane 


(9) Why? 
(10) S.A.S. Postulate 


(11) Corresponding parts of 
congruent triangles 


(12) Statement 3 
(13) Why ? 


correspondence (14) S.S.S. theorem 
EBCeEBD is a congruence 


(15) Corresponding parts of 
congruent triangles 


(16) ZEBD, / EBC form a lin- (16) Statement 1 


ear pair 


(17) mZ EBD—m/ EBC -90 


(17) Statement 15 


(18) r | EB 


(19) r | B, r LEB, rq and foot 
f perpendicular of each 
S 


1i 


(18) Statement 17 


(19) Statements 1, 18, given 


(20) AB, EB, q are coplanar and (20) Theorem XI (2) 


determine a plane F 
(21) Points A, E lie in F 
(22) AE lies in F 


(23) p, q lie in F and hence ar 


coplanar. 


X(1)]. 
Theorem XI (10). 


(21) Statement 20 
(22) Statement 21. Postulate 5 


If a plane intersects two 
then it intersects them in two parallel lines, 


€ (23) Statements 20 and 22 


D, q are both | to AB and are coplanar. Hence p || g. [Theorem 


parallel planes, 


Given : Two planes P and Q such that P [ O. Another plane 


R intersects each of P and Q. 


- 
To prove that: (1) RNP is a line (AB say) 


t 
(2) RAQ isa line (CD say). 


< - 
(3) AB | CD. 
Proof. 
Statement 


D es. 

(1) RMP isa line AB 
eR 
(2 RAQ is a line CD 


< e 
(3) AB and CD donot have 
any point in common 


o oO 
(4) ABER and CDER 


e e 
(5) AB and CD are co- 
planar 


< < 
(6) AB I| CD 


(1 


— 


(2) 


3) 


(4) 
(5) 


(6) 


Reason 
Postulate 6. Since it is 
given that R and P 
intersect 


Postulate 6. Since it is 
given that R and P 
intersect 


-— -— 
ABEP and CDEQ and 
since it is given that P || O, 


Statements 1 and 2 & 


oS = 
Since AB and CD both lie 
in the same plane R, 
statement 4 f- 


Statements 3 and 5 
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Theorem XI (11). 


. Ifa plane intersects one of two parallel 
lines in a single point, it intersects the other in a single point also. 


Given : a plane = and two lines /, and /, such that J, | J. = 


intersects /, in a point A. 


To prove that : = intersects /, in a single point B (say). 


Plan of Proof. To prove that l, and x intersect in a single 


point, we have to prove that : 
(1) 7 and /, intersect or l, Afz. 


(2) l, does not wholly lie in = or /,@ 7. 


Proof. 


Fig. 186. 


Statement 
(1) Plane E contains both; 
and /, 


(2) 5 and x have a 
common point A 


(3) E and x intersect 


(4) Intersection of E and = 
is a line p through A 


(5) pA, (p is not same 
as l) 

(6) pl, (p is not same 
as /,) 

(7) Lp 


Reason 


(1) Since |; and hence 
these are coplanar 


(2) Given 


(3) E and x have a common 
point A. (Statement 2) 


(4) Postulate 6 


(5) If p=/, then intersection 
ofz and /, will be more 
than one point 


(6) 4 J, (given) and as p and 


lı intersect 


(7) Ifp||/, and as we know 
that /; || , and as p and /, 
intersect, it would imply 
that two intersecting lines 
p and A are both parallel 
to l, which contradicts 
parallel Postulate 
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(8) lj and p intersect in a (8) Statements 6 and 7 and as 
single point l, and p are coplanar 
(Statements 3 and 4) 
(9) hate (9) Statement 8 
(10) 5 does not wholly lie — (10) as hll and h, A are 
Int coplanar and /, has only 


one point common with x. 
Also statement 6 


(11) h and = intersect in a — (11) Statements 8, 9 and 10. 
single point. 
Theorem XI(12). Ifa line intersects one of two parallel 
planes in a single point, it intersects the other in a single point also. 


E Given: Two planes xı and z, such that m; liza A line l 
intersects m, in a point A. 


To prove that : | intersects mg in a single point. 


Plan of Proof. To prove that / intersects z, in a single point, 
we must prove that / does not wholly lie in =, (/&z;) Postulate 5 and 
also Lyfr. x 5 


Proof. 
Statement Reason 
(1) J intersects z; in A (1) Given 
(2) i ll zs (2) Given 
(3) Z does not wholly lie (3) If/ wholly lies in 7, and 
in ma as has a point A in com- 


mon with zi then mı 
cannot be parallel to 7. 


Now we want to prove that Ir. Let us assume that / || zs 
and then prove that itleads to contradiction of some postulate or 
some theorem that we have proved. So we proceed with the assump- 
tion that / || zs 


Statement Reason 
(4) There exists a point B (4) Postulate 3 
in ma 
(5) / and B determine a (5) Theorem : A line and a 
plane E point not on the line exact- 
ly determine one plane. 
(6) E and zp intersect (6) Statements 4 and 5 


(7) E and m, intersect in a (7) Postulate 6 
line through B (/, say) 
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(8) E and z, intersect (8) Z lies in E and / and 7; have 
à point A in common 


(9) E and x, intersect ina (9) Postulate 6 


line say J, through the 
point A. 


Fig. 187. 
(10) AW (10) Theorem XI (10) 
(11) 7114 (11) Assumption: || ™ and 
as land l, are coplanar 
(lying in E) 
(12) A contains A (12) Statement 9 
(13) / contains A (13) Given 


(14) Zand /, intersect in A (14) Statements 12 and 13 


(15) Two intersecting lines — (15) Statements 10, 11, 14. 
land l, are both para- 
llel to the same line 4. 


The statement 15, contradicts the parallel postulate as /, 4, and 
l, are coplanar. Hence the assumption that / || zz; need to be abandon- 
€d. "Therefore / neither wholly lies in =, nor it is parallel to Ta Hence 
l intersects z, in one point only. 


Theorem XI (13). Ifa line is perpendicular to one of two 
parallel planes, it is perpendicular to the other. 


Given : Two planes z; and Ta Such that zil|| x, A line Z is 
perpendicular to = at A. 


To prove that : 1 -L7, (at a point say B). 


Plan of Proof. To prove that / | z,, we must prove that / 


intersects x, in a single point and / is perpendicular to every line in 
Tg which passes through that point. 
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Proof. Let /, bea line lying in z,. Let C be any point of 
l. Let CD be perpendicular from C to z, having a point D in com- 


Fig. 188. 


e 
mon with m. If D—A, then CD=/as through a given pointin a. 
given plane, there is atmost one line | to the given plane. [Theorem 
a (id Also then / will intersect z; in a single point. [Theorem 
> j 


. IfDAA then CD | / [Theorem XI (9)) Now LH, as other- 
wise then /, will be parallel to CD and as /, and CD intersect at Cé 
it will contradict the parallel postulate. Hence / and l, intersect at 
a single point (B say). Hence in both the cases / intersects T. in a 
single point, 


Now we want to prove that every line in mẹ which contains B 
is | |. Let x be the plane that contains l, and /. Then z inter- 
sects z, in /. Hence /, || /, [Theorem XI (10). But hL? [Theorem 
XI (1). Hence 11. (Why ?)] 


Theorem XI (14). Ifa plane is perpendicular to one of two 
parallel lines, it is perpendicular to the other line also. 


Given: Two lines p and q such that plig. Also a plane x 
such that x | p at A. 


To prove that : x: | q at a single poiut B. 


Plan ofProof. We willassume that q is not | zat the 
only point at which = intersects q [Theorem XI (11). Then we will 
try to prove the existence of a line perpendicular to x at that point 
which will be parallel to p. This situation will lead to contradiction 
of parallel postulate as this will imply the existence of two intersect- 
ing lines being parallel to the same line. 
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Proof. 
Statement Reason 
(1) p and z intersect at a point (1) Given 
A 


(2) pla (2) Given 


(3) q and x must intersect at a (3) Theorem XI (11) 
single point B. 


Ifq.!z at B, then there is nothing further to prove. Assume 
that g is not perpendicular to x at B. 


(4) There exists a. unique line (4) Theorem XI (4) 
r which is perpendicular to 
tB 


Ta 
(5) rilp (5) Theorem XI (9) 
(6) ql p (6) Given. 


The statements 5 and 6 imply that two lines r and g which 
have a common point B are parallel to the same line p and this con- 
tradicts the parallel postulate. Hence the assumption that gq is not 
perpendicular to x at B has to be abandoned. Ofcourse the lines 
P, q, r are coplanar. 


Theorem XI (15). There isa unique plane which is parallel 


to a given plane and also contains a given point not in the given 
plane, 


Given: A plane z and a point A which does not lie in =. 


To prove that : There isa unique plane E through A such that 
E || =. 


Plan of Proof. With the help of theorems XI (1), XI (2), 
XI (5), XI (8) etc. we will prove that there exists atleast one plane 
through A and parallel to x. Then to prove that there exists only 
one such plane, we will assume the existence of two such planes. 


Then we will prove that this leads to a contradiction of parallel 
postulate. 


Proof. 
Statement Reason 


(1) There exists a unique line (1) Theorem XI (5) 
l through A such that 
lin 

(2) There exists a unique plane (2) Theorem XI (3) 
E through A such that 
EL/l 


(3) Ell x (3) Theorem XI (8) 
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Now to prove that E is the only 
the contrary and state that there exist: 


such that F |j z. 


(4) 
(5) 
, (6) 


(7) 


(8) 


(9) 


E and F intersect in a line 
m 


There exists a point B in x 
and through B there exists 
a line z not parallel to m 


Point A and the line n de- 
termine a plane G 


G does not contain the line 
m 


Ghasa point A in com- 
mon with each of the 
planes E and F 


G intersects the plane E in 
a line p and the plane F in 
the line q 


plane parallel to x, we assume 
s another plane F through A 


(4) Postulate 6 


(5) Parallel postulate. Since 
there exists atmost one 
line through B parallel to 
m 


(6) Theorem: A line and a 
point not in the line 
determine a unique plane 


(7) Statements 5 and 6 


(8) Statement 6 


(9) Postulate 6 


(10) p, q have only point A in (10) Statements 7, 9 


(11) 
(12) 


common 


Fig. 189. 


pin 
qlin 


(11) E || = Theorem XI (10) 
(12) Fix 


(13) Two lines p, q having a (13) Statements 10, 11, 12 


point 
each parallel to m. 


A in common are 


250 
The statement 13 leads to a contradiction of the parallel postu- 
late. Hence the assumption that F || m needs to be abandoned. 


Theorem XI (16). Two planes which are parallel to a. third. 
plane are parallel to each other. 


Given : Planes z,, z, and z; such that : 
Tı ll z and z || z; 


To prove that : x» || Tg. 


Plan of Proof. A line pix, atA will be | x, and also will 
be |x; [Theorem XI (13). Then we will apply theorem XI (8) to 
prove that z, || zz. 


Proof 


Fig. 190. 
Statement Reason 


(1) There exists a point A (1) Postulate 3 
li Ta 


(2) There exists a unique (2) Theorem XI (4) 
line p through A which 
is perpendicular to 7 
(D&z;) 


(3) p intersects m in a sin- (3) Theorem XI (12) 
gle point B 


(4) p intersects z;,in a sin- (4) Theorem XI (12) 
gle point G 


(5) P.L, (5) Theorem XI (13) 
(6) pli j (6) Theorem XI (13) 
UE TES (7) Statements 5 and 6. 


Theorem XI (8). 


Perpendicular Planes. We have talked about a line per- 
pendicular to a plane or two planes being parallel. When are two 
planes perpendicular to each other? For this 
we have to make another definition—that of a 
dihedral angle. A 

Definition XI (5). (Dihedral angle). It is 
the union of a line and two half planes. Two half 
planes have the line as their edge and do not 
lie in the same plane. 


C 


pe 
In this figure AB is the line. There is a 
< 
half plane determined by P and AB and an- E 


— 
other half plane determined by Q and AB. Of 
course Q does not lie in the plane determined by 


— 
P and AB. B 


This dihedral angle will be denoted by Fig. 191. 
ZP—AB—Q. The common line of the two 
half planes is called the edge of the dihedral angle. So 
do 
AB is the edge of dihedral / P—AB—Q. The two half planes are 
called the faces of the dihedral angle. 


Another concept with which we should be familiar is that of 
a plane angle of a dihedral angle. 


Definition XI (6). A plane angle of a dihedral angle is the 
angle determined by two rays in which any plane perpendicular to 
the edge of the dihedral angle intersects the faces of the dihedral 
angle. 


A dihedral angle has many plane angles. In this figure 
ZDCE, /GFH etc. etc. are the plane angles of the dihedral angle. 
We can prove that all plane anglesofa dihedral angle are congru- 
ent. The measure of a dihedral angle is taken to be same as the 
measure of its plane angle. This statement assumes that all plane 
angles of a dihedral angle should be congruent. We can, however, 
prove it as a theorem. 
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Theorem XI (17). 


Any two plane angles of any given di- 
hedral angle are congruent 


Given 


: A dihedral angle ZP—AB—Q. Any two plane angles 
ZCDE and sa 


ZFGH of the same dihedral angle (Fig. 192). 
To prove that : Z CDEe 7 FGH. 


Proof. 
Statement Reason 
"a . 
(1) On GF, there exists a point (1) Segment construction 
L such that GL=DC and theorem 
> 


on GH there exists a point 
M such that GM=DE 


(2) cp I Gr (2) CDLAB and GLLAB 
Theorem IX (1) 

(3) CD=GL (3) Statement 1 

(4) DCLG isa yom 


(4) Theorem IX (18) 
(5) CL&DG and GE || DG (5) Theorem IX (13) 
(6) DE ll GM (6) Reason 
ment 2 


as for state- 


Fig. 192. 


(7) DE&GM - 


(7) Statement 1 
(8) DEMG isa EL 


(8) Why ? 
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(9) EX&DG and EM || DG (9) Why ? 

(10) CE&EM (10) Statements 5 and 9 

(11) CE IL EM (11) Chapter IX. Prob. 
lem 1. Statements 5 
and 9. 


(12) CLME isa || 27 


(12) Theorem IX (18) 
(13) CE=IM 


(13) Theorem IX (13) 
(14) 1—1 correspondence — (14) S.S.S. Theorem 
CDE-LGM is a congruence 
and ACDE=ALGM 
(15) ZCDEz/ LGM (15) Corresponding parts 
of congruent angles 
(16) Z CDEz:7 FGH (16) Why ? 
We have already noted that the measure of a plane angle of a 
dihedral angle is taken to be the measure of the dihedral angle. A 


dihedral angle whose measure is 90 is called a right dihedral angle. 
We are now in a position to define perpendicular planes, 


Definition XI (7). (Perpendicular planes). Two planes are 
said to be perpendicular if they determine a right dihedral angle. 


Theorem XI(18). Ifa line is perpendicular to a plane, then 


any plane containing the given line is perpendicular to the given 
plane. 


Given : A line p perpendicular to plane = at a point A. 


To prove that : A plane G containing the line p is perpendi- 
cular to the plane x. 


Proof. 


Fig. 193. 
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Statement Reason 


e 
(1) There exists a line AB (1) Postulates 1 and 3 
<e 
through A. (ABC x) 
(2) There exists a unique line (2) Theorem VI (3) 
ga 
PQ through A such that 
Lond e 
PQ LAB 


- 
(3) p and PQ determine a un- (3) Theorem: Two durs 
ique plane E secting lines determine 
exactly one plane. 


(4) There exists a point C on p (4) Why ? 
(5) mZCAB=90 (5) pL% (given) Hence 
v. 


PLAB (Definition of 
Perpendicularity of a 
line and a plane) 


(6) ZCAB isa plane angle of (6) Definition of a dihedral 
dihedral angle angle 
ZC—PQ-B 


(7) ZC—PQ-B is a right (7) Statements 5 and 6 
dihedral angle 


(8) E and x are perpendicular (8) Statement 7 
to each other 


< 
Since AB is any arbitrary line through A and E is any arbi- 
trary plane containing p, the statement 8 establishes the proof of 


the theorem. 


Theorem XI (19). If two planes are perpendicular then a 
line lying in one of the planes, perpendicular to their line of inter- 
A will be perpendicular to the other plane. 


-— 
Given : Two planes E and x such that El. A line ACEE 
Care 


= oe J ; 1 , 
that AC | PQ where PQ is the line of intersection of E and z. 
gem E figure of theorem XI (18)]. 


Lxx d 
To prove that : AC L7. 


—— o -—————— eU ne aS” WR " UNE 


Proof. 


Statement Reason 


ES 
(1) There exists AB | PQ where (1) Theorem VI (3) 


> 


ABET 
(2) ZCAB isa plane angle of (2) Definition of a dihedral 
the dihedral angle angle 
Z C—PQ—B 
(3) mZCAB=90 (3) Given that El x 
> => 
(4) AC LAB (4) Statement 3 
> e 
(5) AC | PQ as well as (5) Given. Statement 4 
"M. > 
AC LAB 
> => 


(6) AB and PQ both belong to (6) Given. Statement 1 
T 


> 
(7) AC Lz (7) Statements 5 and 6, 
Theorem XI (1) 


Theorem XI (20). If two intersecting planes are each per- 


Pendicular to a third plane, their line of intersection is perpendi- 
cular to that plane. 


e 
_ Given : Two planes P and Q having AB as their line of inter- 
section and another plane x such that P | 7 and Q Lr. 


4? 
To prove that : AB | v. 
Proof. 


Statement Reason 


= 
(1) CD is the line of intersec- (1) Given that P|z and 
e 
tion of P and z and CG Qin 


is the line of intersection of 
Qand x 


> 
(2) CK isa line perpendicular (2) Theorem VI (3) 
> > 
to CD such that CK CP 
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(3) CK" is the line perpendicular (3) Theorem VI (3) 
— — 
to CG such that CK’EQ 


> > 
(4) CK and CK’ are both per- (4) Theorem XI (19) 
pendicular to x. 


> — > > = 
If CK=CK’ and each of CK, CK’ belongs to AB, then there 
> > 
is nothing further to prove. Assume CK=4CK’ but this leads us to 
contradiction of theorem XI (4). Hence the assumption that 
> > > > 


CKzZCK' has to be abandoned. Now CK or CK’ belong to both 
— 
P and Q and as AB is the unique line of intersection of P 


—- > — < 3 
and Q. Hence CK or CK’ belong to AB. Hence, AB is perpendi- 
cular to 7. 


Problem Set 


I. Ata given point A ona line p, how many lines are per- 
pendicular to / in a two dimensional space ? In a three dimension- 
al space ? ‘ " 

II. A line p is not perpendicular toa plane z but it is per- 
pendicular to a line / that lies in the plane z ata point A. How 
many more lines will be perpendicular to / at A ? 

a estes fs d 
D^ | CD. CD lies in a plane x. Will AB be always paral- 
lel to x? 


- — 

IV. AB]| CD. Prove that a plane zx containing any one of 
br = 
AB or CD will be parallel to the other line. 

V. Ifa line is parallel to a plane, itis parallel to the intersec- 

tion of that plane with any plane containing that line. 

VI. Can two intersecting lines be parallel to a plane ? 
If so under what condition ? Prove that the plane containing the 
two intersecting lines will be parallel to the given plane. 


o 


T 


CHAPTER XII 
PROPORTION AND SIMILARITY 


The geometric concept of similarity is very closely related to 
the concept of proportionality in Arithmetic. The geometric concept 
of similarity was developed by Greeks at a time when the concept of 
ratio and proportion was unknown to them. Consequently the 
theorems based on concept of similarity were considered by them 
to be a very difficult portion of geometry. This topic, however, is 
easy to learn if we make use of the concept of proportionality that 
we generally study in Arithmetic. Therefore before we attempt to 
define the geometric concept of similarity, it will be appropriate to 
briefly discuss the concept of Ratio and Proportion. 


Definiton XH (1). Ifa, bare any two real numbers (or if 


a,b € R) then + is called the ratio of a to b. 


The ratio of a to b is denoted by a : b or y 


Definition XII (2) (Proportion). A true statement of 
equality between two ratios is called a proportion. 


isa proportion. 


Z is a proportion ; z 5 
Bg SE Qe. omo 
3 T7. ^ OU PCR "He 
= =7p ÍS nota proportion. —-=— is also written as 
sess prop bd 
a:b::c:d. The four quantities that form a proportion are called 
its terms. Ina:b::c:d, a is called the first term, b the second 
term, c the third term and d the fourth term. The second and 
third terms are known as means while the first and fourth terms are 
called extremes. If we are given the numbers a, b, c then d is the 


fourth proportional if. If the means of a proportion are- 
equal then either of these will be the mean porportional between the 
first and fourth. For example ifa : b—b : c, then b will be the mean 
proportional between a and c. Also in this situation c will be the 
third proportional to a and 5. 


In general if we are given two sequences (a, b, c...) and 


aA ‘bec 
(a^, b’, c'...) and if it is true that Va TRU Uc then we say that 
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the two squences are proportional and we write that 
a, b, c...~a', b', c' 


Theorem XII (1). In a proportion, th 
extremes equals the product of the heat » the product of the 


: a ¢ 
Given: Ty STE 
To Prove that: ad=be 
Proof. 
Statement Reason 
a c 
(1) Td (1) given. 
a [4 
(2) bdx y =bd x -T (2) why? 
(3) da=be (3) why? 
(4) ad=be (4) why? 


Theorem XII (2). In a series of equal ratios, the ratio of the 
sum of numerators to the sum of denominators equals any one of the 
given ratio. 


e e 


mee a ra Ca 
Given : nad ass 


a+c+e+... a c 


; = = ue 
To Prove that : ‘edie. b dye 


Proof. 
Statement Reason 
() If -$ =r then Sar, Fate (1) Why? 
(2) a=br, c=dr, e=fr... (2) Why? 
(3) atce+e...=br+dr+fr... (3) Why? 
(4) atcte...=(b+d4+/f...) r (4) Why? 
(5) diss (5) Why? 
acte. a r e 
(6) Tog t peer (6) Why? 


Theorem XII(3). Ina proportion, the means may be inter- 
changed. (Alternendo) 
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: a c 
Given : ^g 
a b 
To Prove that : uv. 
Proof. 
Statement Reason 
C CA l) given 
Q $u$ (Dg 
(2) ad=be (2) Why ? 
ad be 3) Why ? 
pu dE. Re (3) 
(4) a =o (4) Why ? 
c 
" res inverted. 
Theorem XII (4). In a proportion, the ratios may [riens 
Given ; 9? c 
lven : =F 
To Prove that : m E 
a c 
Proof, 
Statement Reason 
(1) y=% (1) given 
(2) ad-bc |^ (2) Why? 
(3) bc—aq (3) Why ? 
be ad A 
4) -S= E (4) Why : 
gm 24 (5) Why ? 
3 x b cd d 
a+ 
Theorem XII (5). If = T then me pes 
b Eod (Componendo, Dividendo) 
= 
Proof. 
Statement Reason 
Dues d hy ? 
(1) bU (1) Why 
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Q) $T (2) Why ? 
Q) a+b B (3) Why ? 
(4) $e (4) Why ? 
o 2-57 (5) Why? 
Cor. (LT then a= men 
(sr $-q then Aet. or Pa atte <) 
Theorem XII (6). If + = 7 then ZEB EEA componendo 
and Dividendo). 
Proof. 
Statement Reason 
0 pay (1) given 
Q) atb eti (2) Theorem XII (5) 
(3) a try (3) Theorem XII (5) 
( stb ecb ner A way? 
(5) arb eie (5) Statement 4. 


Continued Proportion: Ifa: b—b : c, then a, b, c are said 
tobe in continued proportion. In this case b will be the mean 
proportion between @ and c and cis called the third proportion. 4, 
b, c, d will be in continued proportion if a : b—b : c—c : d etc. etc. 


Definition XII (3). Two sequences of numbers 4, b, c. 
and p, q, r...such that none of a, b, c... or p, q, t.. equals zero 
are said to be proportional if 


——m 
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Now we prove a very important theorem involving ae ied 
of proportionality. The concept of similarity that we are g 
develop later is very much based on this theorem. f E 
Theorem XII (7) Ifa line parallel to one side of a 2 nee 
intersects its other two sides in distinct points which are en ry s 
of those sides then the lengths of the segments into wue ae = 
divided are proportional to the lengths of corresponding seg 
the other side, : d 

Given: A AABG and a point D in the interior of the side 


AB. Aline DE l BC has a point E in common with AC such that 
A—E-—C, 


BD m (EC) BD EC 
To Prove that ; ™ (BD) ( 


cu AERA OF — 
m(AD) m (AE) AD AE 


[It may be noted that we have chosen to denote m (BD) by 
BD etc, etc.] 


Proof. 


Fig. 194. 


Statement Reason 


à , 
(1) DEI Ac meets AC in its (1) Given, Pasch’s theorem 
interior point 


(2) On AÐ, there are n—1 points (2) point plotting ie 
» Das... D4., such that (It m de 
&—D;—TA...D,.,—D and X will be a very 
DSDS... exp aD small number) 


Sd =. (In non technical 
1 
Words we have divided AD 


Into 7 equal parts by n—1 
points) 
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(3) On DB, there are m points 
D4, D'4:,.-Df. a that 
D—D':—D’).. 
and Dreta. 
D',, 1D',, X and D',B 
—r«x 


(In non-technical words, we have divided DB into a number 


(3) Point Plotting theorem. 


of parts whose length equals I or = and we get m parts while a 
small segment D'mB is left out. The length of D'mB is less than E. 
At the most its length may be equal to X). 


(4) Lines through Di, (4) Parallel Postulate. 
D »-1 each theorem. 


Pasch's 


(6) 


(7) 


(8) 


parallel to BC inter- 


(It may be noted that order- 


sect AE in points ing of points on AC would be 
E,, E,)...;En-1 which A—E,—E,. 1—-E-E', 
are its interior —E’,. LB a C Any distur- 
points. Also lines bance in this order will 


through D, D', 
...,D'4 each parallel 
to BC intersect EC 
in pointsE’,, E's ..., 
E'm which are in- 
terior points of EC 
AE, =E,E,=...E,_,E 
=P (Z' will be 
a very very small 
number and it may 
be different from X) 


rZ (r may be 
different from r) 
AD-nX, DB=m=z+r 


AE=n>’', EC=mE' +r 


DB mi+r m 


Tape. tap 
EC, mz’+r' 1 
AET na n 
TR yt. 
I a G 


contradict the parallel postu- 
late) 


(5) Theorem IX (20) 


(6) Theorem IX (20) 


(7) Statements 2, 3, 5, 6 


(8) Statement 7 
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(9) Statement 8 


(9) |PB EG a2 
AD AE" n +zp) 
(m y r r 
( nt zzl- 
(10) r€E and r' x' 


AD AE 


(1L) === and v= 
n n 


P 1 


10) ool ua 
( ) aps n and AES 


n 


r y! 


(13) 


2 | r rf 2 
AD- AE|<ADt+AES n 


o^ hir- 


DB E 
(15) PES PS i-o 
DB EC 
16) <=> a 
(16) AD —"AR- 


inters 


| 


(10) Statements 3 and 6. 


(11) Statements 2 and 3 
(12) Statements 10 and 11 


(13) Statement 12. Problem 
15 Chapter I 


(14) Statement 13. Since X 
is very very small, n is 
very very large. We can 
chose 7 to be as large as 

Hence 2 

n 


we please. 


nearly equals zero and 


the only way in which 
r ru 

AD AE € be less 
than 2 is that it equals 

Jun came 

zero. Also [AD AE can 
never be less than zero 
(why ?) 


(15) Statements 9 and 14 


(16) Statement 15. 


Theorem XII (8). Ifa line parallel to one side ofa triangle 
ects the other two sides in distinct points in their interior, then 


t : 
cus om segments which are proportional to these sides. 
Given: AAABC. A point D in the interior of AB. A line 


DE || BG ha i 
(Fig. 194), * Sen E 
To prove that : (1) es Ev 


in common with AC such that A—E—C 


DB EG 


and Re 
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DB EC . 
Proof: We know that AD = AE [Theorem XII (7)] 
Hence a = ee (Componendo) 
AB AC AD AE -— 
EE AD AE AD AS (invertendo) 
DB EC AD AE h 
d AD AE *" DE EG (invertendo) 


AD--DB _AE+EC | AB AG 

“CDA — EG =" DE £G 
DB EO. 

ae NO 


Theorem XII (9). [Converse to theorem XII (7)] : Ifa line 


intersects any two sides ofa triangle in distinct points which lie in 


4 their interior such that the lengths of the 


segments into which one side is divided 


are proportional to the lengths of corres- 
F ponding segments of the other side then 
the given line is parallel to the third side. 


D E 
Given: A AABC and a line / inter- 
secting AB, AC in points D, E such that 
DB EC 
C A—D-—B and A—E—C and AD^ AE 
Fig. 195. 


To Prove that: l| BC. 


Proof. There are two alternatives : 


(1) LI BC and then we have nothing further to prove. 


(2) IBC then: 


Statement 


Reason 


(1) Through D, there exists (1) Parallel Postulate, Pasch's 
pt theorem. 


aline DF || BC meeting 
AC in F such that 
A—F—C and F4E 


DB FC (2) Theorem XII (7) 


(2) Ap ^ AF 


: 


ue S 


CT 


-— 
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3) DB _ EC (3) Given 
AD AE 

(4) FC | EC (4) Statements 2 and 3 

S9 AF CARN 

(5) FC--AF _ EC+AE (5) Statement 5, componendo 

AF AE 

(6) AG _ AG (6) Statement 5. Def. of 
AF AE betweenness, Statement 1. 

(7) AP=AE (7) Statement 6. 

(8) E and F are both on the (8) Given. Statement 1. 
C-side of A. 


Since E and F are distinct points, statements 8 and 9 lead to a 
contradiction of the Ruler Postulate. Hence the assumption that 
L Af BC needs to be abandoned, 


,., Theorem XII (10). A bisector of one angle of a triangle 
divides the opposite side into segments which are in the ratio of the 
sides containing the angle. 


Fig. 196. 


=e 
Given : A A ABC. CD is the angle bisector of / C,!having D in 
common with AB, 


To prove that : bg =F 
Proof. 
Statement Reason 
(1) Through A, there is a line (1) Parallel Postulate 
— = 


AE || CD 


266 


[x 


(2) AE has a point F in com- 


e 
mon with BC 


(3) F is not between C and B 


(4) F is not opposite to C- 
side of B 


(5) F-C—B 
DA CF 
(6) Bp BC 
(7) ZDCA=Z CAF 
(8) ZBCD=ZCFA 


- < 
(2) AE JF BC as otherwise 
it will contradict parallel 


< 
postulate because AE || 
— t < 
CD and CD and CB have 
a point in common. 


— — 
Hence AE and BC inter- 
sect. 


=» 
(3) If C—F—B then AF will 
> > 
be between AB and AC 
(Cor. to Pasch’s theo- 
rem and as each of 

=> > 


AB, AC have a point in 
— 
common with CD then 


AF will have a point 
— 

in common with CD. 

(Cor. to Pasch's theorem 

which will contradict 

statement 1) 


IfF is opposite to C-side 

of B then F and A will lie 

in the opposite half 
<] 

planes when CD is taken 

to be the edge and in 


(4 


— 


t 
that case AF will havea 
point in common with 


“e 

CD (Plane separation 
Postulate) and this will 
contradict statement 1 


(5) Statements, 3 and 4 


= = 
(6) CD | AE. Theorem 
XII (7) 
(7) Alternate interior angles 
(8) Corresponding angles 


2 ————— S 
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i (9) ZDCA=/BCD (9) Given 
(10) ZCAF=/CFA (10) Statements 7, 8, 9 
(11) cFe«ca (11) Statement 10 
DA H 
(12) Bp -— (12) Statements 6 and 11. 
Theorem XII(10a). The bisector of an angle exterior to angle 
t 
y ZBAC of a AABC meets the line BC in a point D such that 
D—B—QC or B- C—D and such that EM = A the AABC not 


having / B and ZC congruent to each other. 
Given: A AABG with m/B4mZC. ZEAC is exterior to 
> 
£e ae the angle bisector of Z EAC meets BC in D such that 


B e D 
Fig. 197. 
To y : BD — AB * 
prove that: CD ~ AG 
Proof. 
Statement Reason 


(1) Through C, there is a line (1) Parallel postulate 
> < 


CF || DA 


> > eu > ie 

(2) CF has a point G in com- (2) CF 4 ABas CF || AD 
with AB and AB and AD have a 
point A in common and 


= 
if CF || AB then it will 
lead to a contradiction 
of parallel postulate 
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(3) G is notopposite to B-side 


of A (It is not B—A— 


G) 


(4) G is not opposite to A- 


side of B. (It is 


G—B—A) 
(5) B—G—A 
GD. GA 
(0 36 —5G 
BC BG 
(00-G5 = GA 


not 


BC+CD _ BG+GA 


Aor. OA 


(10) ZDAC= ACG 
(11) ZEAD=ZAGC 
(12) ZEAD= /DAC 
(13) ZAGCe 7 ACG 


(14) AG=AC 
BD _ AB 


05 op Aa 


(3) If B-A-G then CF 
will intersect AD (Plane 
separation postulate 


€ 
when AD is taken às 
edge) 


(4) If G—B—A then CG 
will not be between 


-> => 
CA and CB. Consequ- 
ently GC will be bet- 
> > 
ween CA and CD and 


= 
then GC will have a 
point in common with 
AD (Cor. to Pasch’s 
theorem) leading to a 
contradiction of state- 
ment | 


(5) Statements 3 and 4 


(6) Theorem XII (7). 
< 4 


CG || AD 


(7) Statement 6. Invertendo 


(8) Statement 7 
Componendo 


(9) Definition of between- 
ness 


(10) Interior alternate angles 
(11) 
(12) Given 


(13) Statements 10, 11 and 
12. 


(14) Statement 13 


Corresponding angles 


(15) Statements 9 and 15. 


269 


In this case, the point D is said to be the point of external 
division of the line segment AB. A line is said to be divided har- 
monically if it is divided internally and externally in the same ratio. 
We have seen that the angle bisector of an angle of a triangle and 
the angle bisector of the exterior angle to the same angle divide the 
line opposite to that angle harmonically. 

Similarity between two triangles. Supposing we know that 
there exists 1—1 correspondence ABCDEF between the vertices of 
two triangles, AABC ond ADEF and supposing we are given that : 


(1 ZA=7D; ZBz/E and /C&/F and also 
(2) = = a D, then we say that 1—1 correspondence 


ABCDEF between the vertices of the triangles, A ABC and 
ADEF is a similarity and we write that ‘AABC~ ADEF’ which we 
read as ‘The A ABG is similar to ADEF’. 


There is a convention that m(AB) where XB is opposite the 
vertex C of a AABC is denoted by c. Similarly m(BC) will be 
denoted by a and m(AC) will be denoted by b. In other words AB 
is denoted by c, BC by a and AC by b. Then 
DE EF DF y d e 
AB" BG =AG 9 PESE a and then we can 
further write it as c, a, b~f, d, e. a, b, ced, e, f would therefore: 
: 1 e f 
imply t EM S" A, 

P that a b c 

We summarise it by saying that AABC~ ADEF if : 

(1) There exists 1—1 correspondence between their vertices, 

(2) Pairs of corresponding angles are congruent, 

(3) Corresponding sides are proportional. 


we can write 


A triangle will be similar to itself if we can set up à correspon- 


dence which satisfies the above conditions. The 1—1 correspon- 
dence ABC; ABC between the vertices of a A,ABG and | itself is a 
Similarity, 


. We have already talked about 1—1 correspondence between the 
vertices of A ABG and ADEF when it isa congruence and when we 
say that AABC= A DEF. When this is so then we know without any 
relerence to any set of figures that 7A~/D; / Be / E and /C= 
ZF and also ABe-DE, BCLEF and AC=DF. So the congruence 
relationship between two triangles is also a similarity relationship as 
in the case of congruence relationship ——— =p =—— l or in 
other words in this case the ‘constant of proportionality’ is one. So 
if AABC= ADEF then AABC~ A DEF. 
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Moreover whenever we are given that 1—1 correspondence 
ABCDEF between the vertices of two triangles is a similarity and 
AABC~ ADEF then (without any reference to any set of figures) 
we write that 


(1) ZA=ZD; ZB=/Eand /C=/F and 
(2) a, b, ce-d, e, f 


We define similarity relationship between two triangles as 
follows : 


Definition XII (4). A one-to-one correspondence between 
the vertices of two triangles (or between the vertices of any triangle 
and itself) such that the corresponding angles are congruent and 
the length of corresponding sides are proportional is called a simi- 
larity and the triangles are said to be similar. 


The proportionality constant between the lengths of corres- 
ponding sides of two triangles may be less than 1 or more than 1 or 
even equal to 1. But when the proportionality constant equals 1, 
then the similarity relationship is also congruence relationship. 
[It may however be noted that if AAABCe A / DEF then AABC~ 
ADEF but the converse will not always be true. If AABC~ ADEF 
then /,ABC will not necessarily be congruent to ADEF]. We can 
extend the concept of similarity to convex polygons of n sides. A 
triangle is a polygon of three sides. We can suitablly modify the 
definition of similarity of two triangles to define similarity 
relation between two polygons of n sides each. Moreover, as in the 
case of a triangle when 1—1 correspondence ABC-ABC is a simi- 
larity or in other words the identity correspondence between the 
vertices of two triangles is a similarity, the identity correspondence 
between the vertices of a convex polygon and itself is a similarity. 
The ratio between the lengths of corresponding sides of two similar 
polygons is called ratio of simlitude. 


It can be verified that similarity relation on the convex polygons 
of n sides is an equivalence relation as it is reflexive, symmetric as 
well as transitive. This holds for similarity relation between two 
triangles as a triangle is a convex polygon of three sides. Now we 
prove below some theorems. 

Theorem XII (11). If one triangle is similar to second under 
a similarity with proportionality constant k then the second triangle 


DET 1 
is similar to first with the proportionality constant. 


Given: 1—1 correspondence ABCDEF between the vertices 
of AABC and ADEF such that AABC- ADEF. In other words 
we also know that / Ac ZD, / Bex / E and / Ce /F and 

DE EF DF y 
AB BC” AG 
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AB BC AC 1 


To prove that : DE = EF "DF F 


Proof. 
Statement Reason 
(1) E =k (1) Given 
(2) DE=k.AB (2) Statement | 
DE  Kk.AB E. E UNA 

(3) KDE “EDE (3) If a=b then ee (c0) 
(Division Axiom) 

(4) — (4) Statement 3. 


,, Theorem XII (12). If one triangle is similar to second triangle 
with Proportionality constant k and if the second is similar to the 
third with the proportionality constant / then the first is similar to 
the third with the proportionality constant kl. Hence the triangles 
Which are similar to the same triangle are similar to cach other (or 
Similarity rclationship is transitive). 


_ Given : (1) 1—1 correspondence ABCDEF between the 
vertices of A ABC and ADEF and AABC~ ADEF which implies that 


(2) 1—1 correspondence DEFe»XYZ between the vertices of 
ADEF and AXYZ which implies that 


DE “EF = DF" 
To prove that : 
XY _YZ_XZ_,, 
AB =BG SAGE © 
and AABC~ A XYZ. 
Proof. 
Statement Reason 
(1) d =k and i! (1) Given 
(2) = Yu (2) Statement 1 
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XY 
(3) -B =kl (3) Statement 2 

XY YZ XZ 
(4) AB “BG =aq M (4) As for statement 3. 
Also as / A= ZD and ZDS ZX, therefore / Az Zx 


Similarly / Be ZY and ZC=/Z. H 
dence ABCeXYZ is a similarity and b ABC AXYZ. | 


Theorem XII (13). Given a co 

: A t rrespondence i 
triangles, if corresponding angles are congruent then Mei die AWO 
dence is a similarity (A.A.A. similarity theorem). correspon- 


correspon- 


Given : 1—1 correspondence ABCDEF i 
of the AABC and ADEF and Am D: ied bonds quim 


Te e that: l— is a simi 
T i iprove o3 1—1 correspondence ABCDEF is a similarity 


A 


B C E 


Fig. 198. 


Proof. If we consider the measure of the side AB of AABC 
and the side DE of ADEF then (By Trichotomy Law) either : 


(1) AB=DE or 

(2) AB>DE or 

(3) AB<DE. 

(It may be noted that AB, DE are real numbers which are 
measures of sides AB and DE respectively). 


First Case. If AB=DE then. 
Statement Reason 


(1) ABeDE (1) Assumption 
(2) LAG LD and /Bz (2) Given 
Zz. D 


LÀ 


(3) 1—1 correspondence (3) A.S.A. theorem 
ABCDEF is a con- 
gruence and AABC= 
ADEF | 
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( DE EF DF 
AB SBO AO 

(5) 1—1 correspondence 
ABCDEF i; a simi- 


larity and AABC~ 
ADEF. 


Second Case : 


B R C 


(4) Statement 3 


(6) Statement 4. 


If AB>DE then :— 


E E 


Fig. 199. 


Statement 
(1) There exists a point G on 
AB such that AG2DE 
and A—G—B 
Through G, there is a line 
— 


GK || Bc 
— 


(2 


GK meets AC in H such 
that A-H—G 


ZAGH= /B 
ZB=/E 

AAGH~ ZE 
ZAHG=/F 


1—1 correspondence AGH 
“DEF is a congruence 
and AAGH= ADEF 


GH EFF and AH=DE 


Reason 
(1) Point Plotting theorem 


(2) Parallel Postulate 


(3) Pasch’s theorem 


(4) Alternate interior angles 
(5) Given 
(6) Statements 4 and 5 


(7) Reasoning same as for 
statement 6 


(8) SAA theorem 


(9) Corresponding parts of 
congruent triangles 


(10) Theorem XII (8) 
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(11) GR || HC such that (11) Reasoning similar to the 
B—R—G one for statements 2 and 3 
(12) RC2=GH (12) GRCH is a ||?". state- 
ments 2 and 11 
A BEL RG 
(13) -AB = BG (13) Theorem XII (8) 
R 
(14) AT ST = ae (14) Statements 10 and 13 
DE DF _ EF 
(15) ie ae ne (15) Siatements 1,9, 12 and 


(16) ZA=ZD; ZB=/E; (16) Given 
ZC=7F 


(17) 1—1 correspondence ABC (17) Statements 15 and 16. 
«DEF is a similarity and 


AABC~ ADEF. 


Third Case: If AB<DE then there is a point G on DE such 
that DG— AB and D—G—E. Then we can proceed exactly on the 
lines as for case II and prove the desired result. 


Theorem XII (14). (A.A similarity theorem). Given a 
correspondence between two triangles. If two pairs of corresponding 
angles are congruent then the correspondence is a. similarity. 


Proof. We know that sum of angles of a triangle is 180. 
Hence if two pairs of corresponding angles are congruent then the 
third pair is also congruent. Hence A.A similarity theorem is same 
as A.A.A similarity theorem. 

Theorem XII(15). (S.S.S.similarity theorem). Given 1-1 
correspondence between the vertices of,two triangles. If correspond- 
ing sides of two triangles are proportional, then their corresponding 
angles are congruent and the correspondence is a similarity. 


Given: 1—1 correspondence ABCDEF between the vertices 
of AABC and ADEF such that a, b, c~d, e, f. 
To prove that: AABC~ ADEF. 


Proof. If we consider the measure of side AB of AABC and 
that of its corresponding side DE of ADEF then either 

(i) AB=DE or (ii) AB>DE or (iii) AB<DE. 

Ist Case. If AB=DE then x =1 or f —] and as we are 


given that a, b, c~d, e, f it implies that i ende =l or it im- 


plies that d—a and e=b or EF&BC and DF&AC. Then: 


275 


Statement 


ly 1 correspondence ABC 
DEF is a congruence 


AABCY A DEF 


(2) ZA=/D; /Be/Eand 
Z Oc 7F 


(3) a, b, cd, e, f 
(4) 1—1 correspondence ABC 


DEF is a similarity and 
AABCW A DEF. 


Reason 
(1) S.S.S. Theorem 


(2) Corresponding parts of 
congruent triangles. 


(3) Given 


(4) Statements 2 and 3. 


Second Case, If AB>DE then: 


A 


B 


Fig. 200. 


Statement 


(1) There is a point G on AB 
such that A~G—B and 
AG=DE 


(2) Through G there exists a 
> > 
ray GK || BC 

> 


(3) rie not pass through 


ES 

(4) GK contains a point H 
which is an interior point 
of AC 


(5) ZAGH~/B 
(6) ZAHGe ^ Gc 


Reason 


(1) Point Plotting Theorem 


(2) Parallel Postulate 


— 

(3) If GK passes through A 
or C then it will con- 
tradict the parallel 
postulate 


(4) Pasch's theorem 


(5) Corresponding angles 
(6) Corresponding angles 


lines as case II. 
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(1) ZGAH=ZA 


(8) 1—1 correspondence 
AGH«eABC is a similarity 
and AAGH~ AABG 


(9) AG, GH, AH~e, a, b 


(18) GH=d 


(19) GH&EF, _ 
and AG=DE 

(20) 1—1 correspondence 
AGHeDEF is a con- 
gruence and AAGH= 
ADEF 


(21) Eee. 
and ZA 


(22) prr and “ae 
d ZA=ZD 

(23) 1—1 correspondence 

ABCeDEF is a simi- 


larity and AABC~ 
ADEF. 


Third Case. 
How ? 


AH=DE 


ZH=ZF 


(7) An angle is congruent to 
itself 


(8) A.A.A. 


rem 


similarity theo- 


(9) Statement 8 


(10) Statement 9 
(11) AG=DE and DE=f 


(12) Given 
(13) Statement 12 


(14) Statement 13 (Invertendo) 


(15) Statements 11 and 14 


(16) Statement 15 
(17) Statements 11 and 14 


(18) Statement 17 
(19) Statements 16 and 18 


(20) S.S.S. Theorem 


(21) Corresponding parts of 
congruent triangles 


(22) Why ? Statements 5, 6, 
7 and 21 


(23) A.A.A. similarity theo- 
rem. 


IfAB<DE. This can be proved on similar 
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Theorem XII (16). (S.A.S. Similarity theorem). Given 
two triangles and correspondence between their vertices. If two 
pairs of corresponding sides are proportional and the included angles 
are congruent then the correspondence is a similarity. 


Given: 1—1 correspondence ABCDEF between the vertices 
of AABG and ADEF such that b,c~we, f and. / Az / D. 


To Prove that : AABCY ADEF. 


e 
Proof. We are given that b, c~e, f or "boe 


Either + =1 or + 21 Jon Sess (Trichotomy law) 


b 
First Case: © —1 or PE =1 or DE=AC 
and also f = Pal or f=c or DE&AB, also / Ac / D (given). 


Therefore 1—1 correspondence ABCDEF is a  congru- 
Z6: and AABCe ADEF. It emplies that / A= / D, / Bez ZE and 
=/F, 


Hence 1—1 correspondence ABCDEF is a similarity and 
AABC- ADEF (A.A.A. similarity theorem). The reader may 
write,this proof in columns. 


Second case : if <lor DE. <1 then m(DF) «m AC or 


m AC > mpg then: 


Statement Reason 


(1) There is a point G in AC (1) Point Plotting theorem 
such that A—G—C and 
AG=DF 


a D 


Fig, 201 
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— 


(2) GH || CB (2) Parallel Postulate 


> 


= 
(3) GH has a point K in common (3) Why ? 
with AB such that A—K —B 


(4) 1—1 correspondence AKG (4) A.A.A similarity 


«ABC is similarity and theorem. How ? 
AAKGw~ AABG 
AG AB BC 
(5) AG AK” KG (5) Statement 4 i 


AC AB BC e 
(6) DF^ AK" GK (6) AG=DF 


(7) DF AK _ GK 
AG AB pE 


(7) Statement 6 


(8) AG = AB (8) Given 
DF A D 
(9) CE =-DE (9) Statements 7 and 8 
(10) AK=DE or AK=DE (10) Statement 9 
(11) 1—1 correspondence (11) S.A.S Postulate 
AKGeDFF is a con- 


gruence and AAKG 
= ADEF 

(12) 1—1 correspondence AKG (12) Statement 11 
«DEF isa similarity and- 


AAKG~ ADEF 
(13) AAKG~ AABC (13) Statement 4 
(14) AABC~ ADEF (14) Statements 12 and 13 


(How ?) 


Third Case : re >1 then m DF>m AC. 


Proceeding exactly on the lines as for second case, we can 
prove the desired result. 


_ Theorem XII (17). Given 1—1 correspondence between the 
vertices of two triangles which is a similarity. If a pair of correspond- 
ing sides are congruent, then the correspondence is a congruence. 


Given: 1—1 correspondence ABCe+DEF between the vertices 
of AABC and ADEF such that AABC~ A DEF and AB=DE- à | 
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To Prove that: 1—1 correspondence ABCeDEF is a congru- 
ence and AABC= A DEF. 


Proof. 
Statement Reason 
(1) a, b, cd, e, f or e 4 (1) AABC~ ADEF 
mal 
c 
(2) fay (2) AB&DE or c=f 
(3) es $4 ll (3) Statements 1 and 2 
(4) d=a and e=b (4) Statement 3 
(5) EFe:BC and DFXAC (5) Statement 4 
(6) 1—1 correspondence (6) S.S.S Theorem. 


ABCDEF is a congruence 
and AABCe ADEF 
Theorem XII (18). Given AABC and a positive number 
k. 'Then there uui co which is similar to A ABC with 
Proportionality constant k. 


Proof, 


First Case: If k=1 then AABC is similar to itself. 

Seond Case: If k<] then there exists a point D such that 
DB and AD=kxAB (point plotting theorem). Through D 
there is a line parallel to BC intersecting AC in E such that ASETA 
(Parallel postulate, Pasch's theorem). ZD2&/B and / Ee 7 


AE £t v uo 
(corresponding angles). Also cd —-AcG DEI BC). As AD=K.AB, 
therefore AE=k.AC, 
Through D, there is a linc parallel A 
to EC meeting Bc in F such that B—F—C. 
Therefore ao (why ?). As AD 
a 
=K.AB, therefore FO=k.BC. Also DFCE i; E 


isa || ?^ (How ?). Therefore FC=DE and 


l y) AD DE 

nence DE=k.BC. Hence AB ^ BG B F C 
ls ig. 202. 

= AG ^^ Also in AADE and AABC, fe 
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corresponding angles are congruent. Hence 1—1 correspondence 
" ABCDEF is a similarity and AABC~ ADEF. 


[2s d 
Third Case. Ifk>1, then there is a point D on AB such that 
A—B—D and AD—K.AB. A line through D parallel to BC intersects 
pum : AD AE 
AC in a point E such that A —C—E (How ?) Also 


ig ag me 


Lac d 
AE-K.AC. Through B, there is a line parallel to CE meeting DE 
in F such that D—F—C (How ?) and a ~= and as AD—K.AB, 
therefore DE=k.FE, But as BFEC isa | om, therefore FE=BC. 
Hence DE=k.BC, Also in AABC and AADE, the corresponding 
angles are congruent. So AADE~AABC, Hence in both these 
cases A ADE is similar to A, ABC. with a proportionality constant k. 
M 


Ve could make use of this theorem in proving S.S.S similarity 
theorem, S.A.S. similarity theorem and A.A.A similarity theorem. In 
Proving the above theorem we have not made use of any of these. 


Let us prove S.S.S similarity theorem with its help. 


Let ABCDEF be 1—1 correspondence between the vertices 
of AABC and ADEF. Also we are given that 


DE EF DF 
AB "po AG e ssi) 
Proof. There exists a AXYZ similar to ADEF with propor- 
tionality constant k. Hence : 


DE EF ODF 


XY" YZ^ NZ = oss (2) 
and /X=/D; /Y=/Eand /Ze/F vs (3) 


From (1) and (2) we get AB=XY, BCL Yz and ACezXz. Hence 
AABC=/\XYZ with 1—1 correspondence ABCe»XYZ being a 
congruence. (S.S.S. Theorem). Thus ZA= ZX, /Bz/Y and 


ZOgz/Z. (4) 


From (3) and (4) we get that /Azz/D, /BY/E and 
Z Ce /F. Asweare given that a, b, c~d, e, f, therefore 1—1 
correspondence ABCeDEF is a similarity and AABC~ ADEF. The 
reader may prove S.A.S. and A.A.A, similarity theorems on these 
lines on their own. 


In a right triangle, the side opposite the right angle is known 
as hypotenuse and other two sides are known as legs. Also we know 
that altitude of a triangle is the perpendicular segment from the 
vertex to the line containing the opposite side. We have also proved 
that the foot of perpendicular (altitude) from the vertex of the right 


—————— 


in 
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. H =} 1 he 
angle of a right triangle to the opposite side (hypotenuse) E RS ne 
interior of that side. Keeping these things in view we p 
following theorems : 


Theorem XII (19). In any right triangle, the altitude to me 
hypotenuse forms with the respective legs and corresponding eee es 
of the hypotenuse, two triangles which are similar to each other 
to the original triangle. 


Given: A AABC. mZA=90. D isthe foot of the perpendi- 
cular from A to Bc. 


A 


B D G 
Fig. 203. 
To prove that : 


(1) 1—1 correspondence ABDeCBA is a similarity and 


AABD~ ACBA. 
(2) 1-1 correspondence ACD@BCA is a similarity and 
AACD~ ABCA. 
(3) 1—1 correspondence ABDCAD is a similarity and 
AABD~ ACAD. 
Proof. (First Part) B—D—C. Why ? 
Statement Reason 
(1) ZABD= 7B (1) An angle is congruent 
to itself 
(2) ZADB& 7 BAC (2) Each is a right angle 
(3) 1—1 correspondence (3) A.A, similarity theorem 


ABD@CBA is a 
Similarity and 
AABD~ ACBA 
Second Part. The proof is similar to Part I 


Third Part : 


Statement Reason 


ex 1) Measure of each is 90— 
HL CSEDSS ADAE WU) measure of / C 


(2) ZADB= ZADCG (2) Each is a right angle 
(3) 1—1 correspondence (3) A.A similarity theorem 
ABD«CAD 
is a similarity and 
AABD- ACAD. 


Theorem XII (20). If there is 1—1 correspondence between 
the vertices of two triangles which is a similarity with proportionality 
constant K then the lengths of altitudes of first triangle are propor- 

` tional to the lengths of corresponding altitudes of the second triangle 
with the proportionality constant k. 


Given : 1—1 correspondence ABCDEF between the vertices 
of AABC and ADEF and a,b, c~d, e, f with proportionality 
constant k. In other words 


— 

or d=ak, eshe ecol. 
or EF=k.BC, DF=k.AC 
and DE-kK:AB. 


To prove that: If KG is the altitude from A to BC of AABC 
and DH is the altitude from D to EF of the ADEF then DH=k.AG ` 
and two other similar results. 


Proof. If we consider the measures of ZG of AABC and 
ZF of ADEF, then there are three alternatives. 


(1) Each of ZC and /F is a right angle. 
(2) Each of ZC and ZF is acute. 
(3) Each of ZC and ZF is obtuse. 


First Case. 


5 D 
M N | 

i 

TE. F 


Fig. 204. 


is a ri Ititude 
C and ZF isa right angle then the a t 
T E: As we are given that DF=k.AG 
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therefore DH=k.AG. Similarly if BK is the altitude from B to AC 
and EL is the altitude from E to DF then BK=BC and EL=EF and 
hence we prove that EL=k.BK. To prove the third result if CM.1 AB 
and FN [ DE then 1—1 correspondence CMA«FND is a similarity 
and ACMA~AFND as /A=/D and /CMA&/END, each 
being right angle. (A.A. similarity theorem). Hence 


IN FD a. 
CNG IGA P. è 
or FN=k.CM 


Second Case: 


When each of / C, /F is acute, then B—~G—C and E-H—F 
(Why ?) 


A D 
B G CE qm 
Fig. 205. 
Statement Reason 
(1) ZAGB~ / DHE (1) Each is a right angle 
(2) ZBe&7E (2) AABC~ ADEF 
(3) 1—1 correspondence (3) A.A. similarity 
. ABGoDEH 
1$ à similarity and 
AABG~ A DEH 
(4) DH=k.AG (4) Statement 3 and. as 


DE=k.AB (given). 
Similarly we can prove the other two results. 


Third Case. When each of ZG and /F is obtuse, then 
B—~Q_G and E—F—H. We can proceed on similar lines as for the 
Second case and. prove the three results. 


The Pythagorean Theorem. We can make use of the con- 
cept of similarity between two triangles in proving the most famous 
and one of the most important theorems of Geometry —The theorem 
of Pythagoras (580 ?— 500 ? B.C.). Pythagoras is said to have dis- 
covered the theorem that the square on the hypotenuse of a right 
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triangle equals the sum of the squares on the other two sides. It is 
said that the Egyptians were the first to discover the truth of this 
theorem in the special case when the sides of a triangle are 3, 4, 5 
respectively. It is said that Pythagoras wasso happy over the dis- 
covery of this theorem that he sacrificed a hecatomb. Some 
Historians doubt the correctness of this statement as they say that 
Pythagoras did not believe in shedding the blood as they believed 


in transmigration of soul. They suggest that he might have sacri- 
ficed ‘an OX made of flour’. 


The proof of the theorem which is based on the concept of simi- 
larity that we are going to discuss is due to the Indian Mathemati- 
cian Bhaskra. His proof deperds on drawing from the vertex of right 
triangle, a perpendicular to hypotenuse and comparing the two 
triangles thus obtained with the given triangle to which they are 


similar. This proof of the theorem was unknown to Europe till 


John Wallis (1606—1703) rediscovered it. This proof is given 
below. 


Theorem XII (21). In a right triangle, the square of the 
length of the hypotenuse is equal to the sum of the squares of the 
lengths of its two legs. 


Given : A right triangle ABC with right angle at C. 
To prove that : (A&B)*— (AC)?-- (BC)? or c?— bpa. 
Proof. 


C 


A O B 
Fig. 206. 
Statement Reason 
(1) O is the foot of altitude (1) Why A—O—B ? Refer 
from C to AB and Problem D-8, Chapter 
A—O-B ; IX 


(2) 1—1 correspondence ACO (2) Theorem XII (19) 
«ABC is a similarity and 


AACO~ (ABC 


(3) 1—1 correspondence (3) Theorem XII (19) 
CBO« ABC is a similarity 


and A CBO~ A ABC 


(4) AB BO AG =k (4) Statement 2 
B 
(5) <4 = o" So eel (5) Statement 3 
(6) AO=k. AC or AO=k.b (6) Statement 4 
(7) OB=/.BC or OB=/.a (7) Statement 5 
(8) AO+OB=AB (8) A—O—B. Definition of 
betweenness 

(9) kb+-la=c (9) Statements 6, 7, 8 
(10) k= == (10) Statement 4 
(II) i= = -— (11) Statement 5 

b 
(12) 7. 54-5. aec (12) Statements 9, 10, 11 

» v 
(13) £ TA (13) Statement 12 
(14) D?-Ea2 c2 (14) Statement 13. 


Theorem XII (22). (Converse to Pythagorean's theorem). 
If the square of the length of one side of a triangle is equal to the 
sum of the squares of the lengths of other two sides, the triangle is a 


right triangle with the right angle opposite the first or the longest 
Side. 


Given: A AABC and c?=a?+ b°. 
To prove that: / Cis a right angle. 


> > 
Proof. Consider two perpendicular rays DE and DF. 
E 


B H 


Fig. 207. 
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Statement Reason 


x 
(1) On DE, there is a point G (1) Segment construction 


such that DG—b and on Theorem 
> 
{DF there isa point H such 
that DH=a 
(2) (HG)?=a?+D? (2) DHG isa right triangle. 
Hence (HG)*=(DG)* 
-+(DH)?. Theorem 
XII (21) 
(3) c?=a®+5 (3) Given 
(4) c?=(HG)* (4) Statements 2 and 3 
(5) c2 HG (5) Statement 4 
(6) 1—1 correspondence BCA (6) S.S.S. theorem. State- 
«—HDG is a congruence ments 1 and 5 
and ABCAz: AHDG 
(7) Z2 4D (7) Corresponding parts of 
congruent triangles 
(8 ZGisa right angle (8) As ZD is a right angle. 


Pythagorean Triplets. We know thata A with sides 3, 4, 5 
is a right triangle (3)?-- (4)? — (5). (3, 4, 5) is, therefore, known as a 
Pythagorean triplet. Similarly (5)?+ (12)*— (13)?, therefore 
(5, 12, 13) is also a Pythagorean triplet. It is easy to prove that if 
(a, b, c) is a Pythagorean triplet then (/a, /b, lc) will also be a 
Pythagorean triplet. As (3, 4, 5) is a Pythagorean triplet, therefore 
(6, 8, 10), (9, 12, 15), (12, 16, 20)...are all Pythagorean triplets. 


A Pythagorean triplet like (3, 4, 5) is called a primitive 
Pythagorean triplet as 3, 4, 5 are prime to each other. In fact 
3, 4,5 are prime to each other in pairs. Now if we can find a 
formula that can help us in giving all primitive Pythagorean triplets, 
then we can write all Pythagorean triplets if we have the capacity 
and the time to do so. 


All Pythagorean triplets satisfy the formula @+b%=c?, Now 
if (a, b, c) is to be a primitive Pythagorean triplet then (a, b), (b, €) 
(a, c) should be prime. Now if a and b are to be prime to cach other 
then a, b will not both be even. a,b cannot both be odd also, as 
if a, b are both odd then a? will be of the form 4g+1 and b? will ke 
of the form 4r--1 and then a?--b® will be equal to 4g--4r--2^ oF 
A(q4-r)4-2 which cannot be a perfect square. 


Theory of Numbers tells us that i i imiti 
f at if (a, b, c) is a primitive 
Pythagorean triplet, then there exist integers x, y PEN that n y are 
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prime to each other and if one of these is odd then the other is even 
and such that : 


(i) a=2xy (ii) b-x?—y* (iii) c—3x?--y?. Now a*-tb-— 
(2xy)?+- (x®—y®)?= (x8--52)93— 02. "With these equations we can 
choose a, b, c if we can choose x, y such that if one of these is odd, 
then the other is even. Let x—3 and y=2, then 3:12; b= SLANA 
€—13 ; (5, 12, 13) is a primitive Pythogorean triplet. 


Problem Set 
A 


l. Parallel lines intercept proportional segments on two 
transversals. 


(Hine : BD BG EG cx) 


Dr ce why ande OA, 


Fig. 208. 
2. Prove that the locus of the mid points of line segments 


drawn through a given point (not in the line) to a given line is a line 
Parallel to a given line. 

3. A line through the centroid ofa triangle and parallel to 
one of its sides divides the other two sides into segments having the 
ratio 2:1, 

Prove that ifaline does not divide the two sides of a 
roportionally, then it is not parallel to the third side. 


(Hint: Ifa line /intersects AB and AC in E & F but does 
1 ot diy 


uH 
triangle p 


ide the sides proportionally or tuv Th then assume that 
AE AG e 
EB Gn os 


Now EG || BC and EG+l. This leads to contradiction of parallel 
Postulate, (This theorem is contrapositive of theorem XII (1). 


lis| to BC. Now finda point G in AC such that 


5. If three or more parallel lines intersect segments on two 
transversals, then the ratio of measures of the segments on one 
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transversal equals the ratio of measures of the corresponding segments 
on the other transversal. 


=x 
6. D isa point on the side AB of / BAG such that A—D —B. 
< — 
Prove that a line through D parallel to BC contains a point E on AG 
such that A—E-— C (use the concept of betweenness and Theorem 
XII (1).) 
7. Ina quadrilateral ABCD, AD | BC. There is a point Ein 
XB such that A—E—B and a line through E parallel to BC meets DC 
in F. Prove that 
AE DF 
EB "FC" 
$. Pis'a point within a quadrilateral ABCD. There are 
points E, F, G, H on PA, PB, PC, PD respectively such that A~E—P, 
B—F—P, C—G—P and D—H—P. If it is given that EF || AB, 
FG || BCand GH || DC the prove that EH || AD. 


9. Given AABC and ADEF such that AB || DE ; BC || EE and 


> > > 
DA, EB and FC meet in P such that D—A—P, E—B—P and 
F—C—P. Prove that AC || DF. 


= - € 
10. Given AABC and ADEF such that AD, BE and CF are 
< = bazd - 


parallel to each other in pairs. Also AC || DF. BA and ED meet 


e Lad = e e 
in G and BC and EF meet in H. Prove that AC || DF || GH. 


11. D, E are the mid points of the sides AB and AC of 
AABC. Prove that DE [ BC . 


12. Given three lines p, q, r- There are points P and AC p, 
Q and BEq and R and CEF such that PQ || AB and QR || BC. Also 
P, Q, R are not collinear. Also A, B, C are not collinear. Prove 
that PR || AC. 


_13. Pis a point in the interior of AABC. DE || AB where 
DCAPand EE BP. Also EF [ BC where FE Cp. Prove that DF || AC- 


e 
14. A line AB divides a plane into two half planes Hi and 
— 
Hə. Cis a point in H, and D isa point in Hj. ECAB such that 


A—E-B. EF || AC where FEBC and EG || AD where GC BD. Prove 
that FG | CD. 


15. ABCD is || ^". PC AC such shat A— C.—P. BP has a point 
€ 
H in common with DC such that D-C—H. DP has a point K in 


e 
common with BC such that B—C—K. Prove that HK || BD- 
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16. PEBC ofa AABC. PQ || BA where QC C& and PR l cA 
< 


where REBA. QR has a point S in common with BC such that 
S—B—C. Prove that (SP)?=SB.SC. 


17. D€BC of a AABC such that BD=DC. ECAD such that 
-j 


AE=ED. BE has a point X in common with AC. Prove that 
BE: EX=3: 1. 


18. Prove that diagonals of a trapezium cut each other pro- 
Portionally. 


B 


1. Is it possible that the bisector of an angle exterior to an 
angle of a triangle be parallel to one side of the triangle ? If it so then 
what kind of the A, it would be ? 

2. Prove that the angle bisector of an angle ofa triangle and 


the angle bisector of the angle exterior to the same angle of the 
triangle divide the side opposite to the given angle harmonically. 


3. AD is the median of a AABC. DE is the angle bisector of 
<ADB where Ec AB and DF is the angle bisector of 7ADC where 
FC€AC. Prove that EF || BC. 

s AD AE AD AF ) 
a OO AI EUR =D 
(Hint : DB “EB and DG=FG and DB=DC 

^.. D is the mid point of the side BC ofa AABC. DE is the 
angle bisector of ZADB, ECAB. EF || BC where FEAC. Prove that 
ZEDF isa right angle. 

. 3. Pisany point in the interior of AABC. PD is the angle 
bisector of / BPC where DC BC. PE is the angle bisector of 7 APC 
Where ECAC. PF is the angle bisector of Z APB where FEAR. 
Prove that BD. CE.AF—DC. AE. BF. 

.6. The angle bisectors of ZB and / C of a AABC intersect 
the sides AC and AB in D and E respectively. IfDE || BC, prove 
that A ABC is isosceles. 

- The angle bisectors of ZA and /C ofa quadrilateral 
ABCD have a point F in common such that FC BD. Prove that the 
bisectors of / B and / D have also the point F in common and also 
Point FE xe, 


[e] 


l. Prove that if two right triangles have an acute angle of 
One congruent to an acute angle of the other, the triangles are 
Similar, 


oe — ^ 5 
2. Two lines AB and CD havea point E in common such 


280 


e e 
that A—E —B and C—E-D. If AC}| BD, prove that 
AE AC 
BE BD^ 


3. BAC is aright angle and AD|BC where DE BC. Prove 

BD BA 
that BA BG. 

4. <A tower casts a shadow of 30 metres when a 5 metre high 
telephone pole casts a shadow 4 metres long. How high is the 
tower ? 

5. AD, BE are the altitudes of a AABC and Ap. BE have a 
point F in common such that B—F—E, A—E--C, and B—D-C. 


AF EF , AD AC 
Prove that pe —pp and (ii) BE BG” 


6. Given a AABC with B being a right angle. D isa point in 
> — > — 
AG such that A—D—C. DK || CB and DL || AB where KEAB and 


Lad 
LCBC. A line through B parallel to AC has a point E in com- 
> > 
mon with DK and a point F in common with DL. Prove that 1—1 
correspondence ABC-FDE is a similarity and AABC~ AFDE. 


7. Prove that the perimetres of similar triangles are pro- 
portional to the lengths of any pair of corresponding angles. 


8. Prove that equilateral triangles are similar. 


9. Prove that two isosceles triangles are similar if the vertex 
angle of one triangle is congruent to the vertex angle of the other. 


10. If two isosceles triangles have a pair of corresponding 
angles congruent, then the triangles are similar. 


1l. Given A AABC such that AD LBC and] and 
B—D—C and A—E—C. Prove that 1— m A. 
ECB is a similarity and ADCAW~ AECB. do vago 


— 


12. Given. ZEAQ. A point F on AE such that A—F—E and 
a point B on AC such that A—B—C. Prove that 1—1 corres- 
pondence EABe»CAF is a similarity and AEAB~ ACAF if ZAEB 


=ZACF. Also prove that uie DAR. 
AE AB" 
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13. Given a ||7^ ABCD and a point E in BC such that 
B—E-—C. AEand BD havea point F in common. Prove that 


DF BF 
AF EE 


14. A right AABC with ZB as right angle. AlsoDA | AB 


and DE | AC such that A—E —C. Prove that 1—1 correspondence 
EDAGBAQ is a similarity and AEDA ~ ABAC. 


15. A quadrilateral ABCD with CD || AB. AC, BD intersect in 
E. Also given that 1—1 correspondence AEDe+BEC is a similarity 
and AAED~ ABEC. Prove that AD =BC. 

(Hint. ADEC~ ABBA). 

6. If the sides of two triangles are respectively parallel, then 
b 1-1 correspondence between the vertices of two triangles could 
© set up such that it is a similarity. 

17. ABCD usa l?". Aline through D intersects AB in E 
Such that A—E—B aad CB in F such that C—B-—F. Show that 
AD : AE-FB : BE=FC : CD. 


e 
18. ABOD isa l| *^. M is mid point of CD.BM meets AC in 


“e 
mend) AD n E suck tat BONAM, Prove that EL—2BL. 


Aot 19. ,Prove that the line joining the mid points of the sides of 
"angle is parallel to the third side and half of it in measure. 


D 


"nd l Prove that the line joining the mid points of two sides ofa 
ngle forms a triangle which is similar to the given triangle. 


ede 2. Prove that the lengths of angle bisectors (segment determin- 
ian y the vertex and opposite side) of two corresponding angles of 
we triangles are in the same ratio as pair of corresponding 
IB eae „Given a AABC. E isa point in AB such that AE=EB and 
an 5 à point in BC such that BD=DC. AD and CE have a point F 
a common. Prove that |. ] correspondence AFCe+DFE is a 
Imilarity and AAFC- ADFE. 
bid 4. Given a AABO. A point F is in AB such that ATEB 
Points E, D in AC such that A—E—D—C and DF || BC and 


EF | DB. Provet AE _AD 
ve that AD 


" l. Write the definition for a pentagon ABCDE to be similar 
o the Pentagon A'B'C'D'E'. Given that pentagon ABCDE~ 
Pentagon A’B'C'D'E’. Prove that AABC~ A A'B'C^ 
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2. Given a AABC and the altitude AD to BC such that 
B—D-—G and BD=DC. Prove that 1—1 correspondence BDA 
CDA is a similarity and ABDA ~ ACDA. 


3. Given a AABC. Its two altitudes AD and BE intersect in 
F such that A— F—D and B—F—E. Prove that 
. AF EF it AD AC 
@) gg—rp “ gg—Bc- 
4. The lengths of corresponding medians of two similar 


triangles are in the same ratio as the lengths of angle bisectors of 
angles from whose vertices the medians are drawn. 


5. Given a AABC and a point D in AB such that A-D—B 
and AD=DB=CD. Prove that / C is a right angle. 


6. Givena AABC. /Aisarightangle. D isa point in AC 
such that A—D— C. E isa point in AB such that A—E—B. DFL 
BC also EG | BC such that BC G—F-— C. Prove that 1—1 corres- 
pondence CFD-—EGB is a similarity and ACFD- AEGB. 


F 


Lac d 
1. IfC is any point on AB such that A—C—B or A-B-C 


r 
and P is any point on the perpendicular at C to AB. Prove that the 
difference of squares of lengths AP, BP is equal to the difference of 
squares of lengths AC and BC. 


2. Given a quadrilateral ABCD such that its diagonals are at 
right angles to each other. Prove that the sum of the squares of 
lengths of its two opposite sides equals the sum of the squares of 
lengths of its other two opposite sides. 

3. Givena AABC. /C is aright angle. CD.|AB such that 
A—D-—B (why?). E is a point on CB such that C—E-B and 
CE £&BD. F is a point in CA such that C—F-—4A and CF £&AD- 
Prove that AE&BF. 

4. Inany triangle, prove that the sum of the squares on any 
two sides equals twice the square on half the third side with twice 
the square on median which bisects the third side. 


5. Givena AABC. AP | BC; PEBC. Prove that (AB)?+ 


BC.CP- (AC)?4- BC.BP. 
i i i i ight angle. D, E, F 
C is a right triangle with ZA as a rig 
are MT pem of sides BC, AC, AB respectively. Prove that 


2(AD?--BE*--CF)) -3 BC?. 
7. Ina AABC; AD LBC such that DEBC. 
BD.DC. Prove that ZA isa right angle. 


Also AD?= 
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8. Given a AABC. m/ C290. AD | BC such that B—C—D. 
Prove that AB*—BC?--AC?--2 BC.CD. 


9. Given a AABC. ADL BC such that B—D—G. Prove that 
AB'— BC? AC?—2 BC.CD. 


.,,,10- Given a AABC. AD.1 BC such that B—D-—G. E is the 
middle point of BC. Prove that AB! AC?—2 BC.CD. 


ll. Prove that the sum of squares on the sides of a ||?" is 
€qual to the sum of the Squares on its diagonals. 


(Hint : Apply the result of problem IV of this set). 
12. Prove that three times the sum of the squares on the 


sides of a triangle is equal to four times the sum of the squares on its 
medians, 


13. E is any point in the interior of a rectangle ABCD. Prove 
that AE? EC?— EB? ED?, 
14. ABCD isa quadrilateral and E, F arethe mid points of 


its diagonals ACand BD respectively. Prove that AB? + BC?+ CD? 
+DA*=AC*4BD!44ER P i 


15. Given a square ABCD. E is a point on BC such that 
B—C-E Prove that AE?—2 BC.BE+CE?. 


— 26. O is a point in the interior of AABC. OD. BC, OE CA. 
OFLAB. Desc, ECCA and FEAB. Prove that BD?-- CE?4- 
AP*=CD?+ AE? BF, 


_ 17. Givena right triangle ABC with mZC=90. D is mid 
EO: f BC and E is mid point of CA. Prove that 4 (AD®4-BE%) = 


18. Show that three times the square on the measure of any 


side of a triangle equals four times the square on measure of its 
altitude, 


19. ABC isa right triangle with m / C.—90. p is the length of 
Perpendicular from C to BA. Show that pc=ab and also 


d I l 

pe ate 
ee! 20. Given a tight isosceles A. A point D is on hypotenuse 
BC. Prove that 2 AD?=BD?+DC?. ` 


21. If two medians of a triangle are congruent then prove 
that triangle is isosceles. 


CHAPTER XIII 
AREAS OF POLYGONAL REGIONS 


After having studied the pythagoras theorem, it is logical to 
go on to study the concept of area of a triangular region or any 
polygonal region. The Egyptians were the first to talk about the 
concept of area. It is said that king Sesostris had divided the 
available land area amongst all Egyptians in such a way that each 
one got a piece of land of same size. Every beneficiary of the land 
had to pay yearly revenues to the king. As most of the Egyptians 
lived in the vicinity of river Niles, the river when flooded or on 
changing its course, would tore away some parts of the pieces of 
land allotted to some of them. They had to inform the king about 
this who would send observers to measure out by how much the 
land of an individual beneficiary had become smaller so that 


he might be required to pay revenues in proportion to land area 
left with him. 


The papyrus written by the Egyptian mathematician Ahmes, 
which is estimated to have been written in 3400 B.C. and which 
is considered to be the most ancient mathematical handbook known 
to the civilization makes a mention of some statements for calcula- 
ting areas. According to these statements, the area of an isosceles 
triangle would be calculated by multiplying half the base by onc 
side. The area of an isosceles trapezoid would be calculated by 
multiplying half the sum of the parallel sides by one of the non-paral- 

2 
lel sides. The area of a circle would be (+ x diameter ) or 
(radius)? or 3°16 radius?. It means that in 3400 B.G., the Egyptians 
took x as 3:16 which is really marvellous. It also indicates that ‘rope- 
stretchers’.of Egypt would construct a right triangle upon a given 


line by stretching around three pegs a rope consisting of three parts 
of lengths in the ratio 3:4: 5. 


Ancient Egyptians approach to the subject of geometry or 
‘areas’ can neither be said to be axiomatic nor to be rigorous as 
they simply formulated some’ results without any attempt to give 
logical or rigorous proofs but keeping in view the fact that they 
knew about these results 5000 years ago, one simply has to praise 


their ingenuity and their down to earth approach in solving their 
problems. 


We, in this course, however intend to follow axiomatic 


approach in developing this concept of area and for that purpose, 
we want to define a triangular region or a polygonal region. Also 
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i ur 
We propose to state four more postulates so as to achieve o 
objective. 


We have already defined a triangle as a union of mr bir 
determined by three non-collinear points. Every EEUU TE lar 
of points which we call the interior of the triangle. f the tien le 
region is the union of points consisting the interior of 1 itself. is 
and the points that belong to the triangle. The triangle like to 
known as the boundary ofthe triangular region. We may of the 
extend this to state that a polygonal region is ps > asta on) 
Polygon (a quadrilateral, a rectangle or a square is a $i ^ Ss Teal 
and the interior of the polygon. The boundary, s BE R 
region could be any general polygon—convex or d XN figures 
not even be a polygon. For example any of the following fig 
will be a polygonal region : 


LI) a 


Fig. 209. 


:, Of course we can divide a polygonal region into a B 
triangles, but this set of triangular regions forming a particular 


Polygonal region is not unique as would be evident from the 
following figures : 


LIPSIA] 


Fig. 210. 


Also the boundar 


y of a polygonal region may not be a polygon 
as will b 


€ evident from the following figures : 


A XK 


Fig. 211 Fig. 212. 


296 


We can find a way out to define a polygonal region as a union 
of a finite number of coplanar triangular regions but we have to 
make a provision in our definition so that the cases like one represen- 
ted by those shown in Fig. 212 are eliminated. 


Such a situation need to be avoided as when we would postu- 
late about the addition of areas of polygonal region, then such a 
situation would create trouble for us. Hence we define the polygonal 
region in the following manner : 


Definition XIII (1). A polygonal region is the union of a 
finite number of coplanar triangular regions, no two of which have 
any interior points in common. 


The union of all those segments that lie in the boundary of one 
of the constituent triangular regions of the polygonal region and 
which have at the most a finite number of points in common with any 
other triangular region which is constituent of the polygonal region 
is called the boundary of the polygonal region. The set of all those 
points of the polygonal region which doesnot belong to its boundary 
iscalled the interior ofthe polygonal region. Now we state four 
additional postulates so as to enable us to develop the concept of 
area of a polygonal region. 


Postulate 18. IfS isany square region, then there exists a 
1—1 correspondence which associates every polygonal region with a 


unique positive number such that the number assigned to the given 
square region S is 1. 


This postulate has been stated so as to express the area ofany 
polygonal region as a positive number which can be assigned to it 
with reference to a square region of unit area—or a unit square. 


Postulate 19. If two triangles are congruent then the 


triangular regions determined by each of them have the same arca 
relative to a unit square. 


This postulate has been stat 
white our intutive conce 


have the same area whe: 


e ed with a view to put in black and 
ption that two regions of same shape should 
rever they may be situated. 


Postulate 20. Ifa polygonal region R is the union of two 
polygonal regions R, and R, such that R; and R, intersect in atmost 
a finite number of points and segments then the area of R relative 


toa unit square is the sum of the areas of Ri and R, relative to the 
same unit square, 


: This postulate has been stated to express our intutive idea that 
if a polygonal region is divided into two Polygonal regions then the 
area of the given polygonal region is the sum of the areas of the two 
polygonal regions. 


Lid 
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Postulate 21. IfS is any square region whose sides are of 
length 1, then the area of any rectangular region R, relative to the 
unit square S is the product of its two consecutive sides. 


Our scheme has been to postulate for (a) A unit square 
(b) Area of a polygonalregion isa positive number (c) Two poly- 
gonal regions determined by two congruent triangles have the same 
area (d) Area of any polygonal region can be computed by adding 
areas of polygonal regions or triangular regions into which it can be 
divided and (e) Area of a rectangular region is the product of its 
consecutive sides. 


We will use these postulates in devising formulae for computing 
the areas of a right triangle, any triangle, a parallelogram, a 
quadrilateral etc. etc. However we should note that we compute 
the area of a region bounded by a triangle or a quadrilateral or a 
polygon and not the area of a triangle, quadrilateral or a polygon. 


.,, Theorem XIII (1). The area of the region bounded by a 
right triangle is half the product of the measures of its legs. 
Given: A right triangle ABC with ZB a right angle. 

To prove that: The area if the region bounded by /AABC 


equals $ ac or A=} ac, if A is the required area. (In our usual 
notation BC—a and AB=c etc.) 


m 
A D l 
B C 
Fig. 213. 
Proof. 
Statement Reason 
(1) Through A, there is a (1) Parallel Postulate 
line / | BC 
(2) Through C, there is a (2) Parallel postulate 
line m [| AB d 
(3) I] m (3) If Zim then m|| BC as 


I| BC. But m || AB. Hence 
m would be parallel to two 
lines AB, BC intersecting 
at B which will contradict 


parallel postulate. 
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(4) Land m have a point D 
. in common 


(5) ABCD isa | 7» 
(6) 
(7) 
(8) 


AB =CDand BCeAD 
ZB=ZD 


1—1 correspondence 
ABCeADC is a con- 


gruence and AABC= 
AADC 


Area of each of AABC, 
AADC is equal to A 


Area of || 9m ABCD is 
2A 


(9) 
(10) 
(11) 
(12) 


(13) 
(14) 


ZB isa right angle 
ZD is a right angle 
ZAZSZG 

Each of /A and ZC 
is a right angle 

(15) ABCD is a rectangle 


(16) Area of a rectangle 


ABCD=BC.AB 
(17) 2A=BC.AB 


(18) A=} BC. AB=h a.c 


Theorem XIII (2). 


triangle is equal to half the 


ofa 


Given: A AABC. h 
BC, where DE gc, 


The area of th 


product of the 
triangle and the altitude to that side. 


is the length of AD, 


(4) Statement 3 


(5) Statements 1 and 2 
(6) Opposite sides of a || ?» 


(7) Opposite angles ofa || 7» 
(8) S.A.S. Postulate 


(9) Postulate 19 


(10) Postulate 20 


(11) Given 

(12) Statement 7 

(13) Opposite angles of a || »» 
(14) Why ? 

(15) Why ? 

(16) Postulate 21 

(17) Statements 10 and 16 
(18) Statement 17. 


e region bounded by any 
measures of any one side 


the altitude from A to 


A 


D 


Fig. 214. 


209 

To prove that ; Area of the region determined by AABC 
=$ h. BC. 

Proof. There are three alternatives about the position of D 

= 

on BC. (i) B—D—C (ii) D=B or D—OC (iii) D—B—C. 

First Case. B—D—C. 

Statement Reason 


(1) Area of the region (1) Theorem XIII (1) 
bounded by right tri- 
angle ABD =4 /.BD 

(2) Area of the region (2) Theorem XIII (1) 
bounded by AACD 


=4$h.CD E. 
(3) Area of the region (3) Postulate 20, Distributive 
bounded by AABC law, B—D- C 


is $ ABD h.CD 
=} h(BD FCD) 
=} h.BC. 


Second Case. When D—B or D=C. This case is covered 
by Theorem XIII (1) 


Third Case. When D—B—C (or B—C—D). 
A 


rcupaMs 


T.---2 


D B CTB G 
Fig. 215. 


Statement Reason 


(1) Area of region bounded (1) Theorem XIII (1) 
by right AABD= 
ED and that bound- 
ed by right ADC= 
$h.DC ee 
(2) Area of the region (2) Postulate 20 
bounded by AACD 
equals the sum of 
the areas of regions 
bounded by AABC 
and AADB 


iw) 
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(3) 44.DC—Area of (3) Statement 2 
AABC+4 A.BD 


(4) Area of AABC= (4) Statement 3 and D—B—C. 
$h.DC—3 h.BD. 
—1 h(DC—BD) 
=$h.BC. 


It may however be noted that we can prove this theorem by 
taking into consideration any one of the sides of triangle and the 
altitude from the opposite vertex to that side. 


Theorem XIII (3). The area of the region bounded by any 
|| ^" is the product of measures of 


any one ofits sides and the alti- E D 
tude from the opposite vertex to 
that side. 

Given: A || m BCDE . EF is 
the altitude from E to BC. (DG 


a 
will be the altitude from D to BC 
but as EF &pDG, we can consider 


eee wee 


either one of them) Also EF=h. B F QU G 
To prove that: Area A of Fig. 216. 
1 ?*» BCDE—/.BC. 
Proof. 
Statement Reason 


(1) 1—1 correspondence EBC (1) Why ? 
CDE is a congruence and 
AEBC= ACDE. 


(2) Area of the region bounded 
by AEBC is same as the area 


of the region bounded by 
ACDE 


(2) Postulate 19 


(3) Area of the region bounded (3) Theorem XIII (2) 
by AEBC is } /.BC 


(4) Area of the region bounded (4) Postulate 20 
by ||?» BCDE is the sum of 
the areas of the regions bound- 
ed by AEBC and ACDE 


(5) pA E h.BC=} h.2BC (5) Statement 4. 
E 


Definition XIII (2). Ti 7 ; d 
quadrilateral in which ROMAN n eed oe 


only two sides are parallel. 
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Theorem XIII (4). The area of the region bounded by a. 


D 


h 


A 


trapezoid is half the product of its altitude and the sum of its. 
parallel sides. 


C 
h 


B 


Fig. 217. 


Given. A trapezoid ABCD in which AB || CD and A is the 
length of its altitude from D or C to AB (why is it same ?) 


4 To prove that: Area of trapezoid ABCD is 3 A(AB4+CD) or 
is $h((b,+-b,) if AB=b, and CD—5,. 


Proof. 
Statement Reason 


1) Area of the region bounded (1) Theorem XIII (2) 

by AABD=} h.b, 
(2) Area of the region bounded (2) Theorem XIII (2) How? 
by ABCD=} h.b, 


3) Area of the trapezoid (3) Postulate 20 

ABCD equals the sum of 

the areas of the regions 

bounded by (ABD or 

ABCD 
4) Area of trapezoid ABCD= (4) Statement 3. 

3h by +4 hb,=} h(b,-- bg) 
, Theorem XIII (5). The areas of triangular regions bounded 
by similar triangles are proportional to the squares of measures of 
any pair of Corresponding sides. 

Given: ABCD and AEFG such that 1—1 correspondence: 

BOD EFG is a similarity and ABCD~ AEFG. 
A (dE LUCR O 
AUg yg 


areas of ABCD and AEFG and b,c, d,e,f,g have the usual 
meaning, 


To prove that : where A and A’ denote- 


Proof. Let hbe the measure of altitude from B to CD and h” 


be the measure of altitude from E to FG. 


Statement Reason 


(1) d=kg ; cokf; b=ke and (1) If k is the constant of 
h=kh’ proportionality. Why ? 
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(2) A=} h.b and A'=} he (2) Why? 
(3) A=}h.b=bkh'.ke=}k°h'e (3) Statements l and 2 
=KA' 


(4) A ep (4) Statement 3 
5) k= ae hence =“ = (5) Statement 1 
( g L4 

c? b? 

fe 

is vH I es 
(6) isis ff A (6) Statement 5. 


Problem Set 


? TOT one side of a A ABC is congruent to one side of ADEF 
and if the altitudes to each of these congruent sides are also con 
gruent then the areas of the regions bounded by each of the 
triangles are the same. 


2. Givena AABC. Dis a point on BG such that BD=DC: 


t? 
‘There is a point E on AD such that A—D —E. Prove that the 
area of the region bounded by (AEB is the same as the area of the 
region bounded by AAEC. 
3. Prove that the diagonals of a ||?" divide the region 
bounded by it into four triangular regions which have equal area. 


4. Obtain the formula for finding the area of a region 
bounded by a rhombus (Rhombus is a ||?" whose allsides are 
congruent in pairs) if the measure of one of its sides and the measure 
of one of its diagonals is given. 

(Hint. First prove that the diagonals bisect each other at right 
angles). 

5. A convex quadrilateral ABCD is called a kite when AB=BC 

fand CD=DA. Obtain a formula to find the area of the region 
bounded by the kite if the measures of its diagonals are given. 

(Hint : First prove that the diagonals are perpendicular to 
each other). 

6. Any median of a triangle divides it into two triangles 

-whose areas are the same. 


CHAPTER XIV 
ANOTHER MODERN GEOMETRY 
(Analytical Plane Geometry) 


, In the previous chapters, we have discussed the modern syn- 
thetic Geometry as an Axiomatic System. In this chapter we intend 


to introduce another modern geometry—analytical plane geometry 
or co-ordinate geometry. 


Analytical or co-ordinate geometry was developed by Rene’ 
escartes (1596—1650) who was the first modern mathematician 
and Philosopher to discard traditions and errors of the earlier times. 
escartes felt that the geometeres of the early times used obscure 
and difficult methods in solving geometry problems, Descartes synthe- 


sised geometry and Algebra and the result was the system of analyti- 
cal geometry, 


In the chapter on ‘Distance and Measurement’ we learnt how 
to set up 1— I correspondence between the set of real numbers and 
the poin's on a line. In other words we learnt to set up a co-ordi- 
nate system on a line. In this we assigned a unique real number to 
every point on the line. The real number that is assigned to a point 


a - ozt & 23 m it 
————M———Ó———É———ÁÓ- 


Fig. 218. 


1s called its co-ordinate. In this way we assign a co-ordinate to 
every point of a line and a point on the line is determined when we 
name its co-ordinate provided we know the starting point or the 
Point that is assigned the co-ordinate zero. This point of reference 
or the point whose co-ordinate is zero is called origin. 


In the plane co-ordinate geometry, we assign co-ordinates to 
any point ina plane. In the case of a point on aline, a single real 
number can serve as a co-ordinate and if we know it, we can locate 
the required point on the line. Of course, we have to know the 
origin and the unit of measurement. In the case of a point in a 
plane, a single real number will not help us. We will have to know 
two things (1) The line on which the given point lies (2) The co- 
ordinate of the point on the given line. To solve this difficulty two 

ines in the plane are taken as lines of reference which are generally 
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called the axes of reference. Generally 
a way that these are perpendicular tc 
need not to be perpendicular). The 
these lines is taken to be the origin. 


Let X and Y be the lines which 


Fig. 219. 


Suppose we have a point A in 
know that we have a unique perpen 
X (Why ?) and a unique perpen 
cular AC from A to the line 
If AC=a and AB=b then (4, 
are called the co-ordinates of t 
point A. Measure of perpendicu 
segment from the given point to 1 
Y-axis is called the X-co-ordinate 
the point or abscissa of the po 
while the measure of perpendicu 
segment from the point to the X-a 
is called the Y-co-ordinate of | 
point or the ordinate of the point. 
the case of the point A, a is the X- 
ordinate or abscissa of the point 
while b is the Y-co-ordinate or 
ordinate of the point A. While 
point, we always write (by conver 
first and Y-co-ordinate of the poir 
of a point are indicated by an ‘or 

the X-co-ordinate coming firs 
next. 


If we are given that the co- 


' these lines are selected in such 
» each other. (Of course these 
point that is common between 


are perpendicular to each other 
and let O be the origin. 
Leta co-ordinate system be 
set up on each of these lines 
with O as the origin or the 
point of reference. The 
line X is called the X-axis 
and the line Y is called the 
Y-axis. Now we are in a 
position to locate any point 
in the plane with the help 
of a pair of numbers —a 
number indicating its per- 
pendicular distance from 
Y-axis and another num- 
ber indicating its per- 
pendicular distance from 
X-axis. 


xl 


the plane of this paper. We 
dicular AB from A to the line 
i- 
Y. 
2] 
ie 
ir 
le 


f 
it 


Fig. 220. 


dicating the co-ordinates of a 
on) X-co-ordinate of the point 
next. In fact the co-ordinates 
ed pair’ of real numbers with 
ind the Y-co-ordinate coming 


inates of a point are (3, 4) then 
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it implies that after starting from O the origin, go 3 units along the X- 
axis in the direction which is taken to be the positive direction of the 
X-axis and then move 4 units N 

along a line perpendicular to H 1 

X-axisat that point and in 

the direction which is taken 

to be the positive direction 


bad 
o Y-axis. If WE divides the 
plane of the paper into two ; 
half planes H, and H, such W E H; 
that NEH, and SEH, (as 


ats Tt H 
in this figure) and if NS divi- ^*4 
des the plane of the paper 
into two half planes H, and H, S 
such that EEH, and WEH, r 
then itis a convention that Fig. 221. P 
Y-co-ordinate ofa point belonging to Hy is taken to be positive 
while the Y-co-ordinate of a point belonging to Hy is taken to be 
negative. Also the X-co-ordinate of a point belonging to H; is taken 
to be positive while the X-co-ordinate of a point belonging to H; is 
taken to be negative. So ifa point belongs to HiNH, then its both 
the co-ordinates will be positive but ifit belongs to H,H, its both 
the co-ordinates will be negative. Ifa point belongs to H,0H, its 
X-co-ordinate will be positive while its Y-co-ordinate will be negative 
but if a point belongs to H,QH, then its X-co-ordinate will be 
negative while its Y-co-ordinate will be positive. As an illustration 
the co-ordinates of A, B, C, D in this figure are 

AQ, 4) ; B(—2, 3) ; C(—3, —4) ; D(3, —5) 


H, 


Fig. 222. 


> 
A plane is a two dimensional space while a line is a one di- 
mensional space, In fact a line is a one-dimensional space conti- 


nuum (in the words of one of the very few top-most mathematicians, 
Prof. Albert Einsten—the author of ‘Theory of Relativity’). A dis- 
Unguishing characteristics of a continuum is that the interval sepa- 
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rating any two points may be divided into an infinite number of 
arbitrarily small steps. Theoretically we can locate an infinite 
number of points between any two points on a line howsoever close 
those may be to each other and we can assign co-ordinates to these 
points. If we have any two real numbers a and b such that a>b 
but a--1« b then we have an infinite number of real numbers each 
of which will be less than a but greater than b. 


A railway line is a physical model for a one-dimensional space 
as a driver of a train can describe his position at any time by citing 
a single co-ordinate—a station or a milestone, (provided of course 
he travels only on one line) but a sailor sailing in the sea cannot do 
so. He must think in terms of two dimensions as the surface of the 
sea is a two dimensional continuum for the purposes of locating a 
ship somewhere sailing in the sea. The co-ordinate points by which 
a sailor fixes his position in his two dimensional continuum are lati- 
tude and longitude. A pilot flying his plane will need three co- 
ordinates to help him locate the position of his plane with reference 
to the airport from which he started his flight as the space very near 
the earth can be termed as a three-dimensional continuum. The 
pilot must indicate that at a given time, the plane is at a latitude X, 
longitude Y and altitude Z. It is essential that traffic manager sit- 
ting in the airport must know the time at which the plane is at 
latitude X, longitude Y and altitude Z. So for the traffic manager; 
the flight of a plane is in four dimensions. Ofcourse the time co- 
ordinate is the fourth co-ordinate. The traffic manager, would 
visualise the flight of a plane in four-dimensional space time conti- 
nuum. Our world is a space-time continuum. This idea of fourth 
dimension time-dimension was given by Prof. Einstein. Now the 
mathematicians talk in terms of n-dimensional space (n>4). How- 
ever we will restrict ourselves to 7:—2 or only to a two-dimensional 
space. Earlier we have stated that any point in a plane can be re- 
presented by an ordered pair of real numbers. The converse also 
holds. However we state it in the form of a following postulate. 


Postulate 22. To every point in the plane, there corresponds 
a unique ordered pair of real numbers and to every ordered pair of 


real number there corresponds a unique point in the plane. 

The co-ordinate system thus set up js known as a system of 
cartesian co-ordinates (the term cartesian 1s derived from Descartes) 
or Rectangular co-ordinates (as the axes are at right angles). It is 
to be noted that on the X-axis, points to the right p ri are 
represented by positive numbers and those to the left of i [id 
represented by negative numbers ;onthe Y-axis the points in e 
upward direction from origin are represented by positive num m 
and those in the downward direction from the origin are represente 
by negative numbers. 

In Analytic Geometry, unlike the Synthetic Geometry the ane 
like point, line etc. are not left undefined. A Point is an alge a : 
entity-defined as an ordered pair of numbers. Certain sets of pot 
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will be called lines. Certain other sets of points will be called 
planes etc. 

Plotting points on a Graph Paper. For plotting points or 
for drawing figures in Co-ordinate Geometry a printed graph paper 
is ordinarily taken. Alternatively a rubber stamp of a graph paper 
can be prepared and the same could be stamped on a plane paper. 
In the middle of it, X-axis and Y-axis are drawn and labelled. 


Fig. 223. 


The origin is denoted by O. Then the points with co-ordinates 

(1, 0) and (0, 1) are labelled in order to indicate the unit to be used. 

he co-ordinates of the origin are (0,0). It may however be noted 

that X-co-ordinate of all the points lying on any line parallel to Y- 

axis is the same and Y-co-ordinate of any point lying on a line 
parallel to X-axis is the same. 


The distance between any two points : 


It is apparent from the figure that the distance between A and 
B which have the same Y-co-ordinate (ordinate) will be the difference 


Fig. 224. 
of their abscissae. The distance between A and B—5—1—4. Also the 
distance between B and C which have the same Xc-o-ordinate 
(abscissa) will be given by the difference between their ordinates. 
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The distance between B and C—3—(—2)—5. How to find 


the distance between two points with unequal co-ordinates. For 
this we prove the following theorem. 


Theorem XIV (1). The distance between two points P,(x3, ») 


OE Pa(xsy3) will be given by the formula 


d(P;P5) — vV (=m) +(Ve—)1)? 


Given : A point P, with co-ordinates (xj, y1) and a point P} 


with co-ordinates (Xs, Yz)- 


To prove that : d(P,P,) [distance between P, and P,] equals 
V Ox —2X))*- 02 —93)* 


Y S 


it 
Xp) a 
X 
Pa (%2,2) 
Fig. 225. 
Proof. 
Statement Reason 


(1) M rough Py, there is a ray (1) Parallel Postulate: 


P,R || to the X-axis and 
through P, there is a ray 


=> 
PS || to the Y-axis 


— — 
(2) P,R and P,S have a com- (2) If PR || P,S then X-axis 
mon point A should be | to Y-axis 
which is not true. 'There- 
fore P:RHP,S and 
hence have a commo? 
point 


(3) ZPAP, is a right angle (3) Why? It is because 
X-axis and Y-axis are 


perpendicular to each 
other 
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(4) Co-ordinates of A are (4) Why ? 


Xə, Jı) 

(5) m(P,A)= | x,—2 | (5) When the ordinates of 
two points are same 
then the distance bet- 
ween them is given by 
the difference between 
their abscissae 

(6) mix) | yay | (6) Why? 

(7) [d(P,P,)P=( | x,—x, 1» (7) Pythagorean relation 

TC »—») |)? 
(8) ( | x,—x, | 2 (x, —2)? (8) Why ? 
CI»—» | )?=(¥2—J1)* E 
(9) [d(P,P,)] (9) Statements 7 and 8. 


lenia. Lai 
EU =x)" + (Ye)? . 
It may be noted that distances between the points are taken to 


be non-negative, 


,, Example 1. Find the distance between the points P, and P, 
‘with co-ordinates (3, —7) and (—10, 3) respectively. 


Solution. dP Pa) =V (a =a) F (2) 
Now (35 —x,) 2 (—10) — (3) —13 
(8 —31) —3— (—7)=10 
d(P;P,) =V (—13)?- (10)? — V 169 4-100— 4/269, 


,, Example2. Find the distance between the points P, and P, 
With co-ordinates (—3, —5) and (7, — 7) respectively. 


Solution. — q(P,P) — 4 a= x1) F 08 —)* 
Now ^ (x,=aj)—7==(=3) <0 
cea) Te3(—— 5) 2322 
d(P,P,) — (10)*4- (—2)* 
—4 100:-4— 4 104—24/26 , 


Example 3. Find the distance between the origin and a point 
P whose co-ordinates are (—7, 3). 


Solution. Now the co-ordinates of origin are (0, 0) 
(—x1)) 2 —7—(0)— —7 
(—)1) —3—0--3 
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d(P,P,) =N am) + aa) 
=V Cx y 4494-9— 458, 


Example 4. Find the distance of a point P(x, yı) from the 
origin. 


'The co-ordinates of the origin are (0, 0) 
distance= 4 (23— 0)? 4- (j1—0)* 


=V xy? i 

Theorem XIV (2). Prove that the co-ordinates of the mid 
point of the line segment PP, the co-ordinates of whose end points 
are (35, y1) and (xs, Y2) are 

(sis, mn) 
29? 92 

Given: Alinesegment P,P, whose end points are Pi(xy yi) 

and Ps(xs; Y2). 


Y. 


P a3) 


L4 B(x), yo) 
Fig. 226. 


fe 


To Prove that : 1f (z, 
Xd Xx, 


2 J= 2 


) are the co-ordinates of the mid 


point of P,P, then z— 


Proof : 


Let M be the mid point of P,P,. Let the co-ordinates of M 
be (z, y). 
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Statement 


> 


(1) There is a ray P,S || to X-axis 


(5) 


(6) 


(7) 
(8) 
(9) 


(10) 


= 

and a ray P,R || to Y-axis 
> > 

P,R and p,s have a com- 
mon point A 


The co-ordinates of A are 
(x3, Ya) 
Through M, there is a ray 


> > 


MT || PS 
M,T has a point B. in com- 


mon with P,A 


e 
MV is a ray through 
> 
M || P;A having a point C 
— 


in common with P,S 


P,A—y +). and P,A=x, +X 
P,B&BA and P,C=CA 


Co-ordinates of B are 

(x Xxitys 1 

and co-ordinates of C are 
xix. 

( 25) 3 Ya ) 


The co-ordinates of M are 
(= Xs ARES) 
2 


5 3 


Reason 


(1) Why ? 


(2) Why ? 
(3) Why ? 


(4) Why ? 


(5) Pasch’s Postulate as 


r 
MT does not pass 
through A or P, 


(6) Why ? 


(7) PA=PiL+LA and 
P,A=P,N-+NA 

(8) APsMB&AMP,C 
Why ? 

(9) Statements 7 and 8 


(10) Statement 9 


Example 5. Find the co-ordinates of the mid point of line 
segment P;P,, the co-ordinates of whose end points are (—3, 7), 


(5, —6). 


Solution, 


gb 35.4 
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gb idee (—6) Se ES 
UU ROSEO 
The co-ordinates of mid point are (1, 1). 


Example 6. The co-ordinates of mid point of a line segment 
with end points P,, P are (7, —3). Given that the co-ordinates 
of P, are (13, 4), what shall be the co-ordinates of P, ? 


Solution. 

Let (x2, Y2) be the co-ordinates of P, then we know that 
= ATX Jyicys 
) 2 


* and 7= 
eee) Beams: 
= 5 and Ru 


or 14—13-- x, and —6—4-F ys 
or XQ—1 and y,— —10 
co-ordinates of P, are (1, —10) 


Example 7. Find the area of a region bounded by a triangle 
Whose vertices are (10, 0), (14, 8) and (—4, 0). 


Solution, 


It is clear that / ABC is obtuse hence the perpendicular from 


Y A(t4,8) 


Fig. 227. 


A to the base CB shall be AE such that C—B— E. Also area of region 
bounded by AABG equals the area of region bounded byAAEC— 
Area of region bounded by /\AEB (Postulate 21 ). Now Area of 
region bounded by AAEC-zi CE.AE=1,18.8=72 square: units. 
Area of region bounded by A AEB=4 BE.AE—1.4.8 =16 square-units 
Hence Area of region bounded by AABC=72—16=56 square-units. 


Problem Set 


1. Plot the points P(0, 0), Q(8,0), R(0, 6), find the length 
of each side of APOR. Is the triangle right n ? What it 
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area? IfEis the mid point ofPR and F is the mid point of QR; 
find the co-ordinates of E and F. Find the length of EF. Is it half 
of the length of PQ ? 


2. Findthe length of sides of a triangle whose vertices are 
A(7, 9), B(9, 7), C(0, 0). 


3. Show that a triangle whose vertices are P(—8, 0), Q(0, 8), 
R(8, 0) is isosceles triangle. 

.. .4. Find the mid points of line joining (i) A(7, 5) and B(3,—9) 
(ii) P(8, 0) and Q(0, 8) (iii) A(0, 0) and B(— 6, 6). 

5. Find the length of median from A to BC of a (ABC, the 
co-ordinates of whose vertices are A(—8, 0), B(8, 0) and C(0, 10). 

6. Find the length of median from A to BC of a AABC, 
the co-ordinates of whose vertices are A(5, 8), B(—4, 6) and 
€(—2, —10). 

7. Show that the points A(7, 10), B(—5, —6) and C(4, 6) 
are collinear. 

_ 8. Find the perimeter of a rectangle ABCD, three of whose 
vertices are A(—4, —2), B(—2, 2) and C(10,—4). 

. 9. The distance ofa point P(x, y) from the origin equals the 
distance between origin and the point (3, 2). Prove that x?+y?—-13 
=0 is a true statement. 

10. Show that the A PQR, the co-ordinates of whose vertices 
are P(3, 3), Q(9, 0) and R(12, 21) isa right triangle. 


(Hint : Use the converse of the Pythagorean theorem) 


. ll. Show that the point B is between A and C if the co- 
ordinates of A, B, C are A(7, 10), B(4, 6) and C(—5, —6). 

(Hint : Prove that AB--BO -AC) 

.12. Find the lengths of diagonals of a quadrilateral whose 
vertices are A(6, 4), B( —1, 2), C(3, —2) and D(2, 8). 

13. Graph the line segment between each of the pair of points 
whose co-ordinates are given below. Then compute the mid point 
of the segments and check your answer from the graph. 

(i) (0, 0) and (—8, 0), (ii) (4, 9) and (—4, 11) (ii) (—15, 3) 
and (— 6, —1), (iv) (1, 1) and (17, 1) (v) (—6, 3) and (—11, 12) 

_ 14. Show that P(12, 8), Q(—2, 6) and R(6, 0) are the 
vertices of a right triangle with R as a right angle. 

15. If (3, 2) and (— 3, 2) be the two vertices of an equilateral 
triangle and ifthe origin lies in the interior of the triangle, find the 
co-ordinates of the third vertex. 

[Hint: Let (x, y) be the co-ordinates: Then the measure 
of each of its sides should be the same.] 
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Dividing a line segment in a given ratio 
Theorem XIV (3). The co-ordinates of a point which divides 
the line segment with end points A(x,, yi) and B(x», y2) in the 
TAI T are (=t qx patan) 
EG EN ^ pug 


Given : A(x, y, and B(x, y;) and a point C on AB such 
that 


Y B(x»,v;) 


Fig. 228. 
To Prove that: The co-ordinates of 


(54 qx: Y»--qyi 
Crate (5 qXi py, 
Prqd ' p+q 


Proof: Let the co-ordinates of C be (x, y) 


Statement Reason 


(1) Through A,B,C there are line 
segments AP, CQ and BR each 
parallel to Y-axis such that 
P, Q, R are on X-axis 


(1) Parallel Postulate 


(2) Through A, there is a line (2) Why ? 
segment AS || to X-axis and 
having a point S in common 
with CQ and through C there 
is a line segment CT [ to Y-axis 
and having a point T in com- 
mon with BR 
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(3) 1—1 correspondence CAS@BCT (3) Why? 
is a similarity andACAS— 


ABCT 
ay 2a ne maT (4) Statement 3 
mcr mBT m cB 
(5) m AS=x—X, (5) m AS=m PQ=M OQ 
—m OP 
(6 m cr5»-x (6) m cr2m QR 
=m OR—™ OP 
(7) m CS=y—); (7) mcs-mcQ 
—m SQ=™m CQ 
—m AP 
(8) mBT=y2—-y (8) Reasoning similar 
as for 7 
x-x y—-y P 
9) —— =" — 1S 9) Statements 4, 5, 6 
9) ere D UE (9) à > 
7, 8 and given 
(10) =Z (10) Statement 9 
> qx—qx,-pxy— PX 
— qx+px=pX:+PX, 
(pq) x—(pxs-- am) 
x DXit qxi 
pq 
(11) Deng eae (11) Statement 9 
Jar g 


> qy—4Yyi—PpYs--Py 
> qycpy—pysta» 
(ap) y—pyst Wi 
— BY t WM 
p-td 
Hence the co-ordinates of the point C which divides AB in 
DXs- qx Pato), 
pan PEZ 
If C is the mid point of AB then p : g becomes 1 : ] and the co- 


, z Xo+X1 Ya ty: XotX, Vet; 
ordinates of C will be ( Lert TER or ( 2 5 = ai 
Example 8. Find the co-ordinates of a point C which divides. 
A (—10, —11) and B(3, 2) in the ratio 6 : 7. 


ud 24 


the ratio p : q are ( 
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Solution. i 
Let the co-ordinates of C be (x, y) 


Pyeti 


the x and y= 
m yp 


PX qx 
P+q 
where p:q=6:7, 
%=—10,x,=3; yi—-—11l and y,=2 
3 6X (3)+7x(—10) —52. 


xk * 63-7 Ag Td 
6x (2)+7(=11)_—65__ 
= 6+7 E 


Hence the co-ordinates of the point C are (—4, —5) 


„Example 9. In what ratio does the point (1, — 1) divides 
the line segment AB whose cnd points are A(3, —5) and B(—5, 11). 


Solution. 


Let the ratio bep : q 


We know that xU Prim, and y me 
In the problem x;—3 x,=—5 and x=1 
W=—5 yo=11 y=-1 

^ STA and -12254 
>pt4=—5p+3q >—p—q=11p—5q 
> 9 6p—24 > 12p=4q 
> pod >  p=hq 
ng NES ef eee 

q 3 T 3 
Spigl:3 4 Pigals3 


Hence the ratio is 1: 3 


Example 10. In what ratio does Y-axis divides the line seg- 
ment AB, whose end points are A(—7, 3) and B(5, —11). 


Solution. 


Let C be the point in common between AB and y-axis, 
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Now X-co-ordinate of G would be O. 
Let the co-ordinates of C be (0, y) 


Fig. 229. 
Let the required ratio be p : q, then 
DX qx DYs +9; 
oa te and ye 
m yp 
5p —'Iq —11p4-3q 
02 3—— and = (lp 
pta d pta (1) 
5p—7q 
0= —0-—5p—71 
P4 fiue 
—5p-'q 
pv. 


Required ratio is 7 : 5 
Now let p=7k, then q=5k 
From (1) 


—]11p4-3q 
pq 
—TIk+15k 
I= TSK 


Hence the required ratio is 7 : 5 and the co-ordinates of the- 


common point would be (o. =). 
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i AB CD bisect 

Example 11. Prove that the line segments AB and CD : 

ach other when the co-ordinates of A, B, C, D are A(7, —9) ; 
B(3,5) ; C(0, 2) ; D(10, 2). 


Hint : We have to prove that the co-ordinates of mid point of 
AB and that of the mid point of CD are the same. s 


Theorem XIV (4). Ina triangle, the medians are concur- 
rent. Also the point of concurrency is the point of trisection of 


each median. (This we have already proved as a theorem in synthe- 
tic geometry). 


Given: A ABC, the co-ordinates 


of whose vertices are 
A(X; Y1) ; B(x2, Y2) and C(x, Ya). 
4 (X19) 
p E 
B(x2,y2) D C(X3,y;) 
Fig. 230, 


D, E, F are the mid points of BC, 


To prove that : 
that point is the poin 


CA and AB respectively. 


AD, BE and CF have a point in common and 
t of trisection of each median. 


Proof. (1) the co-ordinates of D, E, F are 
»( XockXs Y+) :E Sp Yat 
2m 2 2 2 uc 
xix, 
and (2ta, n ) 


The co-ordinates of point G hich divides 355 — 
"would be (x, y) such that waich divides AD in the ratio 2 


23-4 -x,) 
1 
"om Xie X,--xs 
PES a 3:5. 
2(yo+y ) 
jo 2) V+Yo+s 
2+1 > 3 s 


Similarly if we find the 


M nil 2 point of trisection of each of medians 
BE and CF, we willfind the 


co-ordinates of each of these points shall 
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be the same as of G. It implies that AD, BE and CF are concurrent 
at G. The point of concurrency of medians is called centroid. 


Xy+XetX3 YitJetIs 
3 > 


The co-ordinates of centroid are ( 


So we notice that we can prove a theorem of Synthetic 
Geometry with the help of analytical geometry. In fact it is easier to 
prove some theorems of Euclidean Geometry with the help of analy- 
tical method. We further notice that in proving theorems with the 
help of analytical methods, we make use of Postulates and theorems 
of Synthetic Geometry. We have stated postulate 22 which connects 
analytical and synthetic Geometry. However it may be stated that 
Analytical Geometry can be developed as a system independent of 
synthetic Geometry. For this purpose we require only two postulates. 
Postulate 22 and an additional postulate assuming that d(P,P2) 
between two points Pi(x,, y1) and P,(x;, Y2) equals 

A (2 — 1)? y)". 

This we have proved with the help of postulates of Synthetic 
Geometry. However if we assume this as a postulate then we can 
develop co-ordinate Geometry as a system independent of postulates 
of Synthetic Geometry. However as our aim in this book is to 
integrate analytic methods with the methods of Pure Geometry we 
shall continue to make use of Postulates of Synthetic Geometry. 

To find the Area of a Triangular Region in terms of the co- 
ordinates of the the vertices of the boundary triangle 

Theorem XIV (5). The area of a triangular region bounded 
by a triangle ABC, co-ordinates of whose vertices are A (X1); 
B(x, Y2) and C(x,, y3) is given by 

3 [1/9 —J3) H- X«(05—23) + Xs Q1—»9)]- 

Given: A (ABC, co-ordinates of its vertices are A (x3, Y1); 
B(xs, yy) and C(xs, ys). 

To prove that : 'The area of the triangular region bounded by 
AABC will be equal to 


3pa Qs—J3) +X (Vs —V1) 4- X50 —ye)] 
Proof. 
Statement Reason 


(1) AD, BE and GF are each (1) Parallel postulate 
parallel to Y-axis such that 

O—D-F—E 

Area of region bounded by (2) Postulate 20 
trapezoid ADEB equals to 

sum of the areas of the 

region bounded by trap. 

ADFC, trap. CFEB and 

AABG 


(2 


> 
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(3) Area of trapezoid ADEB (3) Theorem XIII (4) 
—3 (mAD 4-mBE) (mDE) 


Fig. 231. 


(4) Area of trapezoid ADEB 
— n4) (x»—2x) 

(5) Area of trapezoid ADFC 
=3(Vit-Ya) (333—214) 

(6) Area of trapezoid CFEB 
4-3) (X2— x3) 

(7) F+) 63 —2x) 
=4 (1+3) (X3 — x) 
+ 307-3) (x2— x) 

+area of region bounded 
by AABC 


(8) Area of region bounded by 
AABG 


(4) mDE=m(OE—mop) 
—Xy—JX1 
(5). Reason as for 4. 


(6) Reason as for 4 


(7) Statement 2 


(8) Statement 7 


=2(Vit-Ye) (8 —2,) 

—$0n-- X3) (Xs— x1) 

—À Ya +y) (x3— x3) 

=4 Dx yV — oxy 
—JyXs HVX — Y3 X3 -+ 3X1 
—JaXa--YoXa — Y3 Xa+ Yax3] 

= F1%1(Vs—Ya) + x03 — 3) 

Exi —231)] 

=—F1%1(2—Ys) 4-xs(93—)1) 

+X3(V1—Ya)]- 

Area of region bounded by (9) Area is 
AABG 

=| — 4i (y2 — y3) 

Xel Ya — Yı) +xa(y1—V2)] | 
=41%1(Va—Va) - Xs0'5—X1) 
+%5(¥i—Ya)] 


= 
o 
© 


a positive 
number. 
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It may be noted that we have taken the most general case. 
Many special cases could have been discussed. Further also it may 
be noted that the area would always be a positive number. If the 
vertices A, B; C of a triangle when actually plotted are in clockwise 
direction then the area of triangular region bounded by AABC 
would come out to be negative and then we have to reject the 
negative sign, since a region bounded by any polygon can be 
divided into a number of triangles, the formulae proved above can 
help us in computing the area of any polygon. 


Example 10. Find the area of a triangular region bounded by 
a /\ABC, the co-ordinates of whose vertices are A(—2, —1) ; 
| B(5, —2) and C(4, —4) 


Solution. Area of the region bounded by A ABC 
= [r (V2 Vs) -3:08—31) - X072] 
where X1,— —2 5 X3=4 
yw=-1 ye=—2 Ys=—4 
Area of the triangular region 
=3[—2{(—2) —(—4)}+-5{(—4)—(—1)}+-4{-1)— (22) 
=3[(—4)+(—15) + (4) 9 —3——74. 
Now neglecting the — ve sign. 
Area of triangular region—74 square units. 


Example 11. Find the area of the region bounded by convex 
quadrilateral ABCD, the co-ordinates of whose vertices are 


A(1, 1) ; B(3,2) ; C(4, 4) ; D(1, 7) 
Solution. Area of the triangular region bounded by AABG 


B(3,2) 


Alt C(4,4) 


D(1,7) 
Fig. 232. 
=4{1(2—4) +3(4—1) +4(1—2)] 
—2[—24-9—4]—3— 14 sq. units. 
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Area of the triangular region bounded by AACD 
—H[4—7)2-4(7—1) 4-1 (1—4)] 
= 4[—3+424—3]=9 sq. units 

<. Area of the region bounded by the quadrilateral ABCD 
—]1-F9—104 square units. 


Example 12. Show that the points A, B, C whose co-ordi- 
nates are A(1, 4) ; B(—3, 16) and C(3, —2) are collinear. 


Solution. Assume that A, B, C are not collinear. Then A, 
B, C will determine a AABC. The area of the region bounded by 
AABC will be non-zero. Area of the region bounded by AABC 


=4[1{(16) —(—2)}+ (—3){(—2) 


—1[184-18—36]—3[0] 
=0 
<. A, B, C don't determine a (ABC, 


mio) 
+3{(4) — (16)}] 


Hence A, B, C are collinear. 


Theorem XIV (6). Prove that in any triangle, the measure 
of the line segment joining the middle points of any two sides is half 
the measure of the third side. (We have already proved it in Syn- 
thetic Geometry.) 


Given : A AABG, the co-ordinates of whose vertices are 
A (Xy, J1) 3 B(Xs, Y2) and C(zs, y3) 
F is the mid-point of AB and E is the mid point of Ac. 


To prove that : mEF=4mBC. 
Proof. 


A(X) 


C(x; »3) 


B(x2.y2) 
Fig. 233. 
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Statement Reason 


(1) Co-ordinates of F and E are (1) Theorem XIV (2) 
F (= +X. Xy. 
2 "9S 


and E (ape J 242) 


(2) mEF (2) Theorem XIV (1) 
-A/ (2 Xxx, y 
ENSE 


XrkXs Yitys y 
uem = 


ma a e a 
= Xo—Xg t J'a-Js. M. 
=4/( TeS] 


=} A Ga =n) F 2—73)? 


(3) mBC (3) Theorem XIV (1) 
= (xx) 0s)? 
(4) mEF—1mBC (4) Statements 2, 3. 


Theorem XIV (7). Angle bisectors of a triangle are con- 
current. (We have also proved it as a theorem in Synthetic 
Geometry). 


Given: A AABO, co-ordinates of whose vertices are 
A Qi Y1) 5 B(xs, Ya) and C(os, Y3) 


mAB-—c, mBC—a 


and mAC-b. 
A (y ) 
B(x2,y,) D CA) 
Fig. 234. 


To prove that : Angle bisectors of ZA, ZB and / Care con- 
current, 
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Proof. Let AD be the angle bisector of / A and BI be the 


angle bisector of / B. 


Statement Reason 


(1) D 4 (1) Theorem 26, AD is angle bi- 


sector of / A 


(2) Puedes BC; B(x, Y2) (2) Statement 1 
C(x,, ys) in the 
ratio c:b 


(3) Co-ordinates of D are (3) Theorem XIV(3) 
CXg bx,  cy4-- by, 


EFOD C c+b 
MDI mBD ac 1 m c 
(4) mA c preke (4) 7D = p Statement | 
a mBD mDC mBD+mDC 
bxc CAEDE E c+b 
E mBD — mpc a 
c b b+c 
mBD a 
a > Be 
-= sa 
n» BD 


(5) I divides AD; A(x yı) (5) Statement 4 


and D (Sete, Ys - bys 
b+c bte 
in the ratio b+c:a 


(6) Co-ordinates of I are 


axı+ (b+c) (yb) 
c 
— Fer 
Cya-l- by, 
ay,+ (b+c) (2) 
a+ (b+c) 
(7) Co-ordinates of I are 
( axı+bxs+ ex, 
atbte ^ 


ayı+ bys+cy, 
a+b+c 


(6) Theorem XIV (3) 


(7) Statement 6 
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E Now assume CI’ as the angle bisector of ZG having I’ a 
Pont in common with AD and IzZI' and compute the co-ordinates 
of I’ in the same manner as for I 


mDI | mep 
(8) GHÜEN b (8) As for step 4 


ab yl m - 
= Fe b brc 
(9) I' divides AD in the ratio (9) Statement 8 
b+c:a 
(10) Co-ordinates of I’ are (10) Theorem XIV (3) 
( ax, +bx,+cx; 
atb+e 
ayitbyo+cva ) 
a+b+e 


(11) IAI’ but the co-ordinates of (11) Statements 7 and 10 
I and I’ are same. 


3 


The statement 11 leads to a contradiction of Postulate 22. 


Hence the assumption that I4I' has to be abandoned. 

Hence the angle bisectors of the angles of a triangle are con- 
Current. "The point of concurrency of the angle bisectors is called 
the incentre. The co-ordinates of incentre of a AABC ; 

AQ, Ji) 5 B(X2 V2) ; C(Xz; Va) are 
I ( GXi-bxs--cx. — ayy dr bys - CVs ) 
abc |” a+b+c 
Example 13. The co-ordinates of vertices of a /\ABC are 
A(0, —1) ; B(0, 3) ; C(7, 2) 


Find the co-ordinates of its (a) centroid G, (b) incentre I. 


Solution : 


Statement Reason 
(1) Co-ordinates of G are (1) Theorem XIV (4) 
G 04-0-+7 —14+3+42 
3 i 3 


eG (s. $) 
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(2) mBC=a= 4 (0-7)? + (3-2) (2) Theorem XIV (1) 
=V 50=5y2 
mAC—b-—4 (0-7) +} (1—2)? 
=4 58 
mAB=c=4 (0—0)3-(—1— 3) 
=4 
(3) Co-ordinates of I are (3) Theorem XIV (7) 
I (eee 
Sys. — 
52x = a 
54/2-4- V 584-4 
TEL ( 28 
Sv2r45834 ^ 


—54/24-34 58-8 ) 
52405844 


Problem Set 
A. 


l. Find the co-ordinates of the 


S point which divides the seg- 
ment AB, the co-ordinates of wh 


ose end points are 
(a) A (7,—9) and B (2, 3) in the ratio 1 : 2 
(b) A ((—5, 0) and B (5, 0) in the ratio of 2 :3 
(c) A (2, 4) ana B (4, 7) in the ratio 5 : 3 
(d) A (—3, —4) and B (3, 4) in the ratio 1 : 1 
(e) A (—3, 2) and B (4, —3) in the ratio DAS 
2. In what ratio does (i) X-axis 


1 (ii) Y-axis divide the line 
segment AB, the co-ordinates of whose end points are 


(a) A (—5, ~9) and B (3, 7) 
(b) ^ (—5,9) and B (3,7), 
(c) A (5, —9) ana B (—3, 7). 
(d) A (5, 9) and B (—3, —7). 
3. Given A line segment AB , the co-ordinates of its end points 
being A (—3, 5) and B (7, —9). 


here are points C, D, E on AB 
such that A- C—D—E-B and AC=cp =DESEp. Find the co- 
ordinates of C, D and E, 
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. 4. Given A quadrilateral ABCD, the co-ordinates of its 
vertices being A (—7, 13) ; B(—3,—6) : C (9,—11) ; D (5, 8). 
Prove that its diagonals AC and BD bisect each other. 
5. In what ratio will G (—1, 0) divide AB, the co-ordinates 
of whose end points are A (4, 5) and B (—5, —4) ? 
B 


1. Find the co-ordinates of (i) centroid (ii) incentre of a 
A ABC, the co-ordinates of whose vertices are : 
(a) A (0, 0) ; B (0, 5); C (5, 0). 
(b) A (4, 4) ; B (—4, —4) and C (0, 4). 
(c) A (—1, 2) ; B (3, 0) and C (5, 4). 
(d) A (0,0) ; B (a, 0) and C (0, d). 
(e) A (—36, 7) ; B (20, 7) and C (0, —8). 
Cc 
1. Find the area of a triangular region bounded by AABC, 
the co-ordinates of whose vertices are : 
(a) A (0,0); B (5,0); C (0,5). 
(b) A (4, 4) ; B (—4, —4) and C (0, 4). 
(c) A (—1, 2) ; B (3, 0) and C (5, 4). 
(d) A (0, 0) ; B (a, 0) and C (0, d). 
(e) A (—36, 7) : B (20, 7) and C (0, —8). 
(f) A (x, y); B (y, z) and C (z, x). 
(g) A (3, 4) ; B (—2, 3) and Œ (—3, —2). 
2. Find the area of the region bounded by quadrilateral 
ABCD, the co-ordinates of whose vertices are . 
(a) A (0,0); B (5, 0); C (0, 5); D (5, 5). 
(b) A (4,4); B(—4, —4); C (4, —4) ; D (—4, 4). 
- Show that the points A, B, C whose co-ordinates are as 
follows, are collinear : 
(a, A (6, 6) ; B (12, 15) ; C (18, 24). 
(b) A (1,4); B (3, 2); C (4, —5). 
. 4. Compute the measures of medians of a AABO if the co- 
ordinates of its vertices are A (—3, 4) ; B (7, 9) and C (3, —8). 
. 5. Given a quadrilateral ABCD, the co-ordinates of whose 
vertices are A (xy, y;) ; B (xe Ya) 3 € (Xz Vs) and D (x4, 4). Eis 


the mid point of AB, F is the mid point of BC, G is the mid point of 
CD and H is the mid point of DA. Prove that EG and FH bisect 
each other. 


CHAPTER XV 


THE LOCUS AND ITS EQUATION 


other point will be the locus satisfying the given condition. All the 
points of the plane will be divided into two sets (1) The set pem. 
of all those points that satisfy the given condition (2) All the poin 


equation. Suppose we want to find the locus of all those points 
which are 5 units above the X-axis. h 
all the points that lie on the required locus will always be 5, althoug 
the X-co-ordinate of the different points will be different. So we 
can write that y=5 is the required locus. Clearly the locus will be 
a line parallel to X-axis, Similarly the locus given by the equation 
X—7 will be a line consisting of all those points which lie at a 
distance of 7 units from the Y-axis. and parallel to Y-axis. 
Similarly x—— 10 will be the set of all those points that are at a 
distance of 10 units to the left of Y-axis. Clearly the set of points 
is a line parallel to Y-axis. ; 
The equations x—y and X— —y describe the set of those points 


which are as far from X-axis as they are from Y-axis, Suppose 
we have a linear equation x=y+3, 


This must be true for some o 
that th i 


many ordered pairs as we want 
Would be true, We can draw some 


form ax--by--c—0, we will find th 
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It means that Y-co-ordinate of 
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(1) To find the equation of the curve consisting of the set of 
all those points that satisfy the given condition or conditions. 

(2) To graph or plot the locus of a given equation. 

Of course the locus will not always be represented by a linear 
equation. Later on we will establish that circle is a locus and it 
1$ given by the second degree equation x*+y?=r? if the centre 
of the circle is the origin (0, 0) and its radius is r. Similarly 
ellipses, parabolas and hyperbolas will be represented by second 
degree equations of the form ax*?+by?=c; x*=ky or y?—Kkx and 
ax*—by*=c or xy=c. 

Method to find the equation of locus : 

(i) Take a general point (x, y) as one of the points of the locus. 

(ii) Formulate a relation between x and y which should satisfy 
the given constant (S). a 
i (iii) Simplify the relation which will be the equation of the 
ocus. 

, Example 14. Find the equation of the locus of the set of 
points such that the distance ofeach point from X-axis is 5 times 
its distance from Y-axis. 

Solution. Let P (x, y) be any general point on the locus. 
The distance of P from X-axis is y while the distance of P from 
Y-axis is x. On applying the given condition, we get that 

y=5x 

or y—5x=0 which is the equation of the required locus. 

_ Example 15. Find the equation of the locus of the set of 
points such that each of the points is equidistant from the two given 
points (—5, 3) and (7, —5). 

Solution. Let P (x, y) be any general point on the locus. 
The distance of P (x, y) from (—5, 3) equals V (x4-5)*-r iy -3) 
and the distance of P (x, y) from (7, —5) equals W(x —7)*-- (y + 5)". 
Now the given condition is that the distance of P (x, y) from each 
of the points (—5, 3) and (7, —5) is equal. 

A FSETO—3F =V x- + 0F5)} 
(1+5) +03) = (3— 0*0 5j. 

x*-- 10x 4-25 4- y* — 6y -9— x?— 14x 4-49 4-* 4- 10y 4-25. 

10x-4-14x—6y—10y +25+9—49--25=0. 

24x—16y —40—0. 

3x—2y—5=0 which is the equation of the required locus. 
We have already discussed in synthetic geometry that the locus will 
be the right bisector of the line segment whose end points are 
(—5, 3) and (7, —5). 

Example 16. Find the locus of the set of points so that the 


Sum of the distances of each of the points from (c, 0) and (0, c) 
equals k. 


1 A E 
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Solution. Let P (x, y) be a general point lying on the Oi. 
The distance of P from (c, 0) equals v (x—c)*--(y—0)? and its 
distance from (0, c) equals V (x—0)*4-(y—c)*. Hence on applying 
the given condition, we get that 


y (xc) +? -+V 4+ (yc)? =k is the equation of the 
required locus. 


Problem Set 


1. Plot the graph of all those ordered pairs of numbers that 
make each of the following statements true. 


(a) 2x--y—8, (b) 5x+3y=16, — (c) 3y—21 
(d) 4x— —28 (e) 5x23y (f) 5x2—3y 


[Hint. Consider at least three ordered pairs of numbers that 
make cach of the statements true. Plot the graph of these. numbers. 
The line joining these points will be the required locus. 


2. Find the locus of the set of points which satisfy the 
condition : 


(a) The distance of each of the points from y-axis is 7 
times the distance of the same point from x-axis. 


(b) The distance of each of the points from (—3, 7) is 
always 5. 


(c) The distance of each of the points from the origin 
(0, 0) is k. 


(d) Each point is equidistant from (—7, 5) and (3, —2). 


(e) The sum of distances of each point from the co-. 


ordinate axes is always 7 units. 


(f) The sum of squares of distances of each point on the 
locus from the points A (c, d) and B (e, f) equals k. 

(8) The square of the distance of each point on the locus 
from C (a, b) equals r?. 

(h) The area of trian 


ula: i oint 
Ni ee cs un r region framed by any p 


A (2, 3) and B (0, 2) equals 3. 

) an element of set of points deter- 
—2x—y—17=0? 

[Hint. Substitute — 3 for x and —1 for y] 


. 4. Is the point (3, —7) an element of th 
mined by the equation 4x - 3y--9—0 ? 


. 3. Isa point A (—3, —1 
mined by the equation x24- y 


eset of points deter- 
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5. Isthe point (2, 1) an element of set of points determined 
by the equation 3x2—4y?—8=0 ? 


6. Is the origin (0, 0) an element of set of points determined 
by the equation 3x?+)2—5x+3y=0 ? 


- 7. Write an equation that can represent each of the following, 
OC] + 


(a) A line parallel to y-axis and (i) three units to the left 
of it (i/) 9 units to the right of it. 


(b) A line parallel to x-axis and (7) 7 units below it 
(ii) 5 units above it. 


8. Describe the locus which is represented by the following. 
equations : 


(i) x=0 (ii) y=0 (iii) x—y=0 (iv) x+y=0. 
The slope of line 


We have already stated that the graph of a linear equation of 
the form ax+by+c=0 is a line. We can find as many ordered 
pairs of numbers that lie on the locus represented by this equation 
as we want to itand we can plot the graph of those ordered 
pairs. On joining the points determined by those ordered pairs we 
Will find that the locus is a line which is not curved. Further the 
line is continuous. without having any end points. In co-ordinate 
geometry we are interested in knowing the direction ofa line. A 
simple and common way of indicating the direction of a line is to 
state its slope which can be defined as ‘vertical increase per unit of 
horizontal increase.’ In other words, the slope of a line is the 
measure of increase of a line in vertical direction for every unit 
increase in horizontal direction. 


Suppose there is a line p and on the x-axis the point A repre- 
sents 2 units and the point B represents 3 units. At A, AP is perpendi- 
cular to y-axis having a . 
point P in common with line 
P and at B, BQ is perpendi- 
cular to x-axis having a point 

m common with line p. 


-— 
Through P, PS is a ray paral- 
lel to x-axis having a point T 
In common with BQ. Now 
the measure of QT is the verti- 
cal increase for a unit in- 
Crease of the given line in the 
orizontal direction. The 
measure of QT gives the slope 
of the line p. 


Fg 235, 
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'The x-axis and all the lines parallel to the x-axis are called 
"horizontal lines as these lines do not have any increase in the vertical 
«direction. So we can say that the slope of x-axis and all the lines 
parallel to x-axis is zero. Y-axis and the lines parallel to Y-axis are 
-called vertical lines. This set of lines have only vertical increase 
.and no horizontal increase. So we find ourselves in a difficult 
situation when we try to define the slope of this set of lines. In 
fact this set of lines does not fit into our definition of the slope. 
So it would be appropriate to talk about the slope of non-veriical 
lines only. Of course we shall say that the slope of vertical lines 
-does not have any meaning as the division by ‘zero’ in the system 
-of rational numbers is undefined. 

The slope of a line is generally denoted by *m'. If there is a 
line p and jif there are two points P (xj, y1) and Q (x, }',) on the 


Fig. 236. 


given line with reference to an 


t " f 
this line will be given by y rectangular axes, then the slope o 


m= increase in vertical direction 
increase in horizonal direction 


AY  »—»5 
AX Xxx, 


From this discussion it will be evident that 


EM (i) The lines that are parallel to each other will have the same 


(ii) The slope of a line is inde 


r endent 
we choose on the line to ü 


i of pair of points that 
determine the slope. P $ 


(iii) The slope of a line is same every where. 


c-— AR a 
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(iv) meat MED 
XQ—X,;  Xi—3Xs 


(v) If m0 then y,—ys and the line is horizontal and con- 
versely. 


., (vi) If m20 then both the numerator and denominator are- 
either positive or negative and the line rises as we proceed from left. 
to right as is the case with the line p and conversely. 


Fig. 237. 


; (vii) If m<0 then the denominator is negative if numerator- 
is -+ve or numerator is —ve if denominator is -+ve and the line- 


qj 
Bes 
Py) 


Fig. 238. 


falls as we proceed from left to right as is the case with line g 


and conversely. In this case m=} Ln and clearly x, — x1 is nega- 
H ECKE 
tive. Let us prove some of these as theorems. 


Theorem XIV (8). All segments on a non-vertical line have: 
the same slope. 


right. 


left. 
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Case First. When the line is horizontal :—In this case the 
Tine does not have any vertical increase anywhere. So slope of all 
segments on it is zero. 


Case Second. If the line 


rises as we proceed from left to 


U V xs 


Fig. 239. 


Given: A line p and two segments P, P, and Qi Qi. 


To prove that : 


m PLR m Q:S 


mPR =m OS (The slopes of two segments are equal). 


‘Proof. 


Statement 
( 1) Z Pie Zoi 


(2) ZR&ZS 

(3) ZP,P;Re 7 Q1Q,S 

(4) 1—1 correspondence 
PiP,RQ10.S is a 


similarity and A P,P,R 
~AQ QS 


Reason 


(1) Why ? Corresponding 7.5 ? 
How ? 


(2) Each is a right angle 
(3) Why ? 
(4) Why ? 


5 (5) Statement 4 
(6) Statement 5 


(7) Why ? 


Case Third. Ifthe line falls as we proceed from right to 
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Proof. 


Fig. 240. 


Statement Reason 


(1) 1—1 correspondence (1) Why ? 
P,PReQ,Q:S is a 
similarity and AP,P,R 
7 ANQíOSS 


m PR ms How ? 
(2) mPR mQqs (2) town 
In this case both the slopes will be negative as the denomin- 
ators of both these fractions will be negative. 


Theorem XIV (9). Two non-vertical lines are parallel iff 
(if and only if) they have the same slope. (Iff implies that we have 
to prove the theorem as well as the converse). 


Given: Two lines p and g such that p||q. PK is a segment 
on p and Uy is a segment on q. KR || to y-axis and PR || to x-axis. 
VW || to y-axis and UW || to x-axis. 


To prove that : 


m P mU 
Proof. 
Statement Reason 
(1) ZPz ZU (1) A "problem in chapter on 
parallel lines in a plane ? 
(2 ZR=ZW (2) Each is a right angle 


(3) ZPKR=ZUVW (3) Why ? 
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(4) 1i—1 correspondence (4) Why ? 
PKReUVW is a 
similarity and APKR 
~AUVW 


Fig. 241. 


SE =a (5) How ? 
Conversely. 


Given : Two lines p and q. A segment PQ on p and a seg- 
ment UV on q. QR || y-axis; PR || x-axis ; VW || y-axis and UW 
|| X-axis. 

Also HORSE TAVW 

mpPR muw 
To prove that: p\\q. 
Proof. Assume p4tq. 


Fig. 242. 
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Statement Reason ) 

(1) p and q have a com- (1) Parallel postulate and the 
mon point S lines are coplanar 

(2) Thereis a point T on p (2) Which: postulate ? 

(3) TZ ll y-axis (3) Parallel postulate 

(4) TZ has a point X in (4) TZ At as qisnon vertical 
common with q and hence not parallel to 

y-axis 


(5) SY || x-axis having a ^ (5) Parallel’ postulate SY} TZ 
point Y in common why ? 
with Tz 


(6) Theorem XIV (8) 


NUS = (7) Theorem XIV (8) 


(8) m QR — HEY, (8) Given 


(9) AY mxv (9) Statements 6, 7, 8 
m sy m sY ^ 
(10) m TY =m xy (10) Statement 9. 


Now m TY can not be equal to m xy as otherwise X=Y and 
then p, q will have two points S and X or Y in common P which will 
ead to p—q and then p and q will not be distinct lines. 


Therefore m TY—m XY leads us to a contradiction. Hence 
the assumption that p At q has to be abandoned. s 


Theorem XIV (10). Two non-vertical lines are perpendicular 
to each other iff their slopes are negative reciprocals of each other. 


Given: Two non-vertical lines p and. q such that pq. m is 
the slope of p and m' is the slope of q. 


To prove that : 


Proof. 


Statement Reason 


(1) p and g have a point S ~ (1) piq and p, q are coplanar 
in common . i 


(2) There is a point P on 
` panda point Q on q 
such that P is to the 
right of S and Q is to 
the left of S and both 
P and Q lie above S. 
Also 5P =5Q 
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(2) Why ? Segment construc- 
tion theorem ? Ruler 
Postulate ? Point plotting 
theorem ? 


Fig. 243. 
(3) Through S, ris a line 

ll X-axis and uisa line 
l| y-axis 


(4) QF is. || y-axis having 

Ih common with r 

and PR || y-axis having 
in common with r 


(3) Parallel postulate 


(4) QrAtr PRA 


(5) ZT=7R 

(6) ZRPS~/ psy 
(7) ZSQT=/ Qsy 
(8 os Y mz QSy 


— 


(9 


— 


mage stm ZsQr 


(10) ee D ZSQT 


(11) ZOSTe: / Rps 
(12) ZSQT=/Rsp 
(13) SQe-sp 


(5) Each isa right angle 

(6) Interior alternate angles 
(7) Why ? 

(8) pg given 


(9) Statements 6,7,8 
(10) Why ? 


(11) Statements 9, 10 
(12) Why ? 


(13) Why? 
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(14) 1—1 correspondence 14) A.S.A. Theorem 
SPR@QST isa con- a s 
E£ruence and ASPR 


=AQST 
(15) SRYOT and PRe«sT (15) Corresponding parts of 
congruent triangles 
nem 
(16) mg" (16) Given 
(1) mt — 97. (17) Q is to the left of S 
L MSR 
mPR 


Conversely. Two non-vertical lines p,q; mis the slope of 


and m' is the slope of q, such that m-—. 


To prove that: pq. 
Proof, 
Statement Reason 
(1) pirg (1) mA[m' as we are given that 
m-—-. and any num- 


ber can not be negative 
reciprocal ofit 


(2) p, q have a common (2) Statement 1 
point S 


(3) Pisa point onpandQ (3) Why? 
is a point on g such 
that P is to the right 
of S and Q to the left 
ofS. Both P and Q 
lie above S. Also 
SP=SQ. 


(4) Through S, r isaline (4) Why? 
^ li x-axis and u is a line 


l| y-axis 


SPR@QST is a con- 
gruence and ASPR 
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(5) QT: y-axis /and PR (5) Why ? 

l| y-axis E 

= MAr (6) Given 
m TS 
4o IRAE 

mPR —mSr (7) m=— LL. As Quis to the 

(7) mmRS MQT.., m `: vd 
left of S, therefore no — 
sign. 

(8) Ros T: (8) Each is a right angle 
(9) 1—1 correspondence (9) S.A.S. similarity 

SPReQST is a simi- 

larity and ASPR~ 

AQS 
HOUR OI EE (10) Statement 9 

mSP MSR MPR 
an mss i (11) Qs esp 
(12) Qre-sR and ST=PR (12) Statements 10 and 11 
(13) 1—1 correspondence — (13) S.A.S. Postulate 


& AQST ; 
(14) ZQST=/RPS and (14) Corresponding parts ° 
f? 0 ZSQTe/PSR : congruent triangles 

(15) ^ SOTz / osx (15) Interior alternate angles 
(16) 7 PSRe: 7 osy (16) Statements 14, 15 

(17) ZRPS= / Psy (17) Interior alternate angles 
(18) mZPSR+m/RPS— (18) Statements 16, 17. 

mZ QSY-Cm 7-PSY 


(19) mZ PSR--m/ RPS 
=90 3^ 1 

(20) m4 QSY-Em / PSY 
=9 


Q1) plg 
Theorem XIV (11). 


(19) How ? 
(20) Statements 18, 19 


(21): Statement 20. 


: Í : € 
1 | If two intersecting lines have the 5a?* 
slope then the lines coincide. ore 


Given: Two lines p and q, having A: A testo Also th 
slope of the line p equals the slope of the line q. eina 1 
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To prove that p=q.“ 


Y 


Fig. 244. 


Proof. Let (x, y,) be the co-ordinates of A 


Statement 


(1) There is a point B 
(X2, Ya) on p 

(2) Through B, there is a 
ray r || y-axis 

(3) r has a point C in com- 
mon with g and D in 
common with x-axis 

(4) Through A, there is a 
ray S || x-axis having 
E in common withr 

mBE 

m AE 


(5) The slope of p—— 
and the slope of 


PL 
(6) m "BE . .m CE 
mAE m AE 
(7) m BE =m CE 
(8 B=G 
(9) p—q 


Reason 


(1) Why? ^ 


(2) Why ? 


(3) reg and rA[x-axis 


(4) Why? | 


(5) Definition of slope of a line 


(6) Given 


(7) Statement 6 


(8) Stitement 7, as B, C, E are 
on the same line 


(9) As p and q have two points 
A and’ B' in common. 
' Which postulate ? 


29 
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: i 
The contrapositive of the theorem which can be proved M | 
similar lines would be : *If two intersecting lines have not more tha 
RES point in common then the lines do not have the same slope. 


Example 16. Find the slope of the line containing 
A (—3, —2) and B (—19, 0). 


= —2)— (0 —2 =i 
Solution. Slope=m= 2: Vi (—2)—(0) 


Example 17. Are the points A (—2,3); B (1, —2) + 
C (4, —7) collinear ? 


Solution. Slope of maL 


m T3) e0 —5 
Slope of AC e eg c-r 


Slope ofpe= 1-72) —5 i 


As the slope of the se 


gments AB, BC, AC is the same, the 
points A, B, C are collinear. 


Example 18. On a line P, there are points A (—7, 5) and 
3, —5). On another line 


B( q, there are points C (—21, 15) and 
D (9, —15). Isp| q? 


: —9-5  —10 
Solution. Slope opo UY mr m =| 
—15—(15) —30 
SI D mecum ns Mile, 
ope o qur a= 397 l 
“^. pq as their slopes are equal. 


Example19. On a line r 


d 
; there are points A (0, 5) ara 
idi pa Eu line s, there are points C (—2, 1) a” 
Solution. The slope oir 5 0T og 
10:1 
m'—Theslope of s=— 2—1 END le 
XE UI 


1 
as E Hence r | s, 


Problem Set 


l. For each pair of po 


ints gi of the 
line containing both the Pul Even below, find the slope 
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(a) (0,0) and (2, 0) (5) (3, 4) and (5, 7) 
(c) (—2, 3) and (0, 4) (d) (—5, —8) and (—1, —32) 
(e) (9, 3) and (—10, —7) (f) (20, 6) and (18, 12) 


2. Find ‘a’ in the following cases such that the line containing 
the two points will be horizontal. 


(i) (7, a) and (10, 5) 
(ii) (—3, —7) and (—5, a). 


3. Find ‘b’ in the following cases such that the line containing 
the two points will be vertical. 


(i) (7, —3) and (b, —7) (ii) (b, —11) and (15, —13) 
(iii) (b, 0) and (3, —5) (i) (5, —9) and (b, —10) 


(Hint. The x-co-ordinate of the two points should be the 
same.) 


4. Is the point A (3, 7) on the line containing the points 
B (2,8) and C (5, 5) ? PT 


K 5. Will the line containing (1, 4) and (2, 3) be parallel to the 
line containing (0, —6) and (—6, 0) ? 


6. Will the line containing (0, 3) and (—6, 0) be perpendicular 
to the line containing (0, 3) and (2, —1) ? 


.7. What is the slope of the line (i) parallel to X-axis (ii) per- 
Pendicular to Y-axis ? 


8. What is the equation of X-axis ? Y-axis ? 
Linear Equations 


We have already discussed that the graph ‘of the solution set 
for any equation of the form ax--by—c where x and y are the 
variables and a, b, c are constants is a line. The graph of all the 
ordered pairs of numbers and only those ordered pairs that satisfy 
the equation lie on the graph of the line Also each point on the 
Staph of the line corresponds to some ordered pair of numbers that 
Satisfy the given equation. In an advanced course it is possible to 
Prove it. However we shall state it as a postulate. 

Postulate 23. The graph of every equation of the form 
GX-Fby—c where x and y are the variables and a, b, care constants 
(a and b both are not zero) is a line. Also every line is the solution 
set of some equation of the form ax--by—c, 


This postulate explains why equations of the form ax+by=c 
are called linear equations. 
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Theorem XIV (12). For every linear equation ax-+-by=c 
where 570, its slope m-——. A 


Given: A linear equation ax+-by=c and 540. 


To prove that: The slope of the line is — : 
Proof. 


Statement Reason 
(1) There are two points (1) Why ? 
A (Xv y1) and B (xp, Y2) 
on the line. such that 
4X, +by;=c and 
4X_+ by,—c 
(2) Slope of the line i.e. (2) Definition of slope. 


mJ! 

X =x 

(3) axy-Eby,— ax, by, (3) Statement (1) as 
c—ax4--byy--axs 4- bys 


(4) 4X1—ax,—by,— by, (4) Statement 3 


— —a(xy—,) 


—b(ya—y) 
E C img 4 27 
E EEA 


If b=0 then the line becomes ax=c or x—. ^. and that means 

a 
theline is perpendicular to X-axis and it is meaningless to talk 
about the slope of such a lin 


€. The slope of such a line is undefined. 
For any linear equation ax+by=c where b40 we have 

proved that the slope of its graph is = - Now we can transform 
the given equation as follows : 


ax+-by=c 
> by=—ax+ce 
a € 
22er AREE: 
If now we write m for — $- and k for £ 


p> the equation gets 
the form y=mx+k. So we See that if the linear equation is of the 
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form‘y=mx-+k, then the slope of the line is given by the co-efficient 
of x. Moreover k is the y-intercept i.e., k is the y-co-ordinate of the 
intersection of the line with Y-axis. 


In this connection we can prove the following theorem : 


Theorem XIV (13). The equation of a line whose slope is 
m and whose y-intercept is c is given by y=mx-+e if P (x, y) is any 
general point on the line. 


.. Given: A line p whose slope is m having a common point A 
with Y-axis such that m OA (where O is the origin) is c (OA is the 
Y-intercept). 


To prove that : The equation of the line is yx tc. 
Proof. i 


Statement Reason 


(1) Co-ordinates of A are (1) As A lies on Y-axis, its 


(0, c x-co-ordinate is zero and 
y-co-ordinate equals mOA 


(2) Slope of pape (2) Deum os € 
(3) Given that the slope of 


(3) lm the line is m 
r 

(4) y—c=mx : (4) Statement 83 
> y=mx40 i 


The equation of the form y=mx-+e is known as slope inter- 
cept form. The equation of a line through origin is yx as c=0. 


In case we are given that the line passes through a given 
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point B (xi, yı) and its slope is m then we can prove that the 
equation of the line is given by 


y—y,-7m (x—x) 


Y. 
P(x,y) 
B (Xy) 
e X 
Fig. 246, 
In this case if P (5 y) is any general point on the line then 
its slope 
A Dmm ol 
"s X—x 


or y—y,em (x—x,) 
The equation of the line in this form is known as Point Slope 
Form. 


We can also find the equation of the line if We are given that 
two points A (x,, yı) and B (Xs; Yə) lie on the line, 


P(x,y 
B(xp,yo) 
A(x,,y) 


X 


Fig. 247. 
As in this case if p (x, y) 


is any general point on the line, 
then the slope of the segment PA is J—J1i 


the 
x—x, 9nd the slope of 


Segment AB is given by m 
271 
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As we know that segments PA and AB are on the same line, 
therefore the slopes are the same. 
J—JX1 _ 2—71 is the equation of the line passing through. 
X—Xi — X—X; 
A (xı, Yı) and B (xa, Y2). 
The equation of the line in this form is known as Two-point 
form. 


The intercept form. If we are given that a line cuts off an 
intercept ‘a’ on X-axis and an intercept ‘b’ on Y-axis then it implies 
that we are given two points on the line whose co-ordinates are 
(a, 0) and (0, 5). 


YA 


(0,b) 


O (00 X 


Fig. 248. 
So the two-point form equation of the line 
V= jis aJ. 
X—X, X—X 
becomes 
Dee b—0 
^ 0—a 


ve Soe ee 
pana —>—ay=bx—ab 

a bx ab 
> aytbeaab > Gy + a ab 


S i See 
Ear aoi 


"This form is known as intercept form. 
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. * . We can write the e 
“for that we need to defi 


Sine function. 
: for each acute angle 


quation of a line yet in another form and 
ne the following functions : 


Let S be the set of all right triangles; Then 
A ofa AT belonging to S, consider the ordered 
l The measure of the side of right AT opposite A 
par (mza, ‘Lhe measure of hypotenuse of AT f 
"The set of all such ordered pairs is called the Sine Function and the 
: the measure of the side of right AT oppositeA , 

the measure of hypotenuse SAL _ ™ called. ‘the 
“Sine of ZA which is also written as sin A, B 

If ABC is a right A with ZC as 

right angle, then 


ratio 


C 
Fig. 249. 

(mza the measure of the side of right AT adjacent to A The set 

2 the measure of hypotenuse of AT ) 
d pairs is called the cosine function and 
€ side of right AT adjacent to A. , d the 
Sure of hypotenuse of AT M gus 
ich is also written as cos A, 
In the above right A, cos A= AC 

m AB 

The Parametric Form. 


2 If we are gi i ins 
lal ) 8iven that a line contain 
OAS (ery) and it makes an angle @ with X-axis, if a 


the ratio 
the mea 
‘cosine of / A wh 


Fig. 250, 
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general point P (x, y) lies on the line such that m AP =r; then we 
NJ M —À 

j sin ~ cos 0 
We can prove it by taking the right APKA. 


Now m ZA=8@ (How ?) and also 


can prove that the equation of the line is 


: —y. x—x, 
Sin 9= Z=% and cos 8— 1 
r r 
= x—x, 
Hence r= 7— and r= 1 
sin 0 cos 0 


2- i *—s*1 
sinu cos 0 


Hence 


=r is the equation of the line. 


This form of the equation of the line is called the Parametric 
Form. 

The Perpendicular or the Normal Form : 

In case we are given the length of the perpendicular 
segment p, from the origin to a line and also the angle « that the 
perpendicular segment makes with X-axis, we can prove that the: 
equation of the line would be x cos «+y sin «=y. 


YAY 


Fig. (i) 251. 
Given: Aline gq, the length of the perpendicular segment 
OR on q equals p where RE q and mZROX=a Also P (x, y) 
is any general point on the line 
To prove that: The equation of the line q is given by 
X cos a4-y sin «=p. 


Proof. , 
Statement Reason 
> (1) One and only one per- 
(1) PNLON such ^ that pendicular can’ be drawn 
i ES y from a point & line to it 
Ne OX >>: (A theorem we have al- 


ready proved) ... 


(2) NM L OR such 
ME OK 
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that (2) One and only one per- 


pendicular can be drawn 
from a point & line to it 
(A theorem we have al- 
ready proved) 


(3) PL LMN 


(4) mZONM=90~, 


(6) p=m OR =mom + 
"MR — [p—mOR 
=MOM— MMR in 
the case of fig. (ii)] 

„m 
A): ON eos a and 
m PL 


LOU" sing 


m PN 


Fig. (ii) 252, 


(3) One and only one per- 
pendicular can be drawn 
from a point & line to it 
(A theorem we have al- 
ready proved) 


(4) mZOMN=90 and 


mZMON=e 
(5) Why ? In case of each 
figure ? 


(6) Why ? 


(7) By considering the right 
OMN and the right 
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(8) Statement 7 as m ON=x 


m OM 
(8) x = cos «and and m BN=y 
mpL . 
—sin « 
p 

(in the case of figure ii 

it will be "9M. Scos « 

and MPL. —sinve ) 

=F 


(9) mOM=x cos « and (9) Statement 8 


mPL=y sin « (or —y sin & 
in the case of Fig. ii) 
(10) RMexPL 
(11) mRM=y sin « or —y sina (11) Statements 9 and 10 
(12) Statements 6, 9, 11. 


(10) Opposite sides ofa || 7* 


(12) p=x cos «4-y sin « 
In such a form of equation, sum of squares of co efficients of x 
and y is 1, as cos?a-Fsin*a 1 always. (How ?) 
So far we have discussed that linear equation of the form 
ax+by=c isa line. We have also proved that any one of the fol- 
lowing forms of an equation will represent a line. 


(1) Slope intercept form. y—mx-4-c 
(2) Intercept form x += ul 


(3) Two point form 
Yr  X&—»5 
X—X,  Xy—Xi 
(4) Normal form 
X cos «+y sin a=p. 
. We can transform any of these equations into general form of 
linear equation viz, ax+by=c. This will be as follows : 
() y=mx4+cey—mx=c and here b=1 and a=—m 


(2) | e L.y+t. x= > ay+bx=ab 


Dye Va (Y'a —X1) 
(3) Xo t= Keel yim (xx) (xa— x1) 
x(Ya—yı) — x0:—X) 
e y—yy= I 4X 


X_—Xy 
(Ye—Y1) 


(075523) — E 
= =y Xa X 


Xa— Xy 
t> (x,—2,)»— (Ya—Y1) X=y1(%2— X1) —23x,03—2J- 
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,(4) xcosaty sin «=p is itself in the form ax-- by—c. 


We can reduce the general form of the linear [equation to any 
one of these forms which will be as follows : 


(1) To transform into slope form : 


] -— [4 
ax+by=c e by=—ax+c »-(z) xa 


b 
(2) To transform into intercept form : 
a b x 
ax4by-ce Fe x+ =l Si +251 
! JU v By, 
(3) To transform into normal form : 


ax-+by=c is to be changed into 
X cos «4-y sin «=p 


a DE 
or Im rp y=1 
is to be changed into 

cos & sin « 
rien SO S er] 
p = 
and this implies she 
cosa a 
TERE 
and ee zi 
p c 
or cos oe: 
c 
and sin «— PP 


and since cos?a-I- sin? «—] 


2 a p? [ p Li 
» mE 
or 70 pape 
or tals eC 

OOM EB 
Hence cos a= a 

Pr 

and nuc - 
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Hence the transformation equation is 
Lax e by e c 
Vath t e+e Grip 


Let us review 


(1) The equation of a line parallel to X-axis and at a"distance 
of ‘b’ units from it is y—b. i 


(2) The equation of a line parallel to Y-axis and at a distance 
of ‘a’ units from it is x—a 

(3) Equation of X-axis is y=0 

(4) Equation of axis of y is x=0 

(5) The equation of a line through origin and whose slope is 

m is given by y=mx 

The equation of a line in the slope intercept form is 

yemx4-c 


(6 


— 


where 7 is the slope and c is the y-intercept. 


(7) The equation of a line in the point-slope form is 


y—y2m(x—x) 
where (x;, y;) is a point on the line and 7 is its slope. 
(8) The equation of a line in two-point form is 


Y—h  X*—»h 
X—Xi( Xa—Xı 
where (x, y1) and (Xa, Ya) are two points on the line. 


(9) The equation of a line in the intercept form is 


where a is the length of x-intercept and b is the length of 
y-intercept. ; 
(10) The equation of a line in perpendicular form is 
x cos «+y sin «=p KS ; 
where p is the length of perpendicular from origin up to 
it and « is the angle which it makes with axis of X. 


Example 20. Find the ,equation of a line passing through 


origin and a point (3, 2). 
Solution. We can solve this problem by the following 
methods : " 
First Method. We know that the equation of a line through 
origin and with slope is m is y—mx. 
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Here we do not know m, but we know that (3, 2) is a point 
on theline. Hence (3, 2) is a solution of 


Y 
on 2=3m 
or m-—s 


Hence the equation of the line is 


yix 3y-2x e 3y—2x=0. 

Second method. We know that the equation of a line through 

(x1, yı) and with slope m is given by 
y—yı=m(x—x,) 

As we know that (3, 2) is a pam on the line. Hence the 

i comes —2=m(x—3). 
stis i know that Ke line Lan through origin (0, 0). Hence 
(0, 0) is a solution of this equation 


E 0—2—m(0—3) œ —2=—3m e 2=3m e mi 
and hence the equation is 
y—2=3(x—3) 
€ 3y—6—2x—6 © 3y22x & 3y—2x—0. 
Third method. The equation of a line in two-point form is 
Yr _ Ves 
xX—xi Ta— Xi 
The two points that lie on the line are (0, 0) and (3,2) 


Hence X,—0, 51—0; 
XQ—3, y,—2 
*. The equation of the line is 
229 12-0 
x—0  3—0 
o E = € 3y=2x e 3y—2x=0 
Example 21. 


Two points A(3, 4) and B(—3, —8) lie on â 
line. Find its equation in slope form. 


The equation of a line in slope form is 
yemx-rc 

Points (3, 4) and (—3, —8) 

Hence 4=3m-+-c and —8——3m- c. 

'On solving these simultaneously we get 


c=—2 and m=2, 
Hence the equation is y-2x—2. 


Solution. 


are its solution sets, 
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Example 22. Find the equation of a line containing the 
points (2, 4) and (—6, —12). Will this line contain the origin ? 

Solution. The equation of a line in two point form is 

2-3 amd 

x=%  X—2X; 
In this case x, —2, y,—4 ; x,— —6 and Ja— —12. 
Hence the required equation is 

y—4  (—12)-(4) 3-4: 116 


=~ 0=Cr ) een ans 
qued = —4=9' (x—2 

si xc 72e9y-4-2 (x—2) 

s y—4-2x—4ey-z2xey-2x-0. 


The line will contain the origin if (0, 0) pis ita pautan sa 
which is so in the case of y—2=0. "Hence the line y—2x=0 con- 
tains the origin also. 


Example 23. The x-intercept and y-intercept of a line are 
respectively —3 and +7. Find its equation. 


Solution. The equation of a line in the intercept form is 
xo a 
eth 
In this problem a— —3 and b— 4-7. 
Hence the required equation is 
Eb Det ROT (5 n) 
ag te ne 
e7x—3y=—21. 


i i ABC are 
Example 24. The co-ordinates of vertices of a A 
A (—1, 2) E B (3,0) and C (5,4). Find the equation of the 


AE — 
median AD where D is the mid-point of BC. 


345 0+4 
Solution. The co-ordinates of D are RUM 


or (4, TA. 


Er E 
i inj A (—1, 2). 4 
Now we know the co-ordinates of two points on AD viz., A (—1, 
and D (4, 2). Hence we can make use of two-point form equation 


yi Jaz Ji 


X—Xx| ^ Xy 
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'The required equation is 
y=2 2—2 
x-(-1  4-(-2U 


— € y—2=0 


; j f 

Example 25. Find the equation of a line, if the length o 
perpendicular from origin to it is 5 units and makes an angle o | 
with x-axis. Also find the slope of the line. 


Solution. We are given the length of perpendicular rom eE 
origin to the line and also the angle it makes with x-axis. Hen: M: 
will make use of perpendicular form of the equation viz., X co 
y sin «=p. 


; 3 
We know that p—5, sin «—sin 60= V3 


and cos «—cos 60— A 


2 
Hence the required equation is T us. y=5 


e x43 y=10. 


j Im 
Now to find the slope of the line, we will have to transfo 
this equation with slope form viz. yemx-4c. 
The equation x+ V3 y=10 becomes 
10 
MV 3y =—x+ 10e cimi x+ và 
The slope of the line is z 


the 
, , Example 26. Find the length of the perpendicular from 
origin to 2x—3y=6 and also the angle it makes with x-axis. 


manu 
: " : n 
Solution. We have to transform the given equation ? 

form x cos a+y sin «=p, 


The given equation is 
2x—3y=6 


SUC acr P 3y h 6 
*(-3' ORFE VOO) 
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and cos «= B 
: —3 
sin &=- 
413 
ga t Emm uit. 
an g 3 
3x &-tan !— Les 


3 
Problem Set 
1. Find the equation of a line : 
(a) Parallel to x-axis and 5 units above it. 
(b) Parallel to x-axis and 2 units below it. 
(c) Parallel to y-axis and at a distance of 4 units from it. 


(d) Parallel to y-axis and at a distance of 3 units from it. 


A zr 4 1 
(e) Passing through the origin and whose slope is — 


(f) Passing through the origin and a point P (—3, —4). 
(g) Whose slope is 2 
(h) Whose slope is — 4/3 and y-intercept is 5. 

(i) Which passes through the point P (—5, 2) and whose 


- and y-intercept is —7. 


slope is vy 


(j) Whose slope is 2 and which passes through the point 


(k) Which passes through A (—3, —5) ; B (7, —3). 
(I) If p=3 and «=30. 


2. Find the x-intercept as well as y-intercept of each of the 
equations of Problem I. 


Find the slope of the line given by each of equation of 
I wherever it is meaningful. 
. Find the slope and x-intercept as well as the y-intercept of 
€ach of the following equations 
(a) 3y+2x=6 (b) 2y—5x=7. 
5. Find p and « in the case of each of equations of Problem IV. 


9r 
Problem 
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6. Find the equation ofa line through (—2, 3) and parallet 
to the line 4x+5y=3. 
(Hint. The slope of the line will be —£) 


7. Find the equation of a line through (3, —5) and perpendi- 
cular to the line 5x+2y=4. 


(Hint. The slope of the line will be 7 ; How ?) 
The point of intersection of two lines : 


Let us consider two lines whose equations are 3x—2y=4 
and 2x+ 3y=7. 


Since the lines are not parallel as their slopes are different, 
hence these lines intersect. We can write as many pairs of ordered 
numbers as we want which will be the solution set of each of these 
equations. 


First take the equation 3x—2y=4 ; 


Some of the ordered pairs of numbers that are its solutiom 
set are 


(0, —2) ; (4,4); (2,1); (6,7) ; (8, 10)... 
Similarly for the second equation 2x 4-3y —7, 


Some of the ordered pairs of numbers that are its solution set 
are. 


(3,0) ; (0.2) ; (2,1); 5 70) (8, 5)... 
, We find that the point represented by the ordered pair (2, 1) 
is on both the lines. Hence this poirt is the point of intersection of. 
these two lines. Of course we can find the co-ordinates of the point of 
intersection by solving the two equations simultaneously as follows + 


3x—2y--4 and 2x+3y=7 

€» 2(3x—2y=4)—3(2x+3y=7) 

<> (6x—4y=8)—(6x+9y=21) 

€» 6x—6x —4y—9y—8—21. 

e —13y2—13ey-1 

Also y=1 and 3x—2y=4e+3x—2=4 

€ 3x=6 e x=2 

Let us consider the general case : 

To find the point of intersection of the lines 
ax+bhy=c, and a,x+b,y=c,. 
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ax T biy- c, 
and asX J- b. y — ca 
€» a;(ayz--biy —c;) —ai(asx 4-bs y =c) 
€x (aas x 4- ab, y— 50) — (a1agx 4- a,b. y — 2363) 
€» djasX—a,05X-- a,b, y — a bs y —a501— a, 03 
€» y(ayb, — a,5,) —a30,— Ale 
_ 0301 — aC 
«Gb — aub, 
Also  ayx4-b,y—c;, and 
[0 4361— (36s 
2 a,bı— a,b, 


e y 


(4,C)—4,Co) _ 
< aix tbra b, ab) = 


by (ac, —1 C2) 


o ax=Ci-- 
(agb1— abe) 
PN ax= asb,c, —AybyCy — b100, + Ayla 
ab, — a,b, 
= ay(b,cs — BoC) 
= ax= — 
ab, —ab, 
x ae bics — oC, 
agb1— aba 


Hence the point of intersection is 
( biCa—baCı — 0301— AC 
a,by—a,b, ' ayb,— abs 
Concurrency of three lines when the lines are not parallel. To 


show that three given lines are concurrent, we must show that point 
ntersection of any two lines is also the element of the third 


of i 
line. 
To show that the lines 
3x +2y=13 
2x—3y=0 
x4+2y=7 


are concurrent, 
We find the point of intersection of the lines 


3x+2y=13 and 
2x—3y=0 
- 2(3x4-2y =13) —3(2x—3y=0) 
m (6x-+4y=26) — (6x—3y —0) 
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"T 6x— 6x-r-4y--9y—26—0 

pe 13y=26 

m y-2 

Also 3x+2y=13 

and y=2 

o 3x4-4—13 

< 3x—13—4 & 3x=9 € X=3 
So the point of intersecti 


on is (3, 2). 

Now the point (3, 2) is element of the third line as 

X+2y=7 is satisfied by (3, 2). 
344-7 


is a true statement, 


Hence the three lines are concurrent. 

Lines through point of intersection of two lines. Through the 
intersection of two lines we will have an infinite set of lines. 
If we are given the equation of two lines 


ax bye 


and a,X+ bye, 
then the equation of the line through the intersection of these will be 
given by 


(ax b y e1) E K(asx by cy) 


X(a, 4- ka;) TX(b t kb,) =C1+ ke 
as the point of intersection of these will be 


< 


( bic — cib, 15€1— (C, ) 
dbi— ab, ? ab, —ajb, 
which lies on X(a,4- kay) 4- y(b,-- kb) c3-- ke, 


b c, —cb, d5€1— a,c. 
ge (age nct )+( abi ab (tes) 
=a+ke, 
1 
= "ab-ah [b.e — 612) (44+ ka) + (a.c, —a,cy) (b,--kby)) 
—c ke, 
> 


a,b, —a,b, labra —aciba + kb,c,a,— kascsb, E b,a501— barca 


Fka,cyb —kascesb;] 
=F ke, 
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1 
"i "ab, — a,b, [ex (abi — abe) + kes (a5b,— ,54)] 
=c + ke, 
(cy) +e) (asby — abo) 
(asby—a555) 
—c ke 
> c14- kc — c, 4- kes 


Example 27. Find the equation of the line through the inter- 
section of 3x--2y—8 and 4x 4- y—14 containing P(7, 9). 
Solution. Aline through the intersection of 
3x+2y=8 and 
4x+y=14 is given by 
(3x+2y=8)+k(4x+y=14) 
— 3x+4kx+2y+ky=8+14k 
— x(34+4k)+y(2+k)=8+14k 
Now it contains P(7, 9) and hence it will be the solution set of 
x(3+4k)+)(2+k)=8+14k 
or 7(3+4k)+9(2+k)=84+14k 
— 21428k+18+9k=8+414k 


> 37k+39=8+14k 

> 23k=—31 
—31 

lid a om 


Hence the required equation is 


[aA a 


31 
=s414(S34 3-) 


184—434 
E 
> —55x+15y=—250 
> 11x—3y—50 


Alternatively we could havefound the point of intersection of 
the two lines which will be : 


4(3x 4-2y—8) —3(4x+3y=14) 
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— (12x 8y= 32) — (12x4-3y—42) 


> 12x—12x4-8y —3y—32—42 
E -y=—10 
> y=—2 
Also 3x+2y=8 and 
y=-—2 


€ 3x—4=8 e 3x=12 o x=4 

Therefore the two points on the line are 
(7, 9) and (4, —2) 

The two-point form of the equation is 


IA _ VeVi 


X—X, Xy— x, 
Hence the required equation is 


y-9  —2—9 y-9  —n 

x=] 4-7 ^C x-7 3 

YA T TUE 
PD o 827177 
e 11x—3y 250 


Example 28. Find the equation of a line thro 
section of 4x—3y=5 and 3x+4y=10 and 


(a) Whose slope is 3. 
(b) Which is | to the line 3x1 7y—13 


ugh the inter- 


(c) Which is perpendicular to the line 2x—5y—7 
(d) Its x-intercept equals y-intercept in magnitude. 


Solution. Any equation through the intersection of 
4x—3y=5 and 
3x+4y=10 
is given by 


(4x—3y=5) -k(3x--4y—10) 
> x(44+3k)+ y(4k—3)=54 10K 
Now 


(a) if the slope is E 
The slope form of the equation will be 
Y (4k—3)  — (4--3k)x-4- (5-E 10K) 


TRAF) 5+10k 
UC Apc 4k—3 
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Hence the slope of the line is 


(443k) 03 
mx 4x 
e —16—12k—12k—9 
- —]1-24k + kes} 


Hence the required equation is 


4 tant? «35 
«( ig e (= $7 )2s-x 


8 6 2 
x y l 
< pie ee dem 
8 6 12 
nd 3x—4yz2 
(b) In this case the slope of the line is to be the same as that of 
3x+7y=13 


= 13 
3x+7y=13 > 7y2—3x 413 > y= 3 x+ 7 


Slope of the line 3x4-7y—=13 is = 


—(443k)  —3 |) 443k 3 


Hense dica cem ako 
+ 284-21k—12k—9 
=- 21k—12k— —9—28 e 9k=—37 
p kat 

—3 


On putting this value of k= g in 


x(44-3k) J-y(4k—3) =5 10k 
We get the required pce as 


[ye Ge dee) 
< T [ n ja =148—27 )- E 


í — 175 —325 
5 (SE) C )-5 
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E ue oid 
IMS POT ED 
€ 3x+7y=13 


Which also show that the line 3x-- 7y—13 passes through the 
point of intersection of the lines 4x—3y—5 and 3x4-4y —10. 


(c) The slope form of 2x—5y2 7 will be 


7 
5y=:2x—7 e yak oa 


Hence its slope is 2 3 


<. The slope of the required line will be > 


.  =(443k) -5 443k 5 
5 4k=3 T 7 °? pl» = 


<< 8+6k=20k—1523=14k. 
< k= = and on putting this value of k in 


x(4+3k) +y(4k—3)=54 10k. 


We get the equation of the required line as 


23 23 23 
x [443 (77) po [4 (1x) J+5+10( 73) 
564-69 92—42| 704-230 
ie sx (3$ -)+y( 14 - l4 
< 125x+50y=300 
e 5x4-2y—12. 
(d) The intercept form of the equation 
X (443k)+y (4k~3)=5410k is 
- (44 3k) (4k—3) _ 
* $x10k +) sir =! 


x y 
5+0% +34 10K =! 
443k 5k—3 
as x intercept equals y-intercept 
S+10k 540k'1 
4--3k — 4k—3 


id 6109 (5 = = je» 
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(4k—3—4—3k) _ 
(4+3k)(4k—3) . 
e (5+10k) (kK—7)=0 
hence 5+10kK=0 e ke— 
or k—720 = k=7. 

We will get two distinct equations on putting 


k=— l and k=7 in x(44-3k) Ey (4k—3)—54-10k. 
Which will be 


e (5+10k) 0 


— 


(i) when k=— 


The equation is 
x(4- “5 )49(-2-3)=5-5. 


e 3 —5y=0 
e 5x—10y 20 
< x—2y=0 


It shows that this line passes through origin and hence both the: 
Intercepts are zero in measure. 


(if) When k=7. 
The equation is 
x(44-21)4-»(28—3)—54-70 

€ 25x4-25y—75 

e x+y=3 

Which shows that both the intercepts are 3 units in measure. 

Example 29. The equations of lines forming a rectangle: 
ABCD are as follows : 


y-5 


Fig. 253. 
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(i) x=3 (ñ) x=—5 (ñi) y—5 (iv) y=—2. i 

Find the equations of lines containing the diagonals BD and AC. 

Solution. [Itis clear that x=3 and x=—5 will be lines || to 
each and similarly y= —2 and y=5 are the two lines parallel to each 
other. 

The equation of the line containing BD will be 
given by (x=3)+k(y=5) and also 

by (x——5) (2 —2) 
or x+ky=3+5k and x+/p=—5—2). 

Now these two equations represent the same line. 


Co-efficients of x, y and constant terms will be proportional. 


1 k 345k 
Ss n e) 
ae k=land 34+5k=—5—2] 
om) k=l and 5k--21— —8 
E 5k+2k=~8 
AN ke —1. 
feto 
E 
Hence the equation of the line is 
x+ky=3+5k 


e x— 2 y-345 (-+) 
& 7x—8y=21—40 
€ Tx—8y=—19, 

"Or taking xJ4-]y— —5-—95] 
The equation of the line is 


7x—8y—— 19. 


Proceeding on similar lines we can find the equation of the line 
‘containing the diagonal Ac. 


Alternatively. The co-ordinates of A, B, 


: C, D respectively 
“will be (—5, 5) ; (35); (3, —2); (55 22) 


— — — — 
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Hence the equation of the line containing the diagonal BD will 


be :— 
y—5 —2)-—(5 -5 —7 
x-3^ == eiie 
e Xi-P oe $0-5-176—3 
€  8y—40—7x—21 e 7x—8y— — 19. 
Problem Set 
l. Find the co-ordinates of the point of intersection of 
(a) 5x+y=11 and x—5y2—3 
(b) 3x+2y=14 and 5x—y-19. 
2. Find the area of triangular regions formed by the lines 
(à) x—y=1 ; x+y=3; 2x—y=—2 
(b) x+y=0; x—y20; y=4 
(c) 3x+4y=—1 ; 2x—y=3 ; 7y—3x=23. 
3. Show that the sets of lines given below are concurrent. 
Also find 


the co-ordinates of the point of concurrency. 

(a) 3x+2y=19; 5x—7y-11 and x+5y=20 

(b) 5x —3y—4 ; 3x--4y— —15 and 2x—7y=19 
(c) 7x4-3y 27 ; 5x—9y— —713 and x+2y=12. 


4. For what value of b will the following sets of lines be con- 
Current? Also find the co-ordinates of the point of concurrency. 


4x—3y—0; —2x+5y=14 and 5x+by=23. 
5. 


Find the equation of the line through the intersection. of 
3x-F4y—5 and 4x—3y=7 and containing the origin. 
6. 


Find the equation of the line through 
2x—3y—5 and 3x+2y=14 and 
(i) parallel to the line 4x-- 7y—11 
(ii) perpendicular to the line 7x —4y—11 
(iii) through the point (—3, —5) 
(iv) having a slope + 
(v) having x-intercept and y-intercept each equal to 1. 


b 7. Find the co-ordinates of orthocentre of the triangle formed 
Y the lines x—y=3 ; x+y=—3 and 2x+y=9. 
8. 


, Find the equations of diagonals of a quadrilateral formed 
e lines x-y=5; x—y-3; x+y=—7 and x—y— —5. 
Graph of a linear equation in two variables. 


by"th 


We have already talked about how to graph an equation in 
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two variables like 2x 4-5y—11. Todo so we would choose two re- 
ference lines or axes inter- 
secting at right angles in 
the plane of paper. Their 


c2 3)L FIRST point of intersection is 
QUADRANT called origin whose co- 

SECOND A (3,1) ordinates are taken to be 
QUADRANT (0,0). Then we choose 


units of length according 
to one scale. We also 
indicate the horizontal 


THIRD FOURTH  B(8,-1) axis as X-axis and the 
QUADRANT QUADRANT vertical axis as Y-axis. 
We also indicate the four 

Fig, 254. regions or quadrants into 


which the plane is divided 
by the axis. Then we take at least three ordered pairs of numbers 
that are the solution set of the given equation; (3, 1), (8, —1), 
(—2, 3) are the solution sets of 2x4-5y—11. Let A(3, 1) ; B(8, —1) 
and L(— 2, 3) be the points. The abscissa of A is 3 and its ordinate 
is 1. So the graph of A will be in the first quadrant. Graph of B 
will be in the fourth quadrant. The graph of L will be in the 
second quadrant. By joining these points and extending it both 
ways we get the graph of the line 2x 4-5y— 1. 


The line 2x-+5y=11 has divided the plane of the paper into two 
half planes. The line itself is the boundary of two half planes. A half 
plane may or may not contain its boundary line. If it does, it is 
called a closed half plane, otherwise it is called an open half planc. 
Two half planes are the two sides of the line. The half plane above 
the line consists of points for which 2x+5y>11. This half plane 
consists of points which are called points above the line and this 
half plane if it does not contain its boundry will be the graph ofthe 
inequality 2x-+Sy>11. If it contains its boundary line, then it will 
be the graph of 2x--5yz11. All the points below the line also 
constitute a half plane. This half plane will be the graph of 
2x+5y<11. Ifit contains its boundary line it will be the graph of 
2x-5yxll. 


, ., Let us consider the equation y=3. The graph of this equation 
divides the plane into two half planes. The half plane consisting © 
points which are above the line will 
be the graph of y>3, and the half Y 
plane consisting of points below this 
line will be the graph of y—3. 


But if the line is not horizonta! 3 


how do we describe the half planes 
above and below it ? 


Consider the equation y—2x 
zl» It will be: advisable to write 
it first in slope form viz., y=2x+1. Eig: 253: 
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A point P belongs to a half plane ab t ine iff it i i 
Scopo MB e above the line iff it is vertically 


Consider a point (—1 1), it is verticall i 
: 7 above 
(—1, —1) which is on the line, : iom 
wi this point belongs to a half 
} ane containi i 
lr ing points above 
Alternatively. We know 
that Y=2x+1. The x-co-ordi- 
` nate of the point that we are 
considering is —1 so p=—2+1 
or y=—], so the y-co-ordinate 
of the point that we are consi- 
dering 1s greater than — 1. 
Let us consider a point 
(—1, —3). 


The line is y=2x+1 Fig. 256. 


When x— —1, then y2 —2-F1 or y=—1 


buts] ss — =j — r 
that is below a x Hence (—1, —3) belongs to the half plane 


Points to the right and points to the left of a line. 


Consider the equation x=—5. The graph ofthis line divides 
ane ofthe paper into two half planes. Now this line is a 
vertical line so we cannot speak of 
points above and below the line. 
However we can speak of half plane 
to the right of the line and half 
plane to the left of the line. Every 
point is to the right of the line iff it is 
horizontally to the right of a point on 
the line. 


the p] 


Consider a point (—1, —3). 
Now a point (—5, —3) will be on the 
line x= —5. (—1, —3) is horizontally 
" tothe right of the point (—5, —3) 
( Fig. 257. which is on the line. Therefore point 
(Lb —3) belongs to a half plane to the right of the line. Clearly 
Nes 6, —3) will belong to half plane to the left of the line. How to 
rcide about a point when the boundary line is not vertical ? 
nsider the line x+2y=2. 


Let us write it as x=—2y+2. Consider a point (7, —3). Now 

2y4-2. 

(8 When y=—3, then x=(—2)(—3)+2 or x—8. Now the point 
es) belongs to the line. 


Xm 
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As 7<8, the point (7, —3) lies horizontally to the left of the 
point (8, —3) which lies on the line. Therefore the point (7, —3) 
lies horizontally to the left of the line. In other words (7, —3) 
belongs to the half plane represented by the inequality x< —2y-4-2. 


Example 30. Determine whether the point (4, —2) is verti- 
cally above or below the line and also horizontally to the right or 
to the left of the line x4-2y 22. 


Solution. 'To determine whether (4, —2) is vertically above 
or below the line we write 


x42y22 as 2y2— x42 or y- —ix-4l. 
Now when x=4; y=—2x4+1 or y=—l. 


as —2« —1, the point lies in the half plane below the line and 
which is represented by the inequality y < —4x+1. 


Now to determine whether (4, —2) lies to the right or to the 
left of x--2y —2, we write the equation as x=—2y+2. 


When y=—2 then x=—2(—2)4+2 or x=6. As 4<6, the 
point (4, —2) lies horizontally to the left of x+2y=2. 


Example 31. Graph the inequality y—3x>1. 


Solution. First we graph the line y —3x—1. A(0, I), B(1, 4). 
C(—1, —2) are the three points on theline. Now this line divides 
the plane into two half planes, 
one of these is a graph of Y Bit, 4) 
y—3x« 1 and the other is graph 
of y—3x>1. Now origin lies in 
one of the half planes. If we 
write x—0 and y=0 in y—3x»1 
we get 0—0>1 or 0-1 which 
is not a true statement. Hence 
(0, 0) lies in the half plane other 
than given by y—3x>1. Now 
consider a point (0, 2) which 
lies in the half plane other than 
that contains the origin as if 
we write x=0 and y=2 in í 
y—3x>1 we get 2-021 Fig. 258. 
or 271 which is a true statement. Hence the half plane containing 
(0, 2) is represented by y—3x>1. In fact, we should consider any 
one point in each of the half planes to decide as to which half plane 
represents the given inequality. 


Problem Set 


1. Determine whether each of the following points is above; 
or below, to the left or to the right of the line y=2x-+1. 


(a) (2, 5), (b) (0, 2), (c) (—2, E935 
(d) (—10, —20), (e) (5,12, — (f) (100,210) 


371 


2. Shade the half plane given by each of the inequality in two 
variables. (If boundary line does not belong to the graph then 
show it as a dotted line, otherwise show it by a thick line.) 

(a) »2—5 | (b y»—5 (e) x>—3 (d) x>—3 

(e) y<0 (f) x20 (g) x20 (h) yx2x 

(i) y<x G) y+5x>3 (k) y<- +l. 


3. Shade that portion of the plane which is simultaneously 
given by the following pairs of inequalities 


(a) x>y and x» —y (e) 2x+y>3 and y—2x>8 
(b) x>y and x< —y (f) 2x+y>3 and y -2x«8 
(c) x<y and x» —-y (g) 2x+y<3 and y—2x>8 
(d) x<y and xc —y (h) 2x+y<3 and y—2x c8 


Angle between two lines 

If we are given a line p and two points P(xi, yı) and Q (xs, ys) 
we define the slope of the line as 
—_ mQT _ vat 


m L—— J 
mPT Xy—X1 


Fig. 259. 
If the line p makes an angle 0 with X-axis we have 
m; QPT—0 (corresponding angle). 
Also in trigonometry if / QPT is an angle of aright AQPT 
than tan ZQPT is defined to be equal to 


mor QT, 
mpr PT 


—tan 0. It may be noted that mor 
E nd m isnotto be. separated 
the slope of a line by m. 


Hence we can write that m—ta 
means the measure of the segment QT 2 
rom QT. We are also representing 
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t concepts should not be confused with each other. 
New we are fateresud in finding the measure of the angle con- 
tained between the lines p and q. Let « be the measure of angle 
between p and q. If p makes an angle 0 and q makes an angle f j 
with the X-axis then we have already proved that B=a+6 (which 
theorem ?), and 


Fig. 260. 
B=a+0 +> «—B—0 e tan «—tan(B—0) 
tan B—tan 0 
1+tan f tan 8 


(a result proved in trigonometry): 


€» tan a= 


If slope of q is m, and that of p is m, then 


m,—ms 
tan &.23 — ———— 
l4 mm, 
m,—m 
Hence «-—tan-i.—1 2 


1+mm, 


The angle « is acute or obtuse according as tana is +ve or 
—ve. 


Example 32. Find the angle contained between the lines. 
3x+y=10 and 3y+x=6 
Solution. The slope of forms of the given lines are 
y=--3x+10 and 
T 
icr Mec 
Hence m,=—3 and 


mM, = i. 
TOW 


or tàn 4——————— 
l 


1+3(-5 ) 


or —tan^! aa 
x-—tan ( x) 


Length of the perpendicular segment from a point to a line. 


7 : 
in T ee already discussed how to write the equation of a line 
oe icular form and how to find the length of the per- 
Für mi nia e from the origin to the line. For example if the 
E. 1 of a line p is V3x ty=8, then we can transform it into 
pendicular form in the following manner : 


vV 3x y 


V3x+y=8 e — —r 
IUO ^ V/s) rd) 
8 AE. y=4 


=? © 
V (39 (1) z 
perpendicular segment from 
Sometimes we may be inter- 
dicular segment from any point 
Suppose we are interested. in 
nt from P(2, 5) to this line. 


Wien we know that the length of the 
esl th the given line is 4 units. 
E n finding the length of perpen 
fin lying on the line to a given line. 
ing the length of perpendicular segme 
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i i d in find- 
irst draw the graph of the line. Then we are intereste: fi 
ay whether P(2, 5) lies above or below this line. The given 
> B 
equation is 


y-—43x4-8 
when x=2, 
then J=- 3 X28 
" y——176x248 
——3:52--8 
=4'48 


and as 5>4-48, therefore, the point (2, 5) lies above this line. Now 
we are interested in finding the length of the segment PL. Letq bea 
line through P parallel to the given line. Clearly OA is the perpendi- 
cular segment on p from origin whose length we have already found. 
OB is the perpendicular segment from O to q. Now mPL =m(OB)— 
m(OA). To find mOB we observe that q is a line through (2,5) whose 
slope is same as that of p. 


Now the slope of P—-—^4/3. Hence the slope of q is also 
3 


Now the equation of q is 
y—52e—4/3 (x—2) 
e YT 3x-542V3 
X. dii V3x 
V(D*- (v3) 4) (V3) 
= Mi 
-VOF 
mul uL VS, SVs 


2 2 zi 2 
Hence m(OB)= eas 
Hence m(PL) = m(op) —m(OA) 
a mgn-3*2v3 , 
223-3 
2 


Now let us consider the general case, 
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Let ax--by--c—0 be an equation of the line p and let P(x, 31) 
be the point from which the length of the perpendicular segment 
to p is to be determined. 


Now to determine the slope of p we write it as 
ax+by+c=0 
A , a _€ 
— by=—ax—c y=- b E 


Hence the slope of p is -+ 


Now the equation of q which contains P and is || to p will be 


a 
y-n-—4 (x-x) 


hb * 
Fig. 262. 


— , Let OA be the perpendicular segment from O to p and 
OB be the perpendicular segment from O to q. Now to determine 
* measure of OA, we write the equation of p as 


ax-+by+c==0 e ax+by=—c 
a ET vn Ga 
Tate U qe B Vire 


~ 


c 
H —-————— 
ence m(OA) SELE i ; 
q Now to find the measure of OB, we write the equation o 
as 
a 
y-giee c ERO 


by—by,— —ax-ax, 
by--ax-—byi- axi 
ax-- by-axi by; 


3d Y 
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a i DM, ye atb 

d A a+b SE VEFE Vath 
- axi by 

Hence m(OB) = Jap 


m(PL)-—mOÓB—mOA 
axi4- by, ( —c ) 


u mp: 
aXyd- by, +c 
ur 
If P is below the line P, then m(PL) will be found to be nega- 
tive or 


pro. (4% +by,+c) 
mPL=— ^ Jap 
and neglecting the negative sign we get that 
= axı+by, +c 
m(PL) = 
DT a 
ular segment from P(x,, y,) to 
| ax-E by, +c 
ax+by+c=0 equals —L——— — 
+by+ q ip 


Now let us go back to our earlier problem of finding the 
length of the perpendicular Segment from P(2, 5) to the line 


vV3x-4y-8 


Plying the formula that we have determined above we get 
ngth of the perpendicular segment as : 


MV 3(2-5-8 243-3 
J(V39x(p- 2 


ame as we got earlier, 


Hence the measure of perpendic 


On ap 
the le 


Which is the s 


Problem Set 


(1) oa distance from the line x+2y—3=0 to the point 

(2) Show that the distance from line 4X +by—p=0 to the point 

ax,—by,—p 
ab 

G) Find the distance Of the. point (7.9) from the liné 
3x—4y=5 


(Xi, Yı) is 


CHAPTER XV 
CIRCLES 


In this chapter, we propose to discuss some of the important 
Properties of sets of points which are called circles and with this we 
Shall conclude our discussion aboutthe Euclidean geometry. ‘The 
sets of points that are called circles are not made up of planes, rays, 
lines and the like. These sets form curved figures which are the 
simplest among all the curved figures. Euclid postulated the 
SXistence of a circle with a given centre and given radius. One of 
^S postulates was ‘To describe a circle with any centre and distance’. 
In other words he meant that a circle with any centre and any 
radius exists. We, however, will define a circle as a set of points, 
having the following properties :—(1) The points are coplanar 


(2) Each member of the set will be at the same distance from a fixed 
Point, 


Definition XV (1). (A circle). The set of all those points 
that lie in a given plane E and whose distance from a given point P 
belonging to E) is a given positive number, r, is called a circle 
(denoted by ©) with centre P and radius r. 


We can define a circle in terms of locus also. It may, however, 
be clearly understood that circle is a set of points whose distance 
rom a given point P isr but P does not Exterior 
>clong to the circle. All those points of 

Whose distance from P is less than r 
form a distinct set which is called the 
Mterior of the circle, Of course P itself 

clongs to the interior of the circle. So 
any point belonging to E belongs to 
either (i) interior of the circle (if) circle 
°F exterior of the circle. 


Also we define the following terms. 
Definition XV (2). (Chord). A 


line Segment whose end points belong to Fig. 263. 
che, Circle, is called a chord. Clearly the 
or 


cee d : i the 
1 d lies in the plane of the circle as it contains two points of 
ane, 


: ich contains 
Definition XV (3). (Diameter). A chord whic I 
“entre of the circle as a DES is called the diameter of the circle. 


Definition XV (4). (Secant). A line which contains a chord 
9f a circle is called a secant of the circle. 
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Clearly, a secant contains two points of the circle. 


Definition XV (5). (Tangent). A line which lies in the 
plane of the circle and intersects the circle in one and only one 
point, is called the tangent to the circle. The point of intersection. 
of a tangent and the circle is called the point of contact of the circle 
or point of tangency. Two circles which are tangent to the same 
line at the same point are called tangent to each other. If tangent 
circles are coplanar then those are internally or externally tangent 


according as their centres lie on the same side or opposite side of the 
cornmon tangent line. 


Definition XV (6) (Concentric circles). Two circles which 
have the same point as centre are called concentric circles. 


Definition XV (7). (Congruent circles). Two circ'es which 
have the same radius are said to be congruent circles. 


Definition XV (8). (Radial segment). The line segment 
determined by the centre and any point belonging to the 


circle is 
called the radial segment. 


* 

It may be clearly understood that radius isa number r which 
is the measure of radial segment. Of course in our discussion, we 
will use the term radius for radial segment when there is no possil- 
lity of any confusion between the radial segment and its measure. 


If we are given three non-collinear points (of course any three 
points are always coplanar), we can uniquely determine a circle 
that will contain these points. We can also determine the centre of 
the circle. In this regard, we prove the following theorem :— 


Theorem XY (1). There is one and only one circle that 
contains three given non-collinear points. 


Given : Three non-collinear points A, B and C. 
C K 
E 
P 


B D 4 


Fig. 264. 


To prove that : (i) There exists a circle containing A, B and C- 
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(ii) There exists only one circle containing A, B and C. 


Proof. 
Statement Reason . 
(1) A, B and B, C determine (1) A, B, C are non-celli- 
distinct line segments AB and near 
BC 
n = = e 
(2) KD the right bisector of. AB (2 KDJFRE as AB and 
tp 
and RE the right bisector BC have a point B in 
e 
of BC have one and only one common. Also KDzé 
< 
point (P) in common RE as neither AB— BC 
nor AB || BC 
(3) PA=PB=PC (3) Theorem on locus 
(which ?) 
(4) The distance of each of (4) Statement 3. Given 


A, B, C fiom P is same and 
also A, B, C are coplanar. 
(5) There exists a circle con- (5) Statement 4. Defini- 
taining A, B and C and ion of a circle 
whose centre is P 
e e 
KD and ER have only one (6) Statement 2 
point in common 


There is only one point P (7) Statements 4 and 6 
whose distance from each 
of A, B, G is same 


(8) There is only one circle (8) Statement 7 
that contains A, B and C. 


, Theorem XV (2). If two circles C, and C, have three points 
n common then C, 2C. 


(6 


< 


(7 


— 


p . thi theorem 
Xv air Its proof immediately follows from e 
Theorem XV (3). Two distinct circles Ci 
more than two points in common. 

EE: on. 

Proof. A: that C, and C, have three points in common 
then C,=C, (Theorem XV Q) but this contradicts the hypo 
that CC. Hence the assumption that C, and C, have 
Points in common has to be abandoned. 


and C, cannot 
have 
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Theorem XV (4). If P isa point in the interior of the circle 
"whose distance from each of the points A, B, C (lying on the same 
circle) is the same, then P is the centre of the circle. 


Proof. Its proof follows from theorem XV (1). 


An arbitrary line lying ia the plane of a circle may entirely lie 
3n the exterior of the circle (in other words it may not intersect the 
circle at all) or it may intersect the circle in one point or it may 
intersect it in two points. Now what are the conditions under which 
a line will adopt any one of these three courses ? For this, we prove 
the following theorem :— 


Theorem XV (5). Given a circle C with centre P and 
radius r. Also given an arbitrary line / in the plane E of the circle. 
F is the foot of the perpendicular from P 


to / and PF—p then :— E: 
(1) / does not intersect the circle 
i or. 


(2) Z intersects the circle only in 
one point if p=r. 
(3) / intersects the circle in two l 


distinct points which are equidistant 
from F if p—r. 


Given: A circle C with centre P Q 
and radius r. A line / lying in the F 
plane E of the circle. F is the foot of 
perpendicular from P to / and PEsp. 


; To prove that: (i) | does not Fig. 265. 
antersect the circle if pr. 


(ii) I intersects the circle in one and only one point if p=r. 


. (iii) lintersects the circle in two distinct points which are 
equidistant from F if p«r. 


„Proof. First Part. Ifp>r then F lies in the exterior of 
the circle as the distance of any point in the interior of the circle or 
on the circle from its centre will be either less than or equal to r. 


Statement Reason 


(1) PE is the shortest segment (1) Why ? 
joining P to / 


(2) PO-:PF where Oc! and (2) Statement | 
QZF i 


. (3) PQ>r 


(4) Q lies in the exterior of the 
circle 


(3) PO>PF and PF>r 
(4) Statement 3 


—" o —————Og————222 
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(5) Every point of / lies in the (5) AsF lies in the exterior 
exterior of the circle of the circle and Q, 
any arbitrary point of 
l, also lies in the ex-- 

terior of the circle 


(6) Z does not intersect the (6) Statement 5. 
circle C. 


Secod Part. If p=r. 


Fig. 266. 
Statement Reason 


(1) F is a point on the circle (1) p=r 

(2) lintersects the circle in at- (2) Statement 1 
least one point 

(3) PF is the shortest segment (3) Why ? 
joining P to / 

(4) PO» PF where QE! and (4) Statement 3 


QF | 
(5) PQ>r (5) PQ>PF and PF=r 
(6) Q does not belong to circle (6) Statement 5 


(7) Lintersects the circle inonly — (7) Statements 2 and 6 

one point F i 

. ies 1 interior of the circle 
pubs DoT e d A A e. line Pn die circle, then as 
APPO isa r ight triangle with m Z F=90 then : 
(PQ):— (PF)*-- (FQ)? 
n p-p-H EQ 
tp (FQ)?=r?— p? e FQ=V7 rp? 
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It may be noted that r?—p? is a positive number as p«r 
(why ?) and since every positive number has a positive square root 


Fig. 267. 


(Euclidean completeness Postulate ; chapter II), FQ is a positive 
number. By point plotting theorem, therc are exactly two points 
‘Qi and Q, on the opposite side of F such that 
FQi=FQ,= 4r*—p*. Moreover for these points 
PUPQ =N E GIRL pur (How ?) 
Hence O; and Q, are on the circle, A situation in which 
this reasoning will not apply will be when / contains P but in this 
-case P=F and PQ,=PQ,=r and there are two points Q, and Q; on 


the circle satisfying the condition and lying on the given line. Of 
-course in this case, the line / becomes a diameter. 


Theorem XV (6). Any perpendicular from the centre of a 
circle C to a chord, bisects the chord. 


; Given : A circle with centre P and AB is any chord of the 
circle. PF | AB where F is the foot of perpendicular from P to AB. 
To prove that: FA—FB. 


C 


p 


A 
Fig. 268. 


f 
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Proof. 

Statement Reason 
(1) PA =PB (1) Radii of the same circle 
(2) PE =PF (2) Any segment is congruent 


to itself 


(3) 1—1 correspondence (3) Hyp. leg. Theorem 
PFAzPFB is a con- 
gruence and APFAz 
APFB 


(4) FA SFB. (4) Corresponding parts of 
congruent triangles. 


... [This theorem is a direct corollary to the third part of theorem 
XV (5) and could have been proved as such]. 


.. We can prove the converse of this theorem also asif F is the 
mid point of Ag then we can prove that PF | AB since 1— 1 corres- 
Pondence PFA«SPFB will be a congruence and APFAS APFB as 
FASFB (S.S.S. theorem). It would then imply that 7 PFAe:7 PFB 
and since 4 PFA, ZPFB form a linear pair, the measure of each 
will be 90, 


We can state the converse as : 


Theorem XV (7). The segment joining the centre of a circle 
C to the mid point of a chord is perpendicular to the chord. 


Theorem XV (8). Every line tangent to a circle C is per- 
Pendicular to the radius drawn to the point of contact and con- 
versely any line in the plane of the circle, perpendicular to a radius 
9f the circle at its outer end is tangent to the circle. 


Given: A circle with centre P. A line / which is ns E: 
theYcircle at a point F (As the line is tangent to the circle, i 
intersects it in one and only one point). 


To prove that : PF L l be directly deduced 
" n can be directly 
from a f alaei du NP is Alternatively we can 
Proceed as follows : ; di 
Let us assume the contrary and state that PF is LP dt 
cular tol. Let PF’ be the perpendicular segment from P to 
FEl but FE, Then: 


Statement Reason 
(1) PF’<PF (1) Why ? 
(2) PF=r (2) F belongs to the circle 


(3) Per (3) Statements land 2 
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(4) F’ is in the interior of (4) Statement 3 


the circle " 
(5) lintersects the circle in (5) Theorem XV (5). third 
two points part. 


Statement 5 contradicts the hypothesis that / is a tangent to 
the circle. Hence the assumption that PF is not Perpendicular to 
l has to be abandoned. 


Proof of the converse. 


Fig. 269. 


Given: A line J, lying in the plane of the circle C with centre 
P and perpendicular to radius PF at its outer end Es 


To prove that: lisa tangent to the circle or / intersects the 
circle in one and only point. 


Proof. Itsproofcan be deduced from the second part of 
theorem XV (5). Alternatively we can proceed as follows : 


(1) Z intersects the circle in atleast one point as the point F 
belongs to the circle as well as to the line, 


(2) Let us assume 


that the line intersects the circle in another 
point F (FAF’) Then: 


Statement Reason 
(1) PF&PF’ (1) F and F' both belong to 
the circle 
(2) PF'2PF 


(2) As PF | 1. 


(2) are contradictory to each other- 
Sects the circle in two points has 


P 


Now the statements (1) and 
Hence the assumption that / inter. 
to be abandoned, 


. Theorem XV (9). The 
a circle and lying in its pl 


ane, 3 r of the 
circle » passes through the centre of 


a 


Perpendicular bisector of a chord of / 


—————————— sth ll ee eee 
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. , Given: A circle C with centre P. AB is any chord of the 
circle. F is mid point of AB, A line / is perpendicular bisector of AB 
and lies in the plane of the circle. 


To prove that : 1 passes through P. 


Proof. Its proof can be directly deduced from the proof of 
theorem XV (5) (First part). Alternatively assume that / does not pass 


< 
through P (Refer Fig. 268). Now PF is perpendicular to AB (why ?) 
- e = 
Hence we have / Æ PF and / and PF both are perpendicular to AB 
at the same point F which contradicts a theorem which we have 
Proved earlier (which ?) Hence the assumption that / does not pass 
through P has to be abandoned. 


. Theorem XV (10). Iftwo circles are tangent to each other, 
their point of contact lies on the line through their centres. 


(By definition, two circles are tangent to each other, if they are 
tangent to the same line at the same point. If tangent circles are 
Coplanar then these are internally or externally tangent according 
as their centres lie on the same side or opposite side of the common 
tangent line). 


Cı 


i () 
a Fig. 270. 


" i á 
Given: T ircles C, and C, with centres Py and P, an 
Ag: to each other ata point F. lis the common tangent line. 
, 0 prove that: F lies on P,P} . 
Proof LetG bea point on common tangent line. a 
ext Case First. When the circles are tangent to each othe 
ternally [Fig. 270 (a)]. 
` Statement À 
(1) mZGFP,=90 and mZ GFP, — (1) Why? 
=90 


Reason 
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(2) mZ GFP,4-m / GFP,—180 (2) Why ? 
(3) ZGFP,, ZGFP, form a (3) Why ? 
linear pair 
LI 


> — 
(4) FP, and FP, are opposite (4) Statement 3. 
rays 


“e 
(5) F lies on P,P, (5) Statement 4. 


Case Second. When the circles are tangent to eaeh other 
internally, 
< tp 


Assume that FP, + FP,. Now Z GFP,—90 (Why ?) 
Z GFP,—90 (Why?) /GFP,z / GFP, (why ?) 


e € © € 


GF—GF. Hence FP,=FP, (Protractor Postulate). Hence the 


Lax d - tp 
assumption that FP, z^ FP, has to be abandoned. F lies on PPa. 


Theorem XV (11). In the same circle (or in congruent 


circles), chords equidistant from the centre are congruent and 
conversely. 


Given: A circle C with centre P. Chords AB and CD. PF, 
LAB and PF, | CD where F, is the foot of perpendicular from 
P to AB and F, is the foot of perpendicular from P to Cp. Also 
PE, «PF; (Distance of a chord from the centre implies the measure 
of perpendicular segment from the centre to the chord) 


To prove that: XgBe«cp 


Fig. 271. 
Proof. 
Statement Reason 
(1) PA&PC and PF,ePr, (1) Why ? 
(2) Sk Es PEQG (2) Why ? 


EEE —§ OL OA——— 


(3) 1—1 


correspondence 


PF,A>PF,C isa con- 
gruence and APF,A 


=A PF.C 
(4) AE,ECE, ^ 


(5) AB=2AF, and CD= 


So 


(6) ABe&-cp 


(3) Hypotenuse-leg theorem 


(4) Corresponding parts of 
congruent triangles 


(5) Theorem XV (6) 


(6) Statements 4 and 5. 


, On similar lines, we can prove that in congruent circles, chords 
€quidistant from the centre are congruent. 


Converse to the theorem. 


Statement. In the same circle (or in congruent circles) congu- 
Tent chords are equidistant from the centre. 


Given: A circle G with centre P. AB, CD are chords of C 
Such that AB=CD. PF, is | AB and PF, | CD. F,CAB and F, 


EOD: 


To prove that : PF,&PF,. 
Proof, 


Statement 


(3) PAepc 

(4) mZ PF,A—m Z PF,C 
=90 

(5) 1—1 correspondence 
PF,A&PF,Cisa con- 
gruence and APF AS 
APF,C 

(6) PF,e-pg, 


the n, 
these 


. i i 
Some of the very important properties or 
Otion of circular arcs, their ei wing : 
* In order to discuss, we define the following 


Reason 
(1) Given 
2) F, is mid point of AB and 
8 F, is mid point of CD 
[theorem XV (6)]. Also 
statement 1. 


(3) Why ? 
(4) Why ? 


(5) Hypotenuse-leg theorem 


(6) Corresponding parts of 
congruent triangles. 


he circles involve 
d angles related to 
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Definition. XV (9). (Central angle). A central angle of a. 
circle is an angle whose vertex is the centre of the circle. 


In this figure, P is the centre of 
A * > 
[^ the circle and PA, PB are two rays 
containing radii PC and pp. /APB. 
is a central angle of the circle. 


Definition. XV (10). (Minor 

arc). If C, Dare any two points of 

D a circle such that C, D are not thc 
B end points of a diameter, then the 
union of C, D and all points of the 

circle which lie in the interior of / CPD 


VEN 
Fig. 272. is called a minor arc CD of the circle. 
Definition. XV (11). (Major arc). If C,D are any two 
points of a circle such that C,D are not the end points of a dia- 
meter then the union of C, D and all points of the circle which lie 


m 
in the exterior of / CPD is called a major arc CD of the circle. 


Definition. XV (12). (Semicircle). If EFis‘a diameter of 
a circle which divides the plane of the circle into two half planes 
Hi; and H,, then the union of A, B and all points of the circle that 
lie in H; will determine a semi-circle. Also the union of A, Band 
all points of circle lying in H, will determine another semi-circle. 


Minor arcs, semicircles and major arcs are together referred' 
to as arcs of the circle. Of course denoting an arc determined by 


n v 

points C, D on a circle by CD will lead to ambiguity because C, D' 
will determine two arcs—cither a major arc and a minor arc 
or two semicircles. Whenever there is a possibility of this ambiguity» 
we take an interior point (say x) on the arc (x will of course be any 
Point of the arc excepting the end points C or D) and then denote 

— bash 

the arc by CXD or DXC. If there is no C 
chance of any doubt then we simply 


EN LEN ss 
denote the arc by CD or DC. If CXD is 
a minor arc of the circle and if y is a point 


x 


é Aon 
of the circle that does not belong to CXD 
then CYD is called the major arè corres- 


A a ac. T 
ponding to the minor arc CXD and CXD 
is called the minor arc corresponding to 


H . d 
major arc CYD. If EF isa diameter then Y 
ud Fig. 273. 
EXF and EYF are semicircles. 


We are also interested in knowing the degree measure of am 
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EE. CS 
arc AXB which we denote by m AXB, We define it as follows : 
Definition XV (13). (Degree measure of an arc). The 
d ELS APR 
egree measure of AXB or m AXB is defined as :— 


— 
. (1) Measure of corresponding central angle / PAB if AXB is 
a minor arc. 


am 
(2) 180ifAXBisa semicircle. 
(3) 360—the degree measure of corresponding minor arc 
if AXB is a major arc. 


d Even we can calla circle as an arc without any end points 
and assign degree measure of 360 to it. 


. _ Definition XV. (14). (Congruent arcs), In the same 
Circle or in congruent circles, two arcs are congruent, if these 
have the same degree measure. 
g the congruent arcs is 
les, triangles, polygons 
rtaining to arcs. 


s Of course, the intutive idea underlyin 
rp as underlies congruent segments, ang 

r circles. Now we discuss some theorems pe 
or in congruent 


Theorem XV. (12). In the same circle ( j : 
ding minor 


ci i 
circles) if two chords are congruent so are the correspon 
Tes and conversely. 


Given: A circle C. with centre P. Chord AB of a circle is 


congruent to another chord A/B' of the circle. Chords AB and A'B’ 
— 


de $ " j KR ' 
termine corresponding minor arcs AB and A'B’. 


~ wars . 
To prove that: mAB=m A'B' or in other words / ABP 


Sx / A'P'B 
a A AA 
A, 
B 
y B B 
B 
B’ 


Proof : 


Fig. 274. 
Statement Reason 
(1) ABeA'B' (1) given 
(2) given 


(2) PASPA’ 
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(3) PB2 PB (3) why ? 


(4) 1—1 correspondence (4) S.S.S. Theorem 
PABe+P’A’B’ is a congruence 
and APABY A P’A’B’. 


(5) ZAPB= 7 A'P’B’ (5) corresponding parts of 
congruent triangles 
~ CREER 
(6) m AB=m A'B' (6) statement 5. 


Converse to the theorem : In the same circle or in cong- 


ruent circles, if two arcs are congruent then so arc the corresponding 
chords. 


Given: A circle C with centre P. Also chords AB and A’B’ 
of the circle such that the degree measure of minor arc AB equals 
Pm 

the degree measure of minor arc A'B’. 


To prove that : ABAD’ 


Proof : 
Statement Reason 
(1) Z APBe / A'PB' (1) given that m AB 


pr 
=m A'B’ 

(2) 1—1 correspondence APB (2) S.A.S. Postulate 
*»A'PB' is a congruence and 
AAPB= A A’PB' 

(3) ABSa (3) Corresponding parts of 
congruent triangles. 

By proceeding on similar lines, we can prove the case when 
congruent arcs are taken on congruent circles We can apply 
this theorem to prove that ‘In the same circle (or in cong- 


ruent circles) if two chords are congruent, so are the corresponding 
m2jor arcs and conversely.* 


Should we expect that ifan arc is a union of two arcs then 
the degree measure of the arc be equal to the sum of the degree 


measures of constituent arcs ? Let us discuss the following theorem 
in this regard, 


TA — 
Theorem XV (13). ITAXB and BYD are the arcs of the 
same Circle, having only the end point B in common, then 


A AA a ae pe 
mAXB+ mBYD=mABD, (In fact we always have mABD —mAB 
+mBD). 

Given : Kx 


ZA 
; and BYD i i ing end 
Point B in common, n of a circle C with centre P, having 
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c T AN ams 

To prove that: mAXB+mBYD=mABD, 

Proof. We have to discuss the following cases. 
{yxk BYE ABD 

(1) When AXB , BYD and ABD are all minor arcs. 


f ANY CN 3 EN 
rt When AXB and BYD are minor arcs but ABD is a semi- 


— — 
- (3) When AXB and BYD are minor arcs but ABD isa major 


Cos ZN 
(4) When AXB "Di is : 
other Seres n a or BYD is a semicircle while the 


Ses 
(5) When one of AXB or BYD is a major arc. 


D 
Y 
B 
X 
A 
Fig. 275. 


m First Case. When each of AXB , BYD and ABD is a minor 


Statement Reason 


. Woo 3 
(1) B lies in the interior of ZAPD (1) ABD is a minor arc 
and B is interior 


point of AD 
es od > > 
(2) PB is between PA and P (2) Statement 1. Defini- 
tion of interior of an 
angle. 
(3) m Z APB--mZ BPD—m Z ABD (3) Statement 2. Angle 


addition Postulate 


AES 
(4) As each of AXB, 
“= 


SN 
(4) mZ APB=mAXB 
BYD and ABD is a 


m/ BPD=mBYD 
ge S 
m/ APD=mABD minor arc 


"NE. P onim Quit. 
(5) mAXB-+mBYD=mABD (5) Statements 3 and 4. 
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— — ~ 
Second Case. When AXB and BYD are minor arcs but ABD 


is a semicircle. 


D 


A 


Fig. 276, 
Statement 


(1) AD is a diameter of the circle 


(2 ZAPB and ZBPD form a 
linear pair 


(3) m/ APB--m/ BPD=180 
(4) mZAPB=mAXB 
cQ 
m/ BPD—mBYD 
(5) mABD=180 
PETS. mae E. 
(6) mAXB--mBYD—mÁBD 
Third Case. 


is a major arc, 


Reason 


a, 
(1) ABD is a semicircle. 


> > 

(2) PA and PD are 
opposite rays. State- 
ment | 


(3) Statement 2 


— ~ 
(4) AXB and BYD are 


minor arcs 
S s 
(5) ABD is a semicircle 


(6) Statements 3, 4 and 5 


—_— —. ERN 
When AXB , BYD are minor arcs but ABD 


Fig. 277 
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Let B' be the other end point of the diameter of the circle 


Statement 


(1) B and D are on the opposite 


sides of Aa’ 


(2) B and B’ are on opposite sides 
of AA’ 


(3) B', D lie on the same side of 
— 
AA' or AP or B' lies on D-side 


tF 
of AP 
(4) Band A lie on the oppsite 
sides of DD’ 


(5) B’, Alie on the same side of 
| 


DD’ or DP or B’ lies on A- 


e 
side of DP 


(6) B' lies in 
Z APD 


(7) mZ APD=m Z APB’ + Z DPB’ 
(8) mZ APB’ =180—mZ APB 
C Cae 
—180—mAXB 
(9) mZ DPB'—180—m/ DPB 
TE 
—180—mBYD 


the interior of 


Am, gau ~ 
(10) mAB'D—360—mABD 


— P mmo] 
(11) mAB'D—180—mAXB--180 
nd 
—mBYD 


whose one end point is B. Let A’ and D’ b i 
à ; d ; A'an e the end points of the 
Acn of the circle whose other end points are respectively 


Reason 


TEN 
(1) AXB isa minor arc 


WE n . 
while ABD is a major 


arc 

(2) Since AA? and BB’ 
are distinct dia- 
metes 


(3) Statements 1 and 2 


pum, $ 
(4) BYD is a minor arc 
P ems] = 
while ABD is a 
major arc 


(5) As, B, B’ lie on 
opposite sides of DD’ 


Also statement 4 


(6) Statements 3 and 5 


(7) Statement 6 


(8) Why ? 


(9) Why ? 


P guis. ^ x 
(10) Since ABD is a major 


arc 
(11) Statements 819 
and 7 and since 


ES 
m AB'D=mZ APD 
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(12) 360—mABD=180—mAXB (12) Statements 8 and 13 
— 
+180—mBYD 


Lee mel qum. e 
(13) mABD—mAXB--mBYD 


— EE m - d 
Fourth Case. When either of BYD or AXB is a semicircle an 
the other is a minor arc. 


B 


ud 


Fig.278 


ARD cane PR 
In this case ABD will be a major arc. Let AXB be a semicircle- 
=e 
Then mAXB=180. 


Statement Reason 
—— 
(1) mAXB- 180 (1) Why ? 


— 
(2) mBYD—m/ BPD= 180 (2) Why ? 
—m/ APD 


ES —. 

(3) mAXB+4+mBYD=180 
+180—m/ APD 
—360—m/ APD 


(3) Statements 1 and 2 


—_— =~ - E] 
(4) mABD-—360— m / APD (4) ABD is a major arc. 
LT ON ACTES —. 
(5) mAXB-4- mBYD= mABD) (5) Statements 3 and 4. 
Fifth Case. When either AXB orBYD is a major arc. Let 
: CAU 
AXB bea major arc then BYD will be a minor arc. 


Statement Reason 


< 
(1) D lies on B-side of AP (1) AXB is a major arc 


e 


(2) D lies on A-side of BP 


Y 
Fig 279. 
(3) D lies in the interior of 
ZAPB 
(4) mZAPB=mZ APD 
+mZBPD 


=. 
(5) mZAPD=360—m ABD 
(6) mZBPD=mBYD 
E 
(7) mZAPB=360—mAXB 
(8) ABD 


360— mAXB-—360— mABD 
-+-mBYD 


—. 
(2) BXA is a major arc 


(3) Statements 1 and 2 


(4) Statement 3 


P amm 

(5) ABD is a major arc 
— 

(6) BYD is a minor arc 
pes 

(7) AXB is a major arc 


(8) Statements 5565: 


(9) —mAXB=—mABD+mBYD 
mAXB= — mABD 4 mBYD (9) Statement 8 


(10 
) mABD=mAXB+mBYD 


The proof of this theorem is rather lengthy an 


(10) Statement 9. 
d complicated 


an 
d we could have taken it as a Postulate or accepted the result of 


€orem without any proof. 
ngles Inscribed in Arcs 


ms reddet the study of central angles tl 
re of arcs, it is important to know a 


Fig 280. 


nat help us to define degree 
bout inscribed arcs as many 
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important properties of circles involve the notion of inscribed angles. 


In fizure I of Fig. 280, / ABC has been inscribed in a 
major arc ABC. In figure III, / ABC has been inscribed in a 
‘semicircle ABC. In fiigure VI, / ABC. has been inscribed in a 


minor arc ABC. In these cases we find that the two ends of 
the arc lie on the two sides of the angle. The vertex of the angle 1S 
a point of the arc but it is not one of the end points of the arc. The 
"figures IV, V and II donot show inscribed angles of the arcs. 


c C 


IV V VI 
Fig. 281. 


We define an inscribed angle of an arc as follows :— 


Definition. XV. (15) An angle is said to be an inscribed 
angle of the arc iff (i) each side of the angle contains an end point 


of the arc. (ii) The vertex of the angle is an interior point (not an 
end point) of the arc. 


Another notion with which we should be familiar with is that 
arc intercepted by an angle. In each of the figures of Fig. 282. 
ta 


ZXYZ intercepts an arc POR. 


of an 


In the first fig., it is an inscribed angle intercepting the arc. in 

=> > 
the second figure YZ is a tangent while YX contains a chord 
of the circle. In the third fig., it is a central angle intercepting 2 1 
arc. In the fourth fig., it is any angle which is neither a ere 
angle nor an inscribed angle. In the fifth fig., the vertex ups 


angle is outside the circle and not only it intercepts the arc POR 
— 


but also the are UVW. From these figures we observe that each 
Side of the angle contains one end point of the arc and also exceP 
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ting n ` ^ 
its end points, the arc lies in the interior of the angle We 
define an arc intercepted by an angle as follows. 


(i) 


dv) Qn 


Fig. 282. 


(i) ; Definition XV. (16) An angle is said to intercept an arc iff 
) Eich end point of the arc isa point of the angle (ii) Each side 


o 
its Eh angle contains atleast one end point of the arc (iii) Except for 
points, each point of the arc lies in the interior of the angle. 
on a is clear that each inscribed angle intercepts a unique arc 
Concepts will circle. The reason why we have introduced these 
e measure be clear from the observation that we can describe 
of its insc ib ofan inscribed angle in terms ofthe degree measure 
angl am = arc (but how ?) and also there can bea lot of T 
We are boa may intercept a given arc on a given circle an 
Other erested in knowing how these angles are related to each. 
+ For this purpose, we prove the following theorems. 
the measure of an inscribed. 


Theorem XV (14). In a circle, ) of its int pted 
of its interce 


angle : 
arc, is half the angle measure (degree measure 


In order to prove the theorem, we have to prove the following 


Cases : 


circle.) When one side of an angle contains a diamete 


three 
r of the 


(2) When the end points of intercepted arc are on the opposite: 
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side of the ray containing the diameter through the vertex of ins- 
«ribed circle. 


(3) When both the end points of intercepted arc, lie on the 
same side of the ray containing the diameter through the vertex of 
intercepted arc. 


First Case. When one side of the angle contains a diameter 
of the circle. 


be 
m 


N| ON 
e 


Fig. 283. 
Given: A circle with centre P. An inscribed angle Z ABC 
“i : LA ce 
‘intercepting an arc XYZ. The side BC of the angle contains P. 
To prove that : Measure of /ABC is half the an gle measure 
a a 
of XYZ or m/ ABC=} m XYZ. 


Proof. 
Statement Reason 
(1) mZXPZ=mZ ABC (1) Strong form of exterior 
+mZBXP angle theorem. 
(2) PXexPB. (2) Radii of the same 
circle 
(3) APBX is isosceles (3) Statement 2 
(4) ZABC= / BXP (4) Statement 3 
(5) mZXPZ=2m Z ABC (5) Statements 1 and 4 
—— 
(6) mZXPG=m XYZ (6) Definition of degre? 
measure of an arc 
ES 
(7) m XYZ-—2m 7 ABC (7) Statements 5 and 6 
— 
(8) mZ ABC-1mXYZ (8) Statement 7. 


"Second Case. When the end points of intercepted arc arc 
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on the opposite side of th ini i 
I € e ray containing the diameter 
vertex of inscribed angle. 3 E mae aie 


. Fig. 284. 
Given : A circle with centre P. An inscribed angle / ABC 
THE 


interceptin DV : z DON 
g arc XYZ. The end points X, Z of XYZ lie on the 


Ti 
o prove that: m Z ABC-—imXYZ. 
Proof. 


Statement 
em 
(1) mZ ABR=}mXYT, if Y is an 
^ x eS 
interior part of XT 
A 
(2) mZ RBC=}4mTSZ ifS is an 
EN 


interior part of TZ 
> ae > 


(3) BR is between BA and BC 


(4) mZ ABC=m Z ABR 
+mZRBC 


CES: 7 AERIS 
(5) mXYT+mTSZ=mXYZ 


(6) mZABC=mZ ABR 
+mZRBC 
— 


— 
=}mXYT-+4mTSZ 
As Can 
=3(mXYT +mTSZ) 
oa Tee) 
—imXxYZ 


^ > 
i te side of the ray BR which contains P and a point T of the 


Reason 


(1) First part of the 


theorem 
(2) First part of the 

theorem 
Plane 


(3) Hypothesis. 
Separation Postulate 


(4) Statement 3 
— SN 
(5) As XYZ and TSZ 
have only T in com- 


mon. 
Theorem XV (13) 
(6) Statements Ales 
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Third Case. When both the end points of the iutercepted 
arc lie on tbe same side of the ray containing the diameter through. 
the vertex of the intercepted arc. 


Fig. 285. 
Given : A circle with centre P. An inscribed angle / ABC 


—— 
intercepting the arc XYZ whose end points X,Z lie on the same 
— 
side of the ray XR which contains P and a point T of the circle. 


— 
To prove that: mZ ABC=}mXYZ, 


Proof. 


Statement 
-=j > 


as 
(1) BC is between BR and BA 


(2) mZ ABR—m/ ABC 
+m/ CBR 


(3) mZABR=4mXZT 


ESTER 
(4) mZ CBR—1mZST if S is 
H . t LEN 
interior point of ZT 
VIE ~ — 
(5) mXZT-mXYZ--mZST 


(6) 4mXZT=m/ ABC 
— 
+4mZST 


Reason 


(1) Hypothesis. For defi- 
niteness we assume that 


=> A 
BC is between BR and 
> 


BA 
(2) Statement 1 


(3) First part of the theo- 
rem 


of the 


(4) First part 


theorem 


(5) Theorem XV (13) 


(6) Statements 2, 3, 4 °” 


substitution 
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— “NV 
(7) 4(mXYZ+mZST) (7) Statements 5 and 6 on 
~ 


—m/ ABC+4mZST substitution 

(8) gmX¥Z—m / ABC (8) Statement 7 
~ 

(9) mZ ABC=}mXYZ (9) Statement 8. 


The immediate corollaries to this theorem are : 


(1) Angles inscribed in the same arc are congruent. 


(2) An angle inscribed in a semicircle is a right angle. 


We can prove these with the help of the theorem XV (14) as 
we know that in any arc we can inscribe as many angles as we want 
to and measure of each of these angles would be equal to half the 
degree measure of corresponding arc. Hence all these angles will 

€ congruent. Also the measure of angle inscribed in a semicircle 
will be half the degree measure of corresponding semicircle and as 

e degree measure of a semicircle is 180, the measure of the 
angle inscribed in a semicircle is 90. However we prove these as 
theorems : 


. , Theorem XV (15). Angles inscribed in the same arc of a 
circle are congruent and conversely : 
* Au. i 
Given: An are XYZ of a circle C with centre P D-E à 
A set S of angles (/ XLZ, /XMZ, ZXNZ...} inscribed in 
A 
the arc XYZ 


T To prove that : 'The measure of cach angle of the set S is 
e. 


Fig. 286. S 
Proof. Let R bea point on the arc corresponding to XY 
CSS, 


i lf the. 
R & XYZ). Now measure of each of angles of set S is Bg 


d A5 Á Z (Theorem 
xU measure of XRZ which corresponds dh a is e EN. 


(14). Hence the measure of each of ang 
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i XV (15). If a 
XV (16). (Converse to theorem 
i Chek rada diu 2 ade subtends congruent re ng | 
WR em Pa the same side of it, then the four points lie o 


circle. N 
i ini i AB dividing a plane | 
iven : A line I containing a line segment AB 
T a planes H, and H,. Also two points, CEH, and | 
DEH, such that / ACBz Z ADB, 
To prove that: A, B, C, D lie on the same circle. 
Proof. 


Statement Reason 


(1) There is one and only (1) Theorem XV (1) | 
one circle through A,B 


and C 
_ Fig. 287, 


If the circle through A, B, C also contains D, then there c 
nothing further to Prove. Assume that the circle through A, B, 


does not contain D. Let the circle contain a point E of AD such 
that A—E—D (or A—D—E) (why 


should it contain E ?). Let us 
first take up the case A—E—D en: 


(2) Z ACBe: / AEB (2) Theorem XV (15) 
(3) ZACB= / ADB (3) Given 


(4) ZAEB& 7 ADB (4) Statements 2 and 3. | 
| 


Now statement 4 leads us to a contradiction as in A BED, 
Exterior Z.AEB-— opposite inter 


ior / ADB (Weak form of exterior 
angle theorem). Hence the 
assumption that the circle 
through A, B, C does not pass 
through D has to be abandoned, 
If we take up the case A—D. E 
then we arrive at the result that 
Z ADBe« / AEB which also 
leads to a contradiction as the 
measure of an exterior angle of 
à triangle cannot be equal to the 


measure of “Opposite interior 
angle (why ?) 


i 


Fig. 288. 
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Theorem XV (17). The angle in a semicircle is a right 
angle. 


š en EN 
Given: A circle C with centre P. Also its semicircle XYZ. 
a 
An angle Z.XLZ is inscribed in XYZ. 
To prove that : mZXLZ=90. 


X 


las 


Z 


Fig. 289. 
Proof. Let Mbea point of the circle on the arc correspond- 
" Be d — 1 à 
ing to XYZ. (wr & XYZ) Then mZXLZ=} mXMZ ae 
=90 (KMZ is also a semicircle. Why ?) Therefore m XMZ=180. 


i inscribed i ircle). A 

Definitio XV (17). Quadrilateral inscribed in a circi ; 
Quadrilateral is said AUS ina circle if all its vertices lie 
9n à circle, ; 
A Theorem XV (18). The opposite angles of any quadrilatera 
™Scribed in a circle are supplementary and conversely. 


; 3 7 dril- 
(4 quadrilateral inscribed in a. circle is called a cyclic quadri 
ateral), 


Given: A quadrilateral ABCD inscribed in a circle whose 
Centre is P. 
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To prove that: (i) mZA+m/C=180. 
(ii) mZB+mZD=180. 
Proof: Let us discuss its proof in two cases : 


Case First. When either AC or BD is a diameter of a circle- 
For definiteness let BD pass through P (a diameter). 


Statement Reason 
mS — z 
(1) mZA=} m DCB= (1) DCB is a semicircle 
4x 180=90 
mE 
(2 mZC=3m DAB= (2) DAB is a semicircle 
4x 180=90 
(3) age O-904:90 (3) Statements 1 and 2 
—/ 180 
(4) mZA+mZB+mzZC (4) Why ? 
+mZD=360 
(5) mZ B--m7 D—180 (5) Statements 3 and 4 on 
substitution. 


Case Second. „When either of DAB, DOB i Bis a major arc- 


For definiteness let DAE 


AB be a major arc so that DCB is the corres- 
ponding minor arc. 


D 
M 
4 G 
B 
Fig. 291, 
Statement Reason | 
(1) mZA=} m DCB (1) Why ? 
(2) mz &—4 m DAB= (2) Why ? 


1360—m DOB) 
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(3) mZ A+mZ/C=}m DCB (3) Why ? 
— 
+} (360—m DCB) 
— — 
=} " DCB-4-180—1mDCB 


=1 


Converse to the theorem. If opposite angles of a quadril- 


a ` aues 2 i 
EM are supplementary then the quadrilateral is inscribed in a 


Given: A dril : 
A quadrilateral ABCD such that: (1) mZA+ 
mZC=180 and (2) m7 B4-m Z D—180. 

To prove that : Quadrilateral ABCD is inscribed in a circle. 


( Proof. There is one and only one circle through A, B, C 


why ? p S ; : 
Dar) If this circle also contains D, then there is nothing further to 


D 
E 


B C 


Fig. 292. 


t it contain a 


Let u i L 
. sa p > € 
Point R ssume that it does not contain D hy?) Let us 


first tak of AD such that A—E—D (or A—D—E) (W 
€ up the case A—E—D. 


Statement Reason 
(1) mZB+m/D=180 (1) Why? Given 
(2) mZBimz CEA=180 (2) Why ? 
(3) m/ CEA—m/D (3) Statements ] an 
( k form of exterior 
is ds udo (9 p theorem 


- (5) Statements 3 and 4 are (5) (Why ?) 


contradictory to each 
other 
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Hence the assumption that the circle through A, B, C does not 
contain D has to be abandoned. If we take A—D—E, we will once 
again arrive at contradictory results. 


Theorem XV (19). Given an angle with its vertex on 2 
circle and formed by a secant ray and a tangent ray. The measure 
of the angle is half the measure of intercepted arc and conversely. 


Given: A circle with centre P. Also an angle / ABD whose 


=> 
vertex B is at the circle and which is formed by a secant ray BA and 
> 


a tangent ray BD. 


ay 
To prove that : m / ABD—1 m AEB where Eis an interior point 
on AB. 


Proof. (We assume that Z ABD is acute) 


Statement Reason 
(1) mZPBD=90 (1) Theorem XV (8) 
(2) ZPABY/ PBA 


(2) APB is isosceles triangle 


> 


ET 

(3) mZPBD=m/ PBA 4- (3) BA isbetween BP and 
23 

me OED BD as we have assumed 

that / ABD is acute 


(4) 90=mZPBA+mZABD (4) Statements 1 and 3 


(5) mZAPB4+mz PAB4 (5) An rty of 
fe gle-sum property 
m/ PBA=180 a triangle 


(6) mZ APB--2m / PBA— 180 


(6) Statement 2. 
(7) 2 m / APB--m/ PBA=90 


(7) Statement 6 ` 
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(8) 4 mZ APB--m/ PBA— (8) Statements 4 and 7. If 
mZ PBA--m/ ABD a=b and c—b, then a=c 
(9) 4mZAPB=m/ ABD (9) Statement 8. On apply- 
ing concellation law. 
(10) mZ ABD—1 m/ APB (10) Statement 9 
[~ 
(11) mZ ABD=4 m AEB (11) Why ? 


We can prove the case when the angle between the secant ray 
and tangent ray is obtuse by observing that in the figure of this 


=> 
sheorem DBD’ is a line and BD’ isa tangent ray and /ABD' is an 
ODtuse angle, As ZABD and / ABD’ form a linear pair, therefore 


um, 
? Z ABD'—180— 57 ABD=180—3 m AEB=4 (360—m AEB) 
=} m AFB where AFB is the major arc corresponding to minor 
arc AEB, (According to our definition, the degree measure of a 


major arc equals 360 minus the degree measure of corresponding 
Minor arc). 


th Converse to the theorem. Given an angle with vertex on 
© circle and formed by a secant ray and another ray which does 

vot have any other point common with the circle excepting the 

i» "tex and such that the measure of the angle is half the men 25 
tercepted arc, Prove that the ray forming the angle, other tha 
© secant ray is tangent to the circle. 


Given. A circle with centre P. Also given a point B on ‘the 
co Xd Um h an 
» a secant ray BA and other ray BT. BT does not ‘ave y 


Point common with the circle excepting B, Also mZABT= 


Circle 
Other 


1 
3MAEB where E is an interior point of minor arc AB. 


— 
To prove that: BT is a tangent ray. 
Proof. Assume that / ABT is acute. 


not have 
points of C in each of the 
excepting 

on a circle, 
circle, 


congruent arcs, 


7E 
the circle, then it inte. 
Similar to that of theorem XV (5).] 


8 
chord and its arc. 
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Statement 
— 
(1) m/ AB —im AEB 


(2) mZABT=4 m/ APB 
(3) ZPABz:/ PBA 


4) àm/ APB-J-i m/PAB 
Ng "+2 mZ PBA=90 


(5) 4 mZ APB--mZ PBA —90 
(6) mZ ABT 4-m/ PBA=90 


(7) mz PBT=90 


= 
(8) BT is a tangent ray 


Reason 
(1) Given 


(2) mAEB=m / APB (why ?) 
(3) Why ? 
(4) Why ? 


(5) Statements 3 and 4 
(6) Statements 2 and 5 


> 


(7) Statement 6 since BA is 
RES 


= 
between BP and BT 
(why ?) 


(8) Since BP is radius, State- 
ment 7, 


Problem Set 


A 


1. Ifa line / does not intersect a circle C, then prove that 


the circle C lies in one of the half planes determined by / and does 
any points in common with the other half plane. 


2. IfS is a secant of the circle then prove that there are 


3. Iftis atan 


4. Prove that 


6. Iftwo 


If a line in the 
t 


If a diameter is 


half planes determined by S. 


gent to circle C at a point P, then prove that 
> all points of C lie on the same side of it. 


. je 

every three non-collinear coplanar points li 
: : , c 

5. Prove that three collinear points never lie on the sam 
parallel lines intersect a circle, then they intercept 


1 4 E 
plane ofa circle, intersects the interior © 
rsects the circle int 


: is 
o two points. [Its proof 


Perpendicular to a chord, it bisects the 
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[Hint. Prove that 
| at AAPD=ABPD by 
applying hyp. leg theorem. emn ADcdfb 
— LS 
and pum Z4 BPDe m AXE=m EYB] 
- Prove that if a diameter bi 
chord which is not a Soe s 


pendi x 
A ee the chord and bisects the arc 


8). (Converse to the theorem of problem 


E. "LT Prove that ifa diameter bisects 
Bue de parallel chords, it bisects the Fig. 295. 


ll. Given a circle with centre P. AB is a diameter and AC 
e - - 


pany omes chord from A. CD is tangent at C and PD | AC. 
Prove that DB is tangent at B. 
[Hint. (1) x&y (why ?) (2) xl (why ?) 
(3) uev (why ?) (4) v+-/=90 (why ?) 
(5) u+w=90 (why (6) Iw (why ?) 


? 
A 


Fig. 296. 

(7) x= tiny 2; Oa 
(9) APCD& APBD (why ?) 
(10) ZPCD= / PBD (why ?) 

(11)"m ZPBD=90 (why ?)] 

Prove that if a chord is perpen 


dicular bisector of another 
of the circle. 

endicular to one 
ther chord, itis 


12 
chord uae 
i . Par H 

n the same circle, it is a diameter 
rcle is perP 


1 = 
3. Prove that if a chord of a c! 
bisects the o 


of tw 
a aru Parallel chords of the circle and 
. "meter of the circle. 
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i ic ci ith radii r}, rs 
iven : two concentric circles C,, C, wi i 
ms x With centre P. Prove that all chords of Ci which are 
AT to C, are bisected at the point of contact. 


[Hint. PD is | AB. Hence AD=BD why ?] 


Cy 


af D Ny 


Fig. 297. 


15. Prove that if a ‘diameter of a circle bisects each of two 


: h 
chords which are not diameters, the chords are parallel to eac 
other, 


: a 
16. Prove that if two chords of a circle are drawn from 


: : D 
point of the circle and make congruent angles with the radius draw 
to the point, the chords are congruent, 


; n idi: rom 
17. Prove that two points of a circle, each equidistant, $ 
two other points of the circle determine a diameter of the circle. 


; dia- 
18. Prove that if two congruent chords which are not 


E 8 h ruent 
meters intersect a diameter at the same point, they make cong 
angles with it and conversely, 


: : a 
19. Prove that the perpendicular bisectors of sides of 
Polygon inscribed in a circle, meet in a point. 


s 3 eg- 
20. Iftwo congruent chords of a circle intersect, De S 
ments of one are respectively congruent to segments of the other. 


"y n an 
21. Prove that two distinct circles cannot have more th 
two points in common. 
22. Prove that a circle and 
two points in common, 


: CD 
23. Givena pentagon ABCDE, If the quadrilaterals AB 
and BCDE ar i 


€ cyclic, prove that the pentagon is also cyclic. 
[Hint. Circles through A, B, C.D and B,C, D,E have 
three points 


B, C, D in common. Therefore the circle through 
BCD, passes through A & E]. ] 


an 
a line cannot have more th 
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1. Show that if two circles are tangent to the same line at 
the same point, the line of centres passes through the point of 
contact. 


2. If two chords are unequal in measure, their distances: 
iw the centre of the circle are unequal in measure in opposite 
order. 


. . [Hint. Given m AB>m CD, P is the centre. PEIDC and 
PF.| AB. 


m BF—1 m AB and m EC=} m CD (why ?) 
m BF>m EC (why ?) PC=PB. 
A PEC and A PFB are right triangles .'. PB*—PF*--FB* 


Fig. 298. 
and PC*=PE2+EC? Also PB?=PC? (why?) 
Hence PF?FBt—PES-EC* Now FB*2EC*. 
Hence PF?<PE? 
Hence PF<PE,] 
Prove the converse to the theorem give 


nin problem 2. Its 

s 2 tre 

st t t from the cent 
atement is—If two chords are unequally distan al in opposite: 


"rd circle, the measure of the chords are unequ 
er. 


B 
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that the shortest chord which can be drawn through 
z e NS circle is a chord which is perpendicular to the dia- 
:a point 1 


meter through the point. 


[Hint. In Fig. 299. Let PR! EF, CDLAB. In the right 
triangle POR, PR<PQ (why?) — 3, EF» CDj 


5. Given a circle with centre P. APB is a diameter of the 
circle. AC and BD are any chords such that m AC>BD, BC. AC 
and AD LBD (A, B, C, D are points on the circle), Prove that 
n BC«m AD. 


6. Given a circle with centre P. AB is any diameter and C, D 
are any other points on the circle but on the same side of AB. Also 
-AC -BD-—AP. Prove that CD— BP. 


7. Two circles C, and C, are externally tangent to same line 
Jat T. There isa point R on. RA is tangent to C, where A is 
the point of tangency and RB is tangent to C, where B is also point 
of tangency. Prove that RASRB. 


8. A, Bare points on a circle C with centre P such that A, B 
are not the end points of a diameter. /, is tangent to C at A and 
7, is tangent to C at B. fiand 1; have a point Din common. 

Land 


DP contains two points of the circle, E and F such that D—E—P—F. 
Prove that AF=BT, 


Euclid again. 


Yet another instance where Euclid overlooked the necessity 
of stating a postulate or proving a theorem is provided by 
Euclid's first proposition. This Proposition is about the construc- 


‘Segments as centres and then joining the points of intersection of 
‘the arcs to the ends of line Segment. But Euclid never stated any 
axiom or proved a theorem regarding his assumption that the two 
arcs intersect. None of Euclid’s axioms deals with the conditions 
‘under which two circles intersect, He postulates conditions when 
two lines will intersect or will not intersect but he failed to do so in 


‘case of two circles. To remove this weakness we prove what is 
known as triangle theorem : 


The Triangular theorem XV (20). Given three positive real 
numbers a, b, c. If each of these numbers is less than the sum of the 


b two, then there exists a triangle, the measure of whose sides 
as a, b, c. 


Given: Three positive numbers a, b,c such that 
(i) a<b+e (ii) b<ate (iii) e<a+b 
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To prove that : There exists a A, the measure of which sides is 


à, b, & 
Proof. Without any loss of generality, we can assume that 
a2zbec. 
Statement Reason 

(1) There is a. segment BC (1) Segment construction 
whose measure is à theorem 

(2) On BC, there is an (2) Segment construction. 
arbitrary point D theorem 


such that B—D-C. 
Measure of BD is a 
real number x such 
that x«a 


B a G 
Fig. 300. 
(3) At D, there is aunique (3) Why ? 


line /, | BC (and co- 
planar with it) 


; ? 
(4) On J, there is an arbi- (4) Why ? 

trary point A such 

that DA=y. 
he vertices of a /\ whos m hy! b. 
vertices could be B and C and the measures of MER ences 
€? Ofcourse while thinking like this we are ties points which are- 
of such a triangle, but once we have fixed up these can serve as 
non-collinear, we may be able to check we 
the vertices of a A that we are Joc Tt 
A ABC exists formed by the vertices n at 
is perpendicular segment from A to as p 
already assumed that BD is the lo sb Since BD =x and 
measure of AB =c and measure of AC— 
B—D—Q, pc=a—x. 


;thagoras theorem. Since- 
2 gee » pe a right triangle. 
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(6) c?2x?-- y? (6) Statement 5, on substitut- 
ing the values of AB, BD 
and AD 

(7) AC? DC? -AD? (7) Pythagoras theorem 

(8) b?=(a—x)*+y? (8) Reasoning same as for 


Statement 6. 
(9) c?—3?-- y?, D? — (a— x)? (9) Solving simultaneously 
x 


a B= x2 4y? 
Sa 

ex —b=x?— (a—x)? 

€x c—LbP-—(x-a-x)x 
(x—a4-x) 

€ c—b?=a(2x—a) 

€ c?—b?=2ax—a? 

€  2ax-c!—p-La? 


COMETE 5 aa ag 
2a 
Also y= 
e yw c-x 
(10) c?=x*+y?, Beste djs (10) Statement 9 
_ gp p 
am 2a 


and yay e 


Now will x and y exist subject to what is given to us and the 
‘assumptions that we have made ? We have assumed a>b>c. So 


eae rie C20. We want to dismiss the case when a=b=c 
-and cz. 


So wetake a?>b? and c2S0 So xa teh 
a 


x= 


(a? —b*) + c2 z 
2a €? X20. So there exists a positive num- 
"ber x. 


Now y=Vc?—x*, N 


ow for the existence of y asa positive 
number we must show that i P 


CP— x2 »0 e (c—x)>0 
> x2 e c>x e (c—x)>0 
Now c—x- c Heeh 

fn 2a 
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ad 2ac —a*? —c* - p? 
2a 


__(b+a—c)(b—a+c) 
ee 
2a 
_ (b4+a—c)(b+c—a) 
s 2a É 
Now we are given that a<b+c and c<b+a, therefore 


(b+a—c)>0 and (b+c—a)>0. Hence Bw steer 


- [4 


- C—X 


E 
A 


B D C 
Fig. 301. 
* c—x20 e c>x Hence y>0. 


Va We can construct our triangle by proceeding in the following 
y: 


Let BC be line segment of length a. Let D be a point in BC such 
24 c?— b? 
that B-D—C and mBD—x- 


> i c 
Let DE be the ray beginning at D and perpendicular to BC 
ES 


and let A be the point of DE such that. DA—J— V/c—xt, Then 


AABC is the required A. We can verify that mAB=c and mAC=b. 
Since AB?=AD?+BD? 
e AB=y2+x2 es ABP=ct—x*+2? 
€ AB%=c2 > AB=c 
and AC?=DC?+AD? > AC'—(a—2) Y 
> ACt=a?+x2—2ax+c2?—x* 
— AC8=a?—2ax+c? 


E. > ACiaMMEci—2ax 
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2 2 p 
= AC?=a?+c?—2ax oe 
a 
e AC=a+c?—a’—c?+b* 
~ AC?=b? 
€x AC=b. 


The Two Circle Theorem XV (21). If c; and c; are any two 
coplanar circles with centres P, and P, and radii r, and r, respec- 
tively. If P,P, the line segment determined by the centres of c, and 
c, equals p, then :— 


(1) I£ rr? p, 'i-- pora and r,4- pr, the circles have two 
and only two points in common (or the circles intersect at two and 
only two points). 


(2) Ifm+re>p or ri-p—r,4 or rgJ-p—r, (only one of these 
conditions need to be satisfied) the circles have one and only one 


point in common and the circles are tangents to each other at that 
point. 


(3) If r,4- rp or £r44-p&r, or r;--p«r; the circles do not 
intersect (only one of the conditions need to be satisfied). 


Proof. If we carefully go through the statement of this 
theorem, we find that the underlying idea is when a ABC would 
exist if the measures of its sides are r,, ra and p. If the triangle can be 
constructed then according to the statement of the theorem, the 
circles will intersect at two points. If the triangles cannot be 
constructed, then under certain conditions, the circles will be 


tangents to each other and under certain other conditions, the circles 
will not intersect at all. 


To prove this theorem, we will have to consider the following: 
cases : 


(a) As we are given two distinct circles, hence Pi—Ps or 
r,=r, simultaneously cannot hold. If P,=P, and rjzzr, then p= 
and then the set of inequalities given in number (1) become. 

Dy 73470, rir, and rgr3. 
It is not possible to have both rr, and r,>r,. Hence the 


circle will not intersect. We know that if P,— P, and rjz£ra then CL 
and c, will be concentric circles and they do not intersect. 


. TRES ETE 
In this case, equalities in number (2) become ri: 70, 377 
and r,—r. 


d 
We have already stated that the conditions r,—r, or ra=" ao 
T;-tr;—0 are not possible. Hence the circles will not be tange? 
each other. 
Inequalities in (3) become 


rit rg or rr; or r,—1 
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It is not possible to have rı+r <0 (why?) We can have only 
either rj&r, or rcr, In either case the circles will not intersect. 
Hence the assertion of the theorem is verified if P, =P, and rjz£rs. 


Now let us take up the case when P,P. and mrp. First 
let us take up the case when circles intersect at A. Let AD be the 
perpendicular segment from A to P,P, where D can have either. of 
the follwing positions : 


A 
A 


F D B d P, £-D 
Fig. 302. 
(1) P,-D—P, (2) àÉ-B-D (3) D—P,—P, 
(4) D coincides with P; (5) D coincides with Ps. 
If AD—y, then (P,D)?-- (AD)*- (AB)* (1) 
and (P,D)?-- (AD)#=(APz)* (2) 
Let  m(p,D)—x and m(P,D) = 
and APi=r and AP, =r: 
Equation (1) becomes ) 
xen E 


and equation (2) becomes. (4) 
yen E 


A A A 
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Now let us discuss all the five cases. 
(a) I£P, —D—P, then x+z=p 

(b) If P5—P,—D then p+z=x 

(c) IfD—Pi—P, then x+p=z 

(d) If D=P,, then x=0 and peas 
(e) If D=P, then z=0 and p=x 


| 


On solving equations 3 and 4 for x, z in each of the above 
mentioned cases we get : 


(a) r—r2=x?+ y2?—z?— y2 
> r?—r2=x?—z2 
> rP—r? = (x-+z) (x—z) 
Now rj?—rj-— (x4-z) (x—z) and x+z=p 
md r— rg —p(x—z) 
> Sepe fcm 
2 p2 
So eps, and x+z=p 
> x«« Ft — re p* 
P 2p 
End PIN aci (dein 
2p S 
(b) 11? = (x4 z)(x—z) 
and p+tz=x 
- ninh (x-+2)(x—2) 
and x—z=p 
= rP—r2=(x+z)p 
S sp a, 
Now re 
and 328 —z-—p 
; = "T r? — r2 +p? 
2p 
or z= TETEP, =R s 


2p 


(c) r—r*3— (x4 z)(x—z) 
and x-+p=z 
> ry —ree2=(x+2) (x—z) 
and x—z=—p 
> r2—r2= (x-+2)(—p) 
ni-rn 
< X-++-z= =p 
rer? 
Now x4q4z— I A 
and x—z=—p : 
rear tp* 
> x= —2p 
beet ele 
and z= = 
(d) r—r=(x+z)(x—2) 
and x=0 
and pz 
se re—r2= — 2 ; x=0, z—p. 
(e) nir (x-+2) (x72) 
and z=0, p=x 
nm X—p,z-— 
and rè— r =p? 
Now if we solve x+y =r? 
and gipyierg ), 8). 
for 


z given in each of (a 
J* with the help of the values of x and z given 
(0), (d), (e) we get that 


—rj)(ret-p—n) aS) 
yt (htrtp) (rp) (Pa 


4p 3 
1 2 Let us verify 
in og I every case we will find this very value for y*. 
an one Case, 
x + y? = te 
2 
ri—r? +P" ip first case 
and x= 2p 
— rj—r,-p oer 
2p 


212 V 
r. 21g +P ) 
— »-n-( T Dp" 
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3 r?—r p ^ rere +p 
sd a (nt 2p E X "n 2p 

2 (rf re p? prs) (r2— r — p? 2pr,) 
> y 4p? 

OT [GE r*-2pri) — re] [r2?— (r+ p2—2pr)] 
= y= ap 

2 [(p+r)? (re)? I(r?) — (0 — p)] 
> y= dpi 

2 (P ry rs) (p ry—r9) (r4 ry— p) (rg —r,4- p) " 
=< y ap? 


Which is same as we have earlier stated. 
Similarly if we take Z4? =r? 


P—r?+r,? 


» 
and z= — we will get the same value of x°- 


We can also verify in other cases that the distance y from A to HPs 
is necessarily given by (5). 


Now since x and z are non-negative, then it follows from the 


values of x and z in (a), (b), (c), (d) (e) that we must have 
respectively, 


(a) r?+p°>r? and prre 

(b) rip? and rip 

(c) rf ptr? and nter -pe 

(Since denominator is negative in each case) 

(d) r?--p*—r,? and since r7 rj! in this case r?-- p? rj 
(e) rz--p*— rg? and since r >r in this case r2-- p? rg. 


E € 
Now three numbers fi, '; and p must satisfy one and only on 
of the following relations. 


(6) (a) nêpi? — (b) rg pen (c) r* pnt 

` (T) (a) n^EPHO (b) rt pre (e) ntp crit 
Now 6(c) and 6(b) imply r7, 
and 7(c) and 7(b) imply r?71 


; D 
., ,99 either 6 (c) or 6 (6) holds and then neither 7 (a) nor 7 G 
will hold and vice versa. 


: ible 
irs of com Gn. © (c) and 7 (a) (b) (c) give us nine possib 
pairs of conditions out of which only following can hold : 

(6a, 7a), (6a, 7c), (6c, 7a), (6b, 7a) and (7b, 6a). 


Id. 
Moreover, one and only one pair of these conditions must zu in 
Of course these are respectively the conditions that are neede 
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4,b,c,dand e. Thus either one of these holds ata time and x, z 
and the point D are uniquely determined implying thereby that if 
two coplanar circles intersect then the common points lie on the 
unique line lying in the plane of the circles which is perpendicular to 
P;P,. Since we have already proved a theorem stating that a line can- 
not have more than two points in common with a circle (which ?), 
So two circles can intersect in at the most two points. Moreover 
the conditions given in the first part of the theorem are sufficient as 
we know that 


a (ry re tp) (rr + rs—pY rt p—ry) (rst pri) 
y*: ap? 


and ifr +n sp, rn+p>r, and r,+p>r then y? is positive and 
RAD exists. Also there is a unique pair of values X, z satisfying 
Moations 3 and 4 and hence a unique point D is derermined. 
reover there will be two points A, and A, such that 
1D — A,D — y, Hence the assertion made in the first part of the 
theorem, 


iP s If the conditions in part 2 of the theorem are satisfied, that is, 
yc Tn-—p Or rj 4-p—rs or re prn then y?=0 or y=0 and hence 
NM y=0 satisfies the equation 3 and 4 as then we get X —71 
In this case the point D is common 


and z2..,.2 
2 =r; or X=r, andz-r. 


rj and Z =r, which 


to n " 
to both the circles and as then we get x= i 
other (why? which 


impli ; 
Plies that circles arc tangents to cach 
corem ?) 

art 2 of the theorem is satisfied. More- 


Thus the assertion of p 3 of the theorem 
Oo nc , 


if we consider the conditions given in part 
h FUÜSEp or rep <t2 Or Catpen 
t . H 

cn we find that if either one of these is satisfied then 


Over 


viz 
*» 


yi Ur dep) (rs rg —) (r,+p—r:) (rs p—h3) 
Or y2 ; 4p* 
is 1S negative as one of the four factors in the nice 
two Hive and hence y is neither positive nor zero. Tes ore 
eor oS cannot have any portion common. Thus part 3 o ; 
rem is verified, 


This is how we establish this theorem. 
tan A problem that we want to consider now is: How ry 
To Sent lines we can draw to a circle from a point exterior ? 
Set an answer to this, let us prove the following theorem : 
but i Theorem. Given a circle C and a point Qlying in y pe 
n Its exterior. There are exactly two lines which are tang! 
and contain Q. 


422 


Given. A circle with centre P and a coplanar point Q lying in 
the exterior of the circle. 


To prove that. There are exactly two lines tangents to C and 
containing the point Q. 

Proof. Letr be the radius of the circle. Let mpg=a. Let 
M be the mid-point of the line segment PO, so miM= 5 =r’ (say). 


Now will a circle with M as centre and radius r’ intersect the circle 


ÁN 


Fig. 304. 


C? Ifsoin.how many points ? To get answers to these questions, 


let us apply the two circle theorem. Here (D reu (Gi) ras 
ee 1 E a 
Git), p= m(PM) => 
Therefore 
(a) rer’ =r + >p 


(b) PERSP ST 


2 a a i 
(e) rep 2-742r (why? Is it because Q, is in the 
exterior of the circle 2) 


Hence a circle with cent i i m 
, : A reM and radius;' will intersect 
circle C in two points A and B (say) and now these points wil 

on the opposite sides of the lin 


i 
AL athe re of centres. Now mZ PAQ=90 (Ang € 
Tubs rd ene 95. PB is the diameter), Similarly OF PBQ,-90 
y ?) Therefere AQ and BQ are tangent lines to C at A and ^ 
w e there exist at least two tangent lines to C and conta” 
gQ. Can we haven cre then iwo ? No (why not ?) 


Hence there exist two tangent lines to C and containing Q 
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We have talked about the measure of a line or ‘distance betweem 
the points.’ When we talked about the distance between two points. 
A and B, intitutively did, we think of the 
distance transversed on an arc containing 
these points ? Certainly no. Had we ima- 
gined it like this then there would have not 


been one answer to this but many more—as | 


many as we want to. A B 
Certainiy we have talked about the ; 
measure of an arc but that was more precisely Fig. 305. 


about the degree measure of an arc ? With its help we can compare 
the measure of two arcs on the same circle or on congruent circles ? 
What about two arcs lying on two different circles which are aor 
congruent to each other ? Can we develop some formulae to fin 


the length measure of an arc ? 
P TES 


Intitutively we can think of an arc AYB as union of n--k 


chords AY, Y,Ys, Yay «--- YncaYa t YaB 
Where Yi, Yo...are interior points of the arc. 


Y, Vs 
Yz Y 
Y 
! b 


Fig. 306. cu 
ximation is ‘very close' to 
i E larger and larger, the length 


We can say that thi 
becomes smaller and smaller and then 


our 7 is large enough. As? be 

"d each of chords AY;, YiYs----- 
n41— ÀAY,-- Y1Y,...... : 1 

will Sheila limit L (say). So we can conveniently define 

the length of AYB in terms of L. We can St 


Y, Y; 


milarly define the 
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circumference of a circle in terms of the limit of sum Sn, of the 
lengths of chords 


AY Ye YO eene: Yain YnA 


So intitutively we think of circumference of a circle in terms 
of sum of the measures of sides of an inscribed polygon of nl 


4, 8, 16, 32, 64, 128...2"-sides. It is appropriate to take 2" as then we 
can easily make 7 as large as we please. 
and larger, the length of each of sides o 
smaller and smaller. So accordingly 
definition. 


f the inscribed polygon gets 
we make the following 


Circumference ofa circle. The circumference of a circle 
is the limit of perimeter of à regular polygon of 2" sides inscribed 
in a circle as n gets larger and larger. 


Length ofan arc. If A is a vertex of a regular polygon of 


25 S A FES : 
2"-sides inscribed in a circle containing an arc AYB and if 
YYY T Lu Y. are the other vertices of the inscribed polygon 


Which'are also the. points of AYB then length of AYB is the limit 


L of the sum S544 —AY;-- Y Y,......Y.B aS " gets larger and 
larger. 


Theorem XV (22). The circumference C, 


of any circle of 
radius arc equals 2zr, In other words C— 2n. 


To establish this formula, 


we have to prove the following two 
theorems : 


Theorem XV (23). The perimeter of a regular polygon of 
2"-sides inscribed in à given circle approaches a limit as n becomes 
infinite (larger and larger). 
Theorem XV (24). 


The ratio of the circumference of a circle 
to the length of its di 


ameter is the same for all circles, 
Theorem XV (23). To prove that the perimeter ofa regular 
Polygon of 2^ sides approaches a limit then we have to prove that : 


(1) Perimeter increases 


f : monotonically i.e. as n increases 
perimeter also increases. 


(2) Perimeter is bounded from 


z above or perimeter has an 
Upper bound which has a definite limit. 


Proof. To prove the first part we Proceed as follows : 


Let C be the given circle with centre P, Let Y, Yo, Ys... 


dm T trte be the vertices of inscribed polygon of 2^ sides. 
The perimeter of this polygon will be S,=2"(¥,¥..)° 
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N " 5 
TN as to show that the perimeter of an inscribed 
polygon of 2^! sides is greater than the perimeter ofan i i 

= s inscr: 
polygon of 2^ sides. i 3 Sube 


Y, Yr, 


Fig. 308. 


f 2"+1 sides we have tolocate a point 


Now to get a polygon o 
of the inscribed 


D. " T 

Y, between every two consecutive vertices Mees E 
> 

polygon of 2" sides such that PY,"is the angle bisector of ZY PY p41 


Now the perimeter of regular polygon of Qnt1 sides will be 


even by 85,22" (Y,Y's +Y Yr) 
Now Y,Y,41 Y', isa A hence Y Y'r HY Yea 2 Yr¥ rea 


z 


Yp 
y Yr+1 


R 


Fig. 309. 
Hence clearly Sny > Sr 


a 
5 (YF Yr) > 2Y Yra) 

Hence the perimeter of the inscribed polygon 
monotonically as n gets larger and larger. 

_ Now to show that the perimeter has an upper bound, we 
consider the circumscribed polygon of 2° sides whose sides are 
tangents to the given circle at the vertices of inscribed polygon. 


y a similar argument we can show that 


increases 
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(i) the perimeter of circumscribed polygon decreases 
monotonically as n gets larger and larger and 


(ii) Perimeter of a circumscribed poiygon of 2" sides would 
always be greater than the perimeter of inscribed polygon of 2" sides. 
Of course in both these we will make use of triangle inequality. 
(The sums of the measures of any two sides of a triangle is larger 
than the measure of the third side). Hence S, approaches a 
limit. 

Now we can say that the circumference C of a circle 
would beless than the perimeter of circumscribed polygon of 2^ 
sides as n gets larger and larger but more than the perimeter of 
inscribed polygon of 2" sides as ngets larger and larger. Of course we 
are aided by the fact that while the perimeter of circumscribed 
polygon is monotonically decreasing that of inscribed polygon is 
monotonically increasing. 


Theorem XV(24). The ratio of the circumference of a circle 
to the length of its diameter is the same for all circles. 


Proof, ; Let us consider two circles C, and C, with centres Pi 
and P, and with radii r; and r, respectively. Let Y, and Y,,, be any 
two consecutive vertices of a polygon of 2" sides inscribed in circle C, 


and let Y’, and Y’,,., be any two consecutive vertices of a polygon. 
of 2” sides inscribed in C, 


Then mE VEN ye 90 y?) 
za" 

Also m7 TP ey! p55 a (why ?) 

Hence LY PY r = ZY PSY. 


C, ur 
Y- Y. 


A ra gun 


Fig. 310. 


Hence 151 Correspondence P,Y,Y. Lye is a simi 
larity and A BYQSM A pues Rv PEE Mg, 08 


(S.A.S. similarity theorem. How ?) 
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(Y+¥ru1) Y'm 


Hen 
Se Pirr U-— PX 
oe YrYre1 ke YY’ rat 
[x T 
PE Goo EA 
< Yren) 1. Y'o ) 
o % r a r i 
- Pra) PEY r) 
2r a 2r' 
{< S, Sa M 
d mi aut 


Where S, is the perimeter of pol i i i i 

ere S, polygon of 2" sides inscribed 

a bis d is a diameter of C, and S', is the perimeter of paler of 
sides inscribed in C, and d’ is the diameter of Ca. 


NN Ud E : a 
T Now on taking limits of each of the sides of (i) as m becomes: 
Inünite, we get : 


S y 
Lt an = EE 
Hn—o ( 7) EX d ) 


1 1 
ex* — Lt S= — Lt (S'n 
d qe d E. ) 
e LA 
d vu 


Where C is the circumference of C; and C' is the circumference: 


of C, as by our definition. 


Lt S, equals the circumference of C, and 
Hn o 


Lt S', equals the circumference of Cs. 


H—- o 


. .,Hence we prove that tbe ratio of circum 
its diameter is the same for all circles. 


ference of a circle to 


Now E is noted by familiar symbol * which approximately 


equals 3:1614. Its more accurate value is 3:14159265358979. How- 
ever value of x has been calculated even up to à thousand places of a. 
decimal with the help of electronic computer. Therefore 


Oat — C=nd 


C=nr. 2r e Cc=2 Tl. 
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Now to develop the concept of area of a circular region we 
have to make the following definitions, 


Definition. The union of a circle and its interior is called a 
circular region. 


Definition. The area of a circular region is the limit of area 
of a polygonal region bounded by a regular polygon of 2" sides 
inscribed in a circle as n becomes infinite 


To establish this, we have to prove that : 


(1) The area of a polygonal region bounded by a polygon of 
2^ sides inscribed in a circle increases monotonically. 

(2) The area of a polygonal region bounded by the circums- 
cribed polygon of 2” sides whose sides are tangents to the given 
circle at the vertices of inscribed polygon is always greater than the 
area of polygonal region bounded by the inscribed polygon but it 
decreases monotonically as n gets larger and larger. 


We can prove these statemen 


; ts by employing the same techni- 
que as we did while proving C=2zr, 


Now area of polygonal region is equal to 2" x Area of 
APY,Y,4—2^xixPNx Y Yria 


Yr 
cS TM 
Fig. 311. 
Where PN is perpendicular segment from P to NO por 
e 2^. 4 (PN) (Zoe ten) 
DM " i 

wj 3« 3 (PN) Sa where S, is the perimeter of inscribed 
polygon ($425. YiY,a ) 

e + (PN) S,, 


Now the area of a circle will be limit of i 


infinite (PN) S, as n gets 


or A= Li SENS; 
H—-o0 

Ed 4 Lt (PN)x Lt S; 
n> 2 no 

se irC 

Hence A=4 r. nr =xr 


Problem Set 


1. Prove that tl i 

. * 1e perimeter o * 
circumscribed about a WAR uec piscem E: 1 ps 
and larger. ally gets larger 


p) r í 
——Á Prove that the perimeter of a regular polygon of n sides. 
ribed in a circle increases monotoni : 
eae tonically as n gets larger and. 


m 3. Prove that area of polygonal region bounded by ins- 
ribed polygon increases monotonically. 

4. Prove that the arca ofpolygonal region bounded by cir- 
cumscribed polygon decreases monotonically. 


In this course our effort has been to integrate methods of 
Pure Geometry with that of Analytical Geometry: Accordingly we 
proved earlier some theorems by the method of Pure Geometry as 
well as with Analytical. Geometry. Some of the theorems that we 
proved by both the methods are : 


(1) Concurrency of medians of triangle. 

(2) Concurrency of bisectors of angies of triangles. 
t (3) Measure of the line segment joining the middle points of 
Wo sides of a triangle is half the measure of the third side. 


orems of Pure Geometry with 


We can prove many more the 
We now prove one or two more. 


the help of the Analytical methods. 
ent joining the middle. 
the third side. 


s of whose vertices are 


. "Theorem. Prove that the line segm 
points of two sides of a triangle is parallel to 


Given: A A ABC, the co-ordinate 
AQy1), B(xys) and C(xs Y3). 


er Lg 
To prove that: DE || BC. 
. Proof. IfD is the mid point of A5 and E is the mid point of 
AC, then the co-ordinates of D-and E are 


xax y+» yg (Ht at») 
DEEST 2 ys( 3737999 
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= 
Now the slope of DE will be 


AXA) 
D E 
B(x;,y)) C(55,,) 
Fig. 312. 

Vitye  Xakys 

2 2 _ Ja)» 
Xit Xə XıtXş — Xa— Xz 

2 2 


= 
The slope of BC will be 22—73. 
Xy— Xa 


<e e 
Hence DE || BC 
Theorem. Prove that the diagonals of a square are perpend 
cular to each other. 


Dixy *a) C(Xita,y*Q) 


A(X) B(x,+a,y,) 
Fig. 313. 
Given: A square ABCD, the measure of each of whose sides 


E a. If the co-ordinates of A are A(X, Yı), then those B, C, D will 
tbe : 
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B(x,-Fa, xj) 3 CQas- a; yi) ; Dom, Yi a) (why ?) 


" ex y+a-y 
Now slope of AG= 2342771 —-1 =mi(say) 


X+a—X, 
< J. — 
Slope of Bb. aac Lee espe 
Xj—-Xi-a —a m 
€ <e 1 
Hence ACBD as mx T -—1 


. We can prove many morc theorems involving figures consisting 
of lines, angles etc. etc. Let us now take up some about circles. 
To nd this, we will first have to develop analytical theory about 
Circles, 


. We have defined a circle as a set of all those points which lie in 
a given plane x and whose distance from a given point P inzisa 
given positive number r. 


O (xy) 


Fig. 314 


Let us consider a circle whose radius is r and whose centre is 
atthe origin. So we know that the centre of circle is P(0,0). If 
(X, y) is an arbitrary point on the circle then 


PQ=v (x—0)*+ 0—0) (why ?) 


Lx 
Hence — /xfpyi-r or +="? 
1 2 2-2 
By reversing these steps we can show that if x*«Fy'—r, then 
P(x, y) isa point on the circle whose distance from its centre is T. 


we actually draw this circle and take an arbitrary point on it, we 


shall find that its co-ordinates will satisfy the equation X^4-)"— 


. Now let us consider the general case when the centre 1s at the 
Point P(h, k) and its radius is r. 
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Let Q(x,y) be an arbitrary point on the circle. Now PO=r. 
and PO— V (x—h) + Q— Kk)? (why ?) 

Hence V (x—h)*--(y— kar 

e (x—h)* + (y—k)?’=r? 

e x*—2hx-- hi? -- y? —2ky - k2— r? 

| x? y? —2hx—2ky -- I? 4- k?—r?=0 


O(x,y) 


Fig. 315. 


The standard equation of a circle is (x—h)?-+ (y—k)2=1* 
whose centre is P(/; k) and whose radius is r. Of course we can 
write it in the form x?--)? —2hx —2ky 4- h?+ k —r2—0 
and then we can write it as 


x?-- y?--2gx--2fy -- c—0 if we write 


—h=g, —k=f and h?+k?—r?=c. This is called the general 
form of an equation of a circle. 


Theorem. The graph of an equation of the form 2?4-)?-- 
2gx+2fy+c=0 is (1) a circle (2) a point or (3) an empty set. 

We have already established that every circle is graph of an 
equation of the form x?--y?--29gx-L2fy--c—0. In other words we 


have established that the equation of an arbitrary circle will be of 
the form x?4-)?--2gx--2fy--c—0 


Is the converse to this also true ? In other words will the graph 


of an equation of the form X*--y*--2gx--2fy--c—0 always bea 
circle ? 


Now the given equation is X*-E3?--2gx--2fy--c—0 and we 
can write it as : 


x?--y*--2gx4-2fy-- c—0. 
(17+ 28x 8?) + Q?-2fy +f?) gt. ftc 
€ (H8) ++) = (vee 
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Now when we compare it with standard form of equation if a 
circle viz., (x—h)?2- (y —k)?— r2 
then we find that if h=—g, k=—f and r= VEF then it will 
be a circle whose centre is (—g,—f) and whose radius is Vgfi-c. 
This implies that £?4-f?—c should be a positive number or 

gt+f2—e>0 

Now what happens ifg!--f?—c—0 ? In this case the given 
equation becomes (x+g)?+(y+f)2==0 and the graph of this equa- 
tion will be a single point (—g,—/f). Now if g*--f?*—c«0 which 
implies that the sum of two squares (X4-g)*, (y+f)* is a negative 
number g?-- f? —c then 


The given equation is not satisfied by the co-ordinates of any 


Point. Then the graph ofthe given equation wil be an empty 
set, 


We, therefore, summarise this discussion as follows : 
The graph of x? +y?--2¢x+2fy-+c=0 will be (1) a circle (2) 


H È ^ à s ie 
a point or (3) an empty set, according as if g*+f*%—e is positive, 
zero or negative. 


Example 1. Find the equation of the circle whose centre is 
Origin and whose radius is 4 units. 
Solution. The required equation is 
(x—0)*-:(y—0)*— (4)* 
e xi y*—16, . 
,, Example 2. Find the equation of a circle whose centre is 
Origin and which contains a point Q (6, 8). 
Solution. Let the radius of the given circle ber. Then the 
equation of the circle is Met 
(x—0)4(y-09-P e xr 
Now as it contains the point (6, 8), hence i 
(6*-- ()*—r* bars 
Hence the required equation is x*+y?=100 
Can you do this problem through somewhat 


Proach ? Will not the radius be equal to 4 (6—0)?+ (8—0) 
=10 (why ?) 


different ap- 
24100 


Example 3. Find the equation of a circle whose centre is 
Pa, 2) and whose radius is 5 units. 
Solution. The required equation will be 
(x—1)4-0—2*- (5)* 
s (x—1)2-+ (y—2)?=25. 
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Example 4. Find the equation of a circle whose centre is 
P(—3, —4) and which contains a point Q (2, 3). 
Solution. Now the radius of the circle will be 
PQ =V (—3—2)*--(-4—3)2 
=V25+49 —474 
Hence the required equation will be (x-+3)?+(y+4)?=74. 
Alternately. Let the radius of the given circle ber. Hence 
the equation of the circle will be (x+ 3)*--(y-4)!or?. Now it con- 
tains the point Q(2, 3). Hence (22-3)? -- (3-- 4)? — r? 
25+49=r? < 74=r? 


Example 5. Will the graph of equation x?+)2—4x-+6y 
+9=0 bea circle ? If so, find its radius as well as the co-ordinates 
of its centre. 


Solution. x?--y*— 4x 4- 6y+9=0 
d (°—4x-+4) + Q?-F6y 4-9) —4--9—9 
xr (x—2)*-E Qr4-3)*— (2). 


Clearly the graph of the equation is a circle whose radius is 
2,units and the co-ordinates of whose centre are (2, —3), 


We have already proved that the graph of the equation 
X1--3?--2gx--2fy-- c—0 will be a circle if g*--f?— c is positive. This 
equation has three unknown quantities namely g, f and c and 
assuming that g?+f?—c is positive, we need three equations 
containing g, f, and c to find out the value of g,f and c to 
enable us to determine the equation of a circle. It implies that we 
should know the coordinates of any three points on the 
circle. We have already proved that three non-collinear 
points determine one and only one circle and the same is being 
indicated to us. Suppose we are given three points A(3, 0) ; 
B(—3, 0) and C(0, 5). Wecan prove that these points are non- 
collinear. We will be led to the same conclusion if we come to 
graph these points. Will these determine a circle? Let us assume 
that these points do determine a circle and its equation is 


X Ey*--2gx4-2fy--c—0 
Then as the circle contains the points 
A (3,0), B (—3, 0) ana C (0,5). Hence 
(3)?+ (0)?+-2g(3)+2f(0)+e=0 
and (—3)?+ (0)?4-2¢(—3)+2f(0)+e=0 
and (0)*-- 5)*--22 (0)--2 f(5) 4 c0 


MÀ —À—ÓÀ — 
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On simplification we find that this set of equations is equiva- 
lent to the following set 


6g+c+9=0 è RGD) 
—6g+c+9=0 (2) 
and 10f+ce+25=0 .-(3) 


On solving equations (1) and (2) simultaneously we get 
—16  —8 
2¢+18=0 or c=—9 and g=0. Ifc=—9 then f= do 773 
on {substituting the value of C in equation (3), 
Hence the equation x*-y?4-2gx 4-2fy 40-0 
becomes xy CI y—9=0 


and we can write it as 


8 

= 
e e-ore(»- ij 2705 
e c-o«6-3i)-() 


" 8 
Hence the centre of this circle is (o. bs ) 


and its radius is a units. 


deter- 
Example 6. Will A (1, 3); B (1, —2) and C (5, 3) dete 
mine a circle ? If so, find its radius and co-ordinates 


Solution. Let us assume that these points determine a circle 
and let its equation be 
x?+y?+2gx+2fy+c=0, r 
As A (1,3), B (1, —2) and C (5, 3) lie on this circle. 
Hence (1)?-+-(3)?-4+2g(1)-+2f(3) +e=0 
and (1)?-++ (—2)?-2g(1) +-2f(—2) +e=0 


Su ()*-- (3)*--28(5) -2f(3)-- c0 
Which on simplification become (1) 
Ig-hofre—s10 .Q) 
and 2g—4f4-c— —5 .) 


and l0g-+6f-+e=—34 
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On eliminating ‘c’ from equations (1) and (2) and from 
(2) and (3) we get 


10f=—5 and —8g—10f=-29 

Hence we get f=—i and —8g—24 ie, g=—3 

Now as 2g4-6f4 c— —10 

Hence —6-4-(—3)--c— —10 
or c=—1 

Hence x°+y?+2gx+2fytc=0 . 
becomes x*-y'— 6x—y—120 which we can write as 

(x6 —6x--9) - 9?—y 4-3) —9-- 241 

or (x—3)?+ (y—4)?= 103. 


i d 
Hence the coordinates of the centre of the circle are (3, 3) an 
the radius is 4/102. 


Theorem. If the co-ordinates of the end points ofa e 
ofa circle AB are A (xi, yi) and B (xz, y;) then the equation o 


P(x, y) 


A B(X2,Yp) 


Fig. 316. 


circle is (x—2x,) (x—x,) + (Y—Y1)(Y—Y2) =0. 


Given: The coordinates of the end points of diameter AB ar 
A (xı yı) and B (xs, yə) 


To prove that : "The equation of the circle will be 
(23) (x29) + (y— y) (y 94) —0. 
Proof. Let Q (x, y) be any arbitrary point on the circle.. 
The centre of the circle will be mid point of AB. 
Hence the centre will be P (5f, AP ) How 2) 


Also the radius r of the circle will be lAB 


Hence r=i (xixa) + (i=)? 
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Therefore the equation of the circle is 
" - \2 , ] << rr 
(s- SE a (y- 2) vcr oi ) 


5-39? 
np 


" 2 
e xx deas) +E yir 


=][ (4) 2x) 01291 
€ x*— x (x, 4-23) 32x18 3-3 — 903-9) HVV 0 
€ (x—x)(x—x)4- (Y—I1) (VY—-Y2) =0 


Alternatively :— 
mZAQB=90 (why ?) 


eo y-y 
Now the slope of QA is x = 


— y—»s 
and the slope of QB is gms 


JU» ye —P» 1 [mZAQB=90] 


Henc 
nge X—JX X--Xa 


or (y—y,)(y—y:)=—1(x— x1) (x—2) 
€ (-»)(-»)T(x-x)(x-721)270 
Alternatively D" 
(QA)*+(QB)*=(AB)* (why ?) d 
[G—x)*4- D-a] 729 *- De) a3]! 01739) 
€ Ix? + ay ye Ri F 7 


5i " /—0 
e» 231422 — 2x35 — 2208 - 291 — Vye + 2o Aye 


€ Xxx xx xo EY —J 32-0 

€x (x-a) tO- -= pa 

, Example 7. Find the equation of the cirge whey PS 1 
‘ordinates of the extremities of a diameter are Le 

30 find its radius and the coordinates of its centre. 


circle when the c 
) is 


-ordinates of 
Solution. The equation of a woe TÉ 
€xtremities of a diameter are (Xx) and (e Je 
(x—x,) (x3) +(9 7) 0772) =9 

In this problem aj, A> 

Y= 3; yo=—2 
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Hence the equation of the circle is 
(x4-5)(x—5) + (y—3) (y 4-2) 20 

eo x2—25-r-y?— y —6—0 

e (x)?-+(y—4)?= 314 


Hence the co-ordinates of its centre are (0, 4) and its radius is 


We have already discussed that a line intersects a circle p 
points if the measure of perpendicular segment from its centri ee 
the line is less than the measure of its radius ; it intersects the cir m: 
in one point if the measure of perpendicular segment from its repe 
to the line equals the measure of its radius and the line does : 
intersect the circle at all if the length of the perpendicular segmen 
from the centre of the circle to the line is greater than the aes me? 
of its radius. Let us prove the seme by the help of analytica 
methods. 


To prove it we need to make use of the following property of 
quadratic equations :— 


A quadratic cquation ax?--bx--c—0 will have two roots ja" 
values of x) if its discriminant b?—4ac is positive; it will have on 
value of x if its discriminant b2—4ac equals zero and the solution. 
of the equation will be an empty set if D?—4ac is negative. 
course the cases a=b=0, c40 and a=b = c—0 are excluded as these 
do not make any sense from our present point of view. 


Let the equation of the circle be X*-py*-g? with P(0,0) as be 
Centre and with r as its radius. Let y-—mx-c be the POUR né 
the line. Now to get the co-ordinates of points of intersection o = 
line and the circle we have to solve these equations simultaneously. 

Now x?+y?=r? and y=mx+e, 

e X (mx--c)— r2 

e 4 mPx24 c? mex re 

> X(1+m?)+2mex+e—r=0 


_Now | X(-m)--2mex4c—;p—9 is a quadratic equatiom 
and its discriminant is 


(2mc)*—4(1--m?) (cà —72) 
—4mci— 424. 4r* —4nm?c? + Apr? 
=4m?°r?— 462. 472 


Now the equation will h 
all according to if 4m?r?2—4 
than zero, 


ave two roots, one root or no der at 
2 5 
"+ 4r? is greater than, equal to or les 


. 
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Accordingly if r?(1--m?) —c?>=or<0 


if r(14-m?) 2 —orcc* 

or according as if r’>=or< = 
= 14m 

or according as i Sore LN 
2 ~Vi+m 


r s c 
or according as if ——j———<, =or>r 
S cVirm 


Now the length of perpendicular segment from P(0,0) to 


c 


yemx4c or y—mx—c-0 is 4———; 
J XVIe 
or it equals e - in magnitude 
Vi-+m 


Hence we prove that intersection of a line with a circle will 
consist of two points, one point or an empty set according as if the 
length of perpendicular segment from the centre of the circle to the 
line is less than, equal to or greater than the measure ofthe perpen- 
dicular segment. Now if the line intersects a circle in only one 
point, then it is a tangent to the circle. Now y=mx-+c will bea 
tangent to the circle if c=r/] +m? 


Hence y:=mx+r/1-+-m? will be tangent to x+y=r, Now 


these are two equations. Hence we have two tangents to a circle 


from a point exterior to it. 

: Let xay? be the 
this circle. Now how to 
Let y-y'—m(x—x') be 
(Point—slope form. 


. The tangent to a circle at a point on it 
given circle. Let (x', y') be a point on 

nd the tangent to this circle at (X^, y’) ? 
any line through the point (x’,)”) with a slope m. 
of the equation) 


Now xiLytr? and y—y'=m(x—x’) 
< epp +m’) =r 


xt p yt-Emf(x— x! +2 maxx) 2r 2 
xtp 2x2 2y'mx —2mtxx! y "mx ay mx =r 

n foot ty pd 
x2(1 Em?) -+-x(2my! —2mPx') +Y 2 4 mx? —2mx' y to 


V1 1 


his will be equal to zero if 


Now the discriminant of t A 
1--n£) (y 2-- nex? —2mx y 


(2my' —2m?x')?—4( 
or 4m? (r$ —x"?) +.8mx'y! 4-4 —4y5—0 


—r*)=0 
wah) 
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Now as (x'y') lies on the circle 3?-- y2— ;? 

hence x'?-- y'?—7? ; therefore y?*zn-xt* 

and cep ys 

Equation (1) becomes 
4m*y'?-- 8mx'y' --Ax'2— 0 


or m*y"?--2mx'y'--x'2— 0 
or (my'+x')?=0 
or my'+x'=0 or m= 


line should be 


—x " ct 
——75—. Hence the? equation “of the 
y .eq Lor, 

becomes 


— x’ 
=y = ———(x—x 
yay rn ) 


€ yy—y?-—xx-px? 

€x py xx — yt x 

€ yy --xx'—r (as x24. y? 2) 
Alternatively : 


langent 
(xy) 


Fig. 317. 


Ify—y'=m(x—x') is ircle x*-- y*— 7? then 
the length of perpendicular Wu Mu anas "Qo the give 
| 1 Segment fi igi ad 
line will be equal to the paws of Rie rg hot dac 
Now the len i 
m A gth of perpendic 
y—y —m(x- xor y— mx (mx' —y'— 0 would be 
0—0-- (mx' —y) mx' —y' 
V L-- (5m) Vim 
=2mx'y'=r?(1 4m?) 


ular segment from (0,0) to 


or myy 


"3 or the slope of the 


tangent line 


| 
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or — nm?x?—2mx'y'4-y?— r*(1--m2)—0 
or nex’? —Imx'y' 4-y'2?— (x24- y?) (12-02)—0 


or BUR Nyse id l 
m*x'?—2mx' y 4- y'2—x'2— y2—mx?—m*y*—0 

or — ny? —2mx y —x'2—0 

or n&y*-L2mx'y 4-x'?—0 


à : : : 
and we once again arrive at the same equation. 


Alternatively : 


T 


Q(xpy1) 


Fig. 318. 


= 
If PQ is the line perpendicular to the given line then the slope 


< 

of PQ PE aa 0 pep 
x,-0 ES 

nd which 


e 
Hence the slope of QT which is tangent to the circle a 


. e " 
Will be perpendicular to PQ would be S 
i 


Hence the equation 
y-J ,2m(x—o) becomes 


s3 yy y= xy? 
dé yy, xx, aye? 
c ^ ynutxx,2rn 

cle 


Example. Find i 
x? ple. Find the equatio 
335.41 at the point Q (4, 5) 


xx! Solution : Equation of a ta 
Xy'—r? where (x',y') are the co- 


n of the tangent to the cir 


ngent is given by the formula 
ordinates of Q. 
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In this problem x'—4 and y'—5 and r?=41. 


Hence the equa- 
tion of the tangent is 


4x+5y=41 
Problem Set 
A 


1. Find the equation of the circle and also draw their graph 
if the centre P and radius r are as follows ; 


(a) P is at origin and r=6 units 
(b) P(—2, —3) and r=7 units 
(c) P (—3, 0) and r=4 units 


(d) P (0, 2) and r=3 units 
(e) P (0, 0) and r=1 units 
(f) -P.(2, 7) and r=2 units 


2. Find the equation of a circle and also their graph if their 


centre is P and if they contain a point Qand if the co-ordinates of 
P and Qare as follows : 


P (—3, 2) and Q (7, —5) 

P (7, 0) and Q (1, —3) 

P (—3, —5) and Q (0, 0). 
B 


-ordinates of the centre and measure of the 
g circles. Also draw their graph. 


(a) x*4-y* —4x--6y—0 

(b) 3*4 y? —2x-E4y--21—0 
(c) x*4-y?4 5x—3y--11—0 
(d) 16--6x—3?— ys—0 

(e) 4x*-- 4? —12x--4y —15—0 
(f) 222 -2y*--5x—7y—10—0 
(g) 3x?--3y?-- ax 0 

(4) 24—8x—6y—x?_ 29, 


_ l. Find the co 
radius of the followin 


2. Given a point Q (x 
if 2 (X, y) and the sum of squares of Q from 
el 2 D. and B (0, 5) is equalto 5. Will the Tons of Q be a 
ass so, find the co-ordinates of its centre and the length of its 
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3. 4 Find the equation of each circle, the end points A, B of 
whose diameter are as under. Draw their graph and also find the. 
co-ordinates of their centre and measure of their radius. 


(a) A (—2, —1) ; B (3, 4) 
(b) A(—1,2) ; B(4—1) 
(c) A (3, —9) ; B(—5.6) 
(d) A (0, 0) ; B (a, 5). 


. 4. Find the equations of circles, the end points of whose: 
diameters are the centres of the following circles. 


(a) xt-Ey?4-2x4-8y—120 ; 334)? x—3y—1—0 
(b) 2x3--25? 4-5x—7y—10—0 ; 
16x?4- 1652 — 16x—8y—11—0 
5. Find the equations of circles containing the points : 
(a) (0,0) ; (5,0) and (0, 5) 
(b) (0,0) ; (4,5) and (—4,5) 
(c) (a, 0) ; (—4, 0) and (0, b) 
(d) (5, 7) ; (8; 1) and (l, 3) 
(e) (1, 1) ; (2; —1) and (3, —2) 
6. Find the equations of circle which contains the origin and. 
which cuts off intercepts C; and C, from the axes of x and y. 
7. The equations of sides of a rectangle ABCD are as follows + 
x43y—7-0 x--3y—1220; 3x—y+9=0 
and ax—y—6=0. 
Find the equations of the circles in each of the following cases = 
(1) A circle containing A, B and C. 
(2) A circle containing A, B and D. 
(3) A circle containing B, C and D. 
(4) A circle on AC as diameter. 
(5) A circle on BD as diameter. A e 
ri i i which passes through the 
oci Ds ind tbe equation thle ep Denote 
Solution. Let the equation of the circle be 
xt yt4-2gx4-2fy4 c-0 
Now as the circle contains the origin, 
0-2-0--0-4-04-c—0 Hence 0 
The equation of the circle becomes 
xy? 2ex + 2fy=0 


hence 
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Now find the coordinates of its centre and the measure of its 
radius, we write it as 


(x 4-2gx--g?) - G?-2fy -f*) - g* f? 
i tg) HOS) =N 


Hence the coordinates of the centre are (—g, —f) and the 
measure of its radius is 4/ g?+f?. 


Therefore Vgfi—5 or g?--f*—25 sank) 
Also P (—g, —f) lies or x—y=0 
Hence —g+f=0 or gef "o 
Now g?Lf?—25and g=f 
< fP+f?=25 e 2f?=25 

2 32 5 
< ELI D: < IER 

5 

Also then g— V2 
Hence the equation of the circle becomes 


10 10 
2 2L c = 
a ee” o aes 
9. Find the equation of the circle which contains the point 
(3, 4) ; whose centre lies on 3y—4x--0 and whose radius is 2+ 
units. 


10. Find the equation of the circle containing the points 

(1, —2) and (4, —3) and whose centre is on the line 3x-+4y—7=0. 
[9] 

Find the equation of the tangent to the following circles : 
(a) x®+y?=149 at the point (10, 7) 
(b)  x*4-y*-25 at the point (3, 4) 
(c) 2x? -2y*—4 at the point (1, 1) 
(d) x+4+y=7 at the the point (2, 2). 
_ 2. Find the equation of the circle whose centre is at (2, 1) and 
which is tangent to x-axis. 


: 3. Find the equation of the circle whose radius is 4 and which 
is tangent to both axes. 


L 


f 4. Find the equation of the circle whose radius is 5 and which 
is concentric to x*4-y?--2x--4y--4—0. 


5. Find the equation of a circl 


€ e which is tangent to both axes 
and whose centre lies on y=x. 


6. Find the equation of the tangent with centre at (2—3) 
and radius 5 units. 


7. Find the locus of P such that the sum of its square from 
(—2, —3) and (4, —5) is 23. 


CHAPTER XVI 
OTHER NEW GEOMETRIES 


(Euclid displaced) 


We have developed Euclidean geometry asa logical deductive 
system little caring about its applicability to the real life situations. 
Óf course, we adopted those axioms which are true within the limits. 
of experiment on the surface ofa sheet of paper. But is the plane 
ofsheet really plane ? Is it not covered with small ridges and 
furrows ? What will our sheet look like under a powerful micros- 
cope? Will our axioms and postulates hold if the sheet has these 
ridges ? Is every small portion of our space as ‘plane’ as that of a 
sheet of paper ? 


In fact our axioms and postulates are more likely not to. 
hold if we consider their applicability to the space in which we 
live or even to the surface of our planet which has lots of hills, 
ridges and furrows. A mathematician, however, is not interested in, 
applicability of the system that he develops. He does not care 
whether his assumptions hold in real life or not. He only cares to. 
see that his assumptions are consistent which means that none of his. 
assumptions should contradict another onc. If his set of assump- 
tions is consistent then there will be no contradictions 1n the. 
theorems that he proves with the help of these assumptions and the 
theorems which have not been discovered or proved but which cout 
be proved within his system. Suppose a theorem can pen P VES 
within the system whose proof is flawless but which contra! ice B 
result of another theorem of the system then it implies that t P ihe 
of assumptions of the system are not consistent and the mai En 
matician need to examine his set of assumptions ID order to wee 
out or modify the one that has created the trouble. 


: ; e 
To illustrate this point, let us discuss the following set o 


axioms. 


Ai: The sum of two numbers is another number of the 


System. 
A: Every number has a uniq 


risa unique immediate 


ue immediate successor. 


successor of one 
Ag: Every numbe 


and only one number. 


then either the first number 19 


A,: Given any two numbers, 
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-smaller than the second or the first number equals the second or the 
-first number is larger than the second. 


As: The largest number is 12. 


Now it is evident that the first four Axioms are true for the 
set of natural numbers while the fifth is not. 12 is an immediate 
successor of 11 but 12 does not have an 
immediate successor as according to As, 
there is no number like 13 existing in the 
system. Also 74-52-12 but what about 
84-5? Soset of natural numbers cannot 
be a model for this set of axioms or in other 
-words we cannot establish the consistency 
ofthis set of axioms if we take the set of 
matural numbers as a model. Let us look 
for some other model. It will be useful to 
remember that to establish the consistency 
of a set of axioms it is enough to find one Fig. 319. 
model for which there are no contradictions in the set of axioms. 
Let us consider what is known as ‘clock arithmetic’. In this we 
have numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12. In this the 
sum of two numbers is another number. 2+9=11 ; 3+9=12 ; 
44-9-—1 are its examples. If we start from the step 4 on the clock 
cand count 9 steps further, we arrive at l. Also 8+5=1. 3—8—7 
in this system which of course we can verify. So in this system A, 
holds. Ag is also satisfied as every number has as immediate 
successor. The immediate successor of 12 is 1. Also A} holds. As 
is also satisfied. 


But what about A, ? Given any two numbers in the system 
then one of these is less than or equal to or greater than the other ? 


Let us consider 7 and 5. 7—2=5. Hence 7 is larger than 5. 
But also7+10=5 (How ?). Hence 7 is smaller than 5. So A, 
does not hold. In actual life we do not know whether 7 0’ clock 
comes after 5 0’ clock or before it? (How is it?) So we have not 
-been able to establish the consistency of this set of axioms. May be 
the reader could do so by finding a suitable model ! ! ! 


By taking suitable sets of axioms, the mathematicians have 
developed new geometries—known as finite projective geometries. 
Let us discuss one as an example. 


Let the set of axioms be as follows : 


_ Ay: If P1 and P, are any two points, there is atleast one line 
which contains both P, and P,. 


A,: If P; and P; are any two points, there is atmost one line 
that contains both P; and P,. 


As: Ifh and l, are any two lines, there is atleast one point 
that lies on both /, and J. 
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A,: Every line contains atleast three points. 
, As: Iflisany line, there is atleast one point which does not 
lie on /. 

Ac: There exists atleast one line. 

Now if we look at this set of axioms closely then we find that 
As states that every two lines must intersect. In other words it 
excludes the existence of parallel lines, It contradicts the Euclidean 
Parallel postulate. Of course it is easy to establish that this set of 
axioms is consistent. 
i Let us consider the figure 320 as a model, A, states that 
if P, and P, are any two points then there is atleast one line that 


Fig. 320. e 

Y isissatisfied if we consider P, and P, 
dpi But is itsatisfied if we consider 
ntains both P, i) " ? nd 
` i i ircle joining P, and. Pe! annot i 
bout the arc of the inscribed circle joining aand, Pee ee 


Contains P; and P,. 
or P, and P, etc, as our points. 
aand Pg? Is there any line that co 
€ our line ? Yes, of course. In this system, E 
Our lines as ones which are only ‘straight’. Simply eer TEE 
a set of points. Hence A, is satisfied. Ag is also satis x e Red 
is only one line containing any two given points Ag is a eae 
as every two lines have one point in common. It m SUED 
We are taking the inscribed circle as a set ora! Similarly ra 
Satisfied as every line contains atleast three points. tent.» It may 
and Ag are satisfied. Hence our set of axioms is bene ME «point 
€ noted here that a ‘point’ or a ‘line’ should no metry. A point 
Or the ‘line’ as we mean them in Euclidean oe ix P nM 
Could be any object that has the properties d Us RD T 
mds it should have, Similarly a line could also o ERES of two 
may, however be noted that this axiomatic ind d. relation—con- 
Undefined terms—points and lines ; one undefine some theorems 
tains or lies and six assumptions. Now let us prove 


im this very system. 
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Theorem 1. There exists atleast one point. 
Statement Reason 
(1) There exists a line / (1) Ac 


(2) If lis a line then there (2) As 
is atleast one point, P, 
that does not lie on / 


(3) A point P exists (3) Statement 2. 
Instead of making use of As, we could have made use of Ag 
and arrived at the required result. (How ?) 
Theorem 2. Two points determine exactly one line. 
Statement Reason 


(1) There exists atleast one (1) Ai 
line containing both P, 
and P, 

(2) There exists atmost one (2) Ag 
line containing both P, 
and P, 

(3) There exists exactly one (5) Statements 2 and 3. 
line containing both P, 
and P, 

Theorem 3. Two lines have atmost one point in common. 


Proof. Let us assume the contrary and state that two lines 
l and l, have two points P, and P, in common. So there are two 
lines /, and /, containing both P, and P,, But this contradicts Aa 
Hence the assumption that l, and J, have two points in common 
has to be abandoned. 


Theorem 4. Two lines have exactly one point in common. 
"Theorem 3 & A, helps us in proving this. (How ?) 


Theorem 5. Givena point P. There is atleast one line that 
does not pass through P. 


lj 
Q 


l H P 


Fig. 321. 


prove. 
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Statement 


(1) There exists a line / 


If / does not pass through P, then we hav 
Let us assume that 7 passes through P. 


(2) There exists a point Q 
that does not lie on 7 
(3) lhas a point sp 


(4) There is one and only 
one line / containing 


Q and P, 
(S) Dese d 


(6) P will not lie on / 


(7) l is a line that does not 
contain P. 


Reason 
(1) As 


e nothing further to. 
(2) As 


(3) Ay 
(4) Theorem 2 


(5) Since /’ contains Q while 
1 does not 

(6) Since J and !' can have 
only one point in common 
and / and /' have a point 
P' in common and P' pr 

(7) Statement 6. 


Theorem 6. Every point lies on atleast three lines. 


P 
i a Ie 
i 0 "Dus 
Fig. 321. 
Statement Reasan 
(1) There is a line / (1) Ac 
(2) There is a point P that (2) As 
does not lie on / 
(3) l contains points Qu, Qe, — (3) Ai 
Q; such that Q, + Qe 
3 
(4) P, Qı determine a line — (4) Ay 


h;P, Q, determine a 
line /,; P, Qj deter- 
mine a line /, 


(5) LA hihzh; ll, 


(6) P lies on /,, h and h 


l=h=h then h, b, l 

6) Ed fiue atleast. three 

points Q;, Qe, Q; in comi 

mon with / which wil 
contradict theorem 3 


(6) Statements 4 and 5; 
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Theorem 7. If there exists one line that contains exactly 7 
points, then every line contains exactly n points. 
Statement Reason 

(1) There is a line / containing (1) Given 

Pi, Ps Py... Ps 
(2) There is a point Q not (2) As 

lying on l 


3 ; P3) : (Q, P9) ; (Q, P, 3) A, 
e) 7e ") pee ANS | 9l 
1, 2, Fg.-.!n 


[th & E Pn 
Fig. 322. 
(4) On k there is a point P'; (4) A, 
(5) (Pi, Pe’) determine a line / (5) Ai 
(6) P, hys. (Us b), (à, 1)... (6) Theorem 4 
I’, la) detetermine points 


P* Ena t Ria (P3 P3) 
which are distinct from each 
other 


(7) I’ contains atleast n points (7) Statement 6. 


Now we must show that /' contains exactly n points. Let us 
‘assume the contrary and state that /’ contains a point P',,,. 
Now (Q, P',,,) determine a line /,,4. (Inia, 1) will have a point 
P441 in common (Theorem 4). It implies that / contains n4-1 points 
which contradicts the hypothesis. 


‘Gee Hence the assumption that /' contains Payı has to be 
abandoned. 


Theorem 8. If there exists one line which contains exactly 
n points, then exactly n lines pass through every point. 
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Statement Reason 
(1) There is a line /. (1) As 


DE ee? 
Fig. 323. 


(2) There is a point Q that does not lie on /. (2) As 
(3) ! contains exactly n points P}, P», P,...P, (3) Given 


(4) (Q, P), (Q, P») (Q, P)... (Q., Pn) deter- 
mine lines J, /2, /,.../ such that hhl, (4) Theorem 2. 
A 


(5) At least z lines l, lz, 1,.../, pass through 
à (5) Statement 4 


Now we have to prove that atmost n lines pass through Q. Let 
us assume the contrary and state that an additional line /,,, passes 
through Q. Now (/,/) will have a point Pai in common 
(Theorem 4) Also Pí,,2:P;z5Ps,...P.. It implies that / contains 
n+l points Py, Ps, P,..P,, Paya which contradicts the hypothesis. 
Hence the assumption that an additional line /,,, passes through Q 
has to be abandoned, 


Theorem 9. If there exists one line which contains exactly 
points, then the system contains exactly n?—n+ 1 points. 


Statement Reason 
(1) Through point Q, n lines l, l, ls...ln (1) Theorem 8. 
pass 


(2) Every one of 44,1, .../ containsn—1 (2) Theorem 7. 
points besides Q. 
(3) n lines contain n(n—1) points besides (3) Statement 3. 


(4) The sytem contains n(n—1)+1 or (4) Statement 3. 


n?—n+ 1 points 
Theorem 10. If there exists one line whic 
then the system contains exactly n?—n+1 lines. ( 


h contains 7 points, 
Refer Fig. 324). 


452 


Statement Reason 
(1) I contains n points P,, P», P5,...P, (1) Given 


(2) Through each one ofn points P,, (2) Theorem 8. 
Po, Py..Pa, (n—1) lines pass 


besides /. 

(3) The system'contains n(n—1) lines (3) Statement 2. 
besides /. 

(4) The system contains n(n—1)+1 (4) Statement 3. 


or 7? —n-4-] lines. 


Uu LUND 


N 
P 
1 P, Pr 
Fig: 324. 


Let us consider another finite geometry. We have two un- 
defined elements, points & lines, one undefined relation ‘on’. Of 
course ‘point on a line’ or ‘a line on a point’ shall be understood to 
have same meaning. We take the following axioms. 


A, :—Every pair of lines is on at least one point. 
Az :—Each pair of lines is on not more than one point. 
A; :—Each point is on atleast two lines. 


A, :—Each point is cn not more than two lines. 
As :—The total number of lines is 4. 


Fig. 325. 


_ Now A, and As state that two lines meet at one and only one 
point. A, and A, state that cach point is on exactly two lines. The 
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Scometric figure given here would serve as a concrete model of this 
system. All the axioms of the system are satisfied. Hence we 
establish that the set of assumptions is consistent, Following 
theorems can be easily proved in this system. 


Theorem 1. Not all lines pass through the same point. 


Theorem 2. Two distinct lines have exactly one point in 
common, 


Theorem 3. Exactly two lines pass through each point, 
Theorem 4, Every line contains exactly three points. 
Theorem 5. The system contains six points in all. 

We can construct other models by using (1) Colours and colour 
schemes (2) containers and objects to be put in it (3) Teachers and 
committees etc. as our undefined terms instead of ‘points and lines’. 
Let our ‘points’ be the Maths. teachers in a school and let the ‘lines’ 


be the ‘committees’ formed to discuss curriculum, methods of teach- 
ing, club activities etc. etc. Let the set of teachers be :— 


(1) Sengupta (2) Kapur (3) Chawla (4) Trivedi (5) Aggarwal 
(6) Sharma 

Let the committees be : 

(1) Curriculum committees. (Sengupta, Kapur, Chawla) 

(2) Methodology Committee. (Sengupta, Aggarwal, Sharma) 

(3) Maths. Club Committee. (Kapur, Trivedi, Sharma) 

(4) A.V. aids Committee. (Chawla, Trivedi, Aggarwal) 

Now our assumptions will be interpreted as follows : 


(a) Each pair of committees has atleast one teacher in 
common. 


(b) Each pair of committees has atmost one teacher in 
common. 


(c) Each teacher is atleast on two committees. À 

(d) Each teacher is on not more than two committees. 

(e) There are four committees in all. 

The theorems will have to be re-worded as follows : 

Theorem 1. Not all the committees have the same teacher. 

Theorem 2. Two different committees have exactly one 
teacher in common. 


TI . I 
eorem 3. Exactly two Committees have a 
common 


Theorem 4. Every Committee has exactl 


Theorem 5. There are six teachers in all. 


teacher in 


y three teachers. 
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So we could find two models for the same set of assumptions. 
The reader can formulate as many more models as he wants to. 
Also the reader can develop his own finite geometry by taking a 
suitable set of assumptions involving undefined terms and par 
which should be consistent. Then he can build up his own body o 
theorems. 


Two other geometries which are of recent origin and on which 
we want to just touch upon are (1) Lobatchevskian or Hypertue 
geometry (2) Riemanian geometry. For more than two thousan 
years, the system formulated by Euclid (Euclidean geometry) occu- 
pied a position of authority. The rules formulated by Euclid p 
geometric relations were assumed to be true for the space. It was 
thought that space obeys Euclid and Euclid obeys space. In other 
words, it was assumed that space fulfills a certain code of rules, 
axioms, definition, postulates all laid down in one form or the other 
in the Euclid’s Elements of geometry. We can derive following 
postulates about space from postulates of Euclid. 


(1) Space is a continuous aggregate of points and not a dis- 


crete aggregate. This we derive from the following postulates O 
Euclid :— 


(a) A straight line can be drawn from any point to any point. 


(b) A finite straight line can be produced indefinitely i? 
either direction. 


Now if the space consists of discrete aggregate of points then it 
will not be possible to have (a) as well as (b) Moreover Eucli 
proved the proposition that ‘Every finite straight line may be bisect- 
ed’. Now if space consists of an odd number ofpoints then it may 
not be possible to bisect it as there may not be a point at a part- 
cular position at which the given straight line is divided into con- 
gruent lines. So Euclid must have assumed this postulate of conti- 
nuity which may be taken to mean that between every two points 
on a line, there is an infinite number of points. 


(2) The next postulate concerning space that Euclid assumed 
could be described as that of elementary flatness as while finding the 
circumference of a circle we assumed that the length ofan infinitely 
small arc of a circle ofa large radius equals the length of the 
chord joining the ends of the arc. It implies that to an observe" 
perceiving a portion of the surface of a very large sphere such a 
earth, the portion of the surface will appear to be flat. 


(3) , Another postulate about space that Euclid seems to hav 
assumed is the postulate of superposition. According to this, a body 
can be moved about in Space without altering its shape or size. 
implies that during motion, allthe lines and angles of the ‘body 
remain unaltered. Also ifa figure bas been drawn on some sùr 
face then it can be moved about without alteration in its size Of 
Shape. This, of course, will hold if the given surface is a part of 


" 


— cod RE 
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‘perfectly smooth’ sphere but it will not hold if the given surface is a 
part of surface, parts of which are ‘more curved' than others. 


, (4) The fourth postulate that Euclid seems to have assumed! 
is the postulate of similarity. According to this, any figure may be- 
magnifed or diminished to any ‘degree’ without altering its shape. 
In other words if one figure has been constructed in one part of the: 
Space, it may be reconstructed to any scale whatsoever in any other 
part of the space. It implies that lengths of all lines would be alter- 
ed while none of the angles would be altered. Basically, this in- 


volves following two postulates of Euclid. 
(i) Two straight lines cannot enclose a space. 


.. (ii) Lines in one plane which never meet make equal angles: 
With every other line. The second one, of course, is our familiar: 
Parallel postulate. To even earlier mathematicians, parallel postulate: 
appeared to be ‘much less obvious’ as compared to Euclid’s other: 
postulates. 


Fig. 326. 
: i Greeks: 

So its validity had always been doubted, The ancient 
knew about pee As and ney that although its pranca DEE 
the corresponding asymptotes, yet those nee EDT oo dini 
doubted that straight lines may be behaving like t i o ND 
continued to exist in the minds of the mathematicians "9 


D te' as a. 
thousand years. They tried to deduce the puel p Sahat 


theorem from other postulates of Euclid. Jesuit l 
(1667—1733) a poles at the University of or CELO 
Ypothesis ‘contrary’ to parallel postulate and explored its ae T 
ces. His aim was to vindicate Euclid by provins that OA arallel 
absurd results when one assumes a hypothesis contrary pen 
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postulate. He derived a lon 
themselves and without any co; 


ematician Johann Bolayai (1802—1860) 


a new geometry known as 
hyperbolic geometry by assuming a postulate quite different 
from Euclid’s parallel postulate. 


Lobatchevski assumed that ‘two straight lines cannot enclose a 


‘space’ is a valid statement, In other words he assumed that if two 
lines diverge then those 80 on diverging and will diverge for ever 
and will not Converge. He, however, doubted the validity of 
Euclid’s parallel postulate which as originally stated by validity. 


P l 
EK 
7. M B 
Fig. 327. 


Euclid is as follows — 
‘straight lines make interior angles 
right angles, the two straight lines, 
on the side on which are the an 

€ can put the parallel postulat. 


‘If a straight line falling on two 
on the same side less than two 
if produced indefinitely will meet 
gles less than two right angles. 
ein the following form also. 


“< 
AB is any line and if P is any point outside the line and PM is the 


tr 
Perpendicular segment from P to AB. If through P, we draw 


— . 
lines in all directions then these lines will meet AB, either on B-side 
of M or on A~side of M excepting one line / which even on being 


A 
(produced indefinitely will not meet AB at all. The line / will be 


e 
‘said to be parallel to AB. 


The parallel postulate that Lobatchevski enunciated was as 
follows :— 
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= 
If AB is any line and if P i i 
4 J is any ide i i 
the end point of two non-collinear pd Rr NE 
di 


- jn 
PM and PN making a finite angle 
ue p 

Z MPN such that the rays PM and PN N- 

, = 
do not intersect the line AB and also er 
every ray between PM and PN d ‘ * 

hes N does not Fig. 328. 

= 


intersect d /o disti i ini 
ies ct AB. ‘The two distinct ifte, P containing PM and 
N wi 3 
Piega be the lines parallel to AB. In other words Lobatchevski 
= cd the existence of atleast two lines through P both parallel to 
AB. Thiswosition Kami 
st his position is similar to the case of a hyperbola and its assymp- 
n". If AB is a branch of a hyperbola then the lines through P are 
e assymptotes. If two trumpets are placed with their large ends to- 
gether, the surface formed called a pseudo- 
sphere is the surface suitable for Lobachev- 
skian geometry. Due to this difference about 


XC. parallel postulate, hyperbolic geometry does 
poss not need postulates about plane. (No. 4, 5, 
6, 7). Also rectangles do not exist in 

ostulates about 


hyperbolic geometry; hence p 
rectangles viz., (Postulate No. 18, 19, 20, 21) 
do not have any place in hyperbolic 
geometry. With this change in postulates of 


Fig. 329. Euclidean geometry an axiomatic system is 
developed and certain theorems are proved 


which are quite different from the analogous theorems of Euclidean 
geometry, Some of the typical examples are :— 
1 (1) No quadrilateral is a rectangle. If two angles of a quadri- 
ateral are right angles then the other two are acute. If the three 
angles of a quadrilateral are right angles then the fourth is acute. 
x 2) The sum of the measures of any triangle (including @ 
right triangle) is less than 180. 
(3) Ifthere exists a correspondence between two triangles in 
then the triangles are 


which the corresponding angles are congruent, 
congruent. No two triangles are € ar except when those are 


also congruent. 
Of course Saccheri did v 


ver simil 


indicate Euclid when he failed to 
prove the parallel postulate as a theorem from Euclid’s other postu- 
lates. Its reason is that Saccheri's failure was due to the fact that 
Euclid’s parallel postulate is independent of his other postulates. Also 


458 


all the postulates of Euclid are consistent as none of theorems derived 
from them contradicts any other theorem. This only ae e 
system developed by Euclid is valid and also the system. deve E 
by Lobatchevski is valid. „A mathematician is neither gora : 
about the practical applicability of any system nor about the quality 
of ‘self-evidence’ of any particular postulate. In his view the postu- 
lates are essentially arbitrary and need not be „self-evident. In this 
sense Euclid was the most modern mathematician as he appears to 
have to very well understood this essential characteristic of the 
postulates. This whole discussion however leads us to state that our 


space may not be Euclidean as in space the sum of angles of every 
triangle may not be 180. 


Yet another alternative to Euclid's parallel postulates was assum- 
ed by G.B.F. Riemann (1826—1866) and as a consequence of this, 
developed another geometry which is commonly known as elliptic 
geometry or Riemanian geometry. It is as under :— 


The Riemanian parallel postulate :—No two lines in the: 
same plane are ever parallel. 


In other words, in this System, the existence of parallel lines 1s 
denied. If the surface taken is the surface of the sphere and if the 
great circles of spere be taken as lines then clearly parallel lines do 
Dot exist as all great circles intersect and that 
two in two points. Moreover the same two 
Points may not determine only one line as 
the points N and S lie on infinite number of 
great circles. Also these ‘lines’ do not come to 
an end and yet these are of finite length. The 
concept of betweenness about which we have 
been talking in Euclidean geometry does not 
hold as if there are any three points on a great 


circle then it is not possible to state which one 
of these is between the other two. 


Also from 
any external point, there may exist one or Fig. 330, 
many perpendiculars. From North pole or 


South pole infinitely many perpendiculars to the equator exist. The 
sum of the angles of i i 


a triangle is greater than two right angles. In 
Some cases two angles of a triangle may each be a right angle. An 
example would be a tri i 


. Einstein theory of relativity takes the 
Space to be curved like à sphere—finite but unbounded--a concept 
imagi However Riemanian geometry 
4 en used to develop the Einstein’s theory 
9f the universe, Whether thi 


I M de € space is Euclidean or non Euclidean, 
owever, is still an open question, 
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Of course, with all the efforts put in by Lobatchevski, Riemann,. 
Saccheri and others, it could not be clearly demonstrated that it is. 
impossible to prove Euclidean parallel postulate on the basis of his 
other postulates. It was an Italian mathematician Beltrami (1835— 
1900) who exhibited a particular model within Euclidean geometry 
in which the postulates of hyperbolic geometry were satisfied. Thus- 
he proved that Euclid’s parallel postulate is independent of others 
and finally settled the controversy. Also it was established that 
there exist (i) a mathematical model that satisfies the Euclidean. 
postulates and (ii) a mathematical model that satisfies the 
Lobatchevskian postulates. 


This discussion leads us to state that different kinds of *lines" 
and ‘surfaces’ exist which are not necessarily ‘straight’ or ‘plane’ as 
we generally visualise them to be. Also we have different kinds of 
three-dimensional spaces based on these kinds oflines and surfaces. 
What kind of a space do we live in ? This is really a big question. 
We know that the axioms of Euclidean geometry are true within the 
limits of experiment on the surface of a sheet of paper ignoring, 
however, the ridges and furrows that it may have. 'The surface of 
small portions of space may be analogus to the sheet of paper (with 
little ridges and furrows of course) which, however on average 1s flat. 
But what about the whole space ? Is it Euclidean ? Is it Lobatchev- 
skian ? Is it Riemanian ? Is it something different from all these ?' 
May be some future mathematician will find an answer to this 


question. 
In our earlier discussion we have stated that in the hyperbolic. 
er of parallels while in. 


gcometry, there are an infinite numb „pa h 
the Riemann geometry which is also known as elliptic geomco p the 
parallels do not exist. We explained this characteristic of the ellipuc 


geometry by taking the spherical geometry asa model. This PE 
essentially consisted of the surface of a sphere and we MAE ir 
surface as analogous to a plane in the Euclidean geometry. n ou 
model, the surface of the sphere, the shortest, distance between any 
two points was taken to be the portion of the great EES 
passing through these points which is, also known as m as a 
which is analogous to à ‘straight’ line in a Euclidean plane. eae 
equator and the meredians of the earth are the familiar crampi e. 
a geodesic, This model we took simply with a view to cee us 
understand intutively the geometrical surface of a È m 
Riemanian space or elliptic space or elliptic geome de TNT 
ever stated that in spherical geometry, two great pma pues 
on a sphere) always have two points in common, 


M i : e point in common. 
à plane in the Riemanian space have only on Patt the analogy 


Therefore we must be caret du TO e iemannian plane. While 
between the surface of a sphere and P hat each point ia the 


ki : asume t Y 
making this analogy, we must asume p ob eie points on the 


Riemanian plane corresponds to a pair North pole and 


H DJ 
surface of a sphere. For example, starung e ald correspond to 
traveliing to the South pole on the earth wo 
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starting from one point on the Riemanian plane, travelling in a 
straight line on the plane and returning to the same point. All 
-geodesic lines in Riemanian space have the same finite length and 
are closed like the circumference of a circle. his means extending 
our intution to far but this is how the facts stand. Also in 
Riemanian space, the ratio of circle's circumference to its diameter 
ds always less than Pi (x). Suppose we draw circle on the surface of 
the earth with the North pole as centre, then its diameter would 
be the arc of a great circle containing the north and the South pole 
.and which will be having its end points on the circumference of the 
circle we have drawn. Clearly the length of this arc will be gre ater 
than any straight line (in Eulidean sense) joining its points and 
passing through the interior of the sphere. 


As the ratio of the circumference of the circle to ‘this straight 
line’ will be Pi, the ratio of the circumference of the circle to its 
-diameter (the length of the arc) will be less than Pi, (It may be 
noted that the interior of the sphere does not belong to the surface 
of the sphere. Hence any line passing through the interior of the 
sphere cannot be the diameter of the circle that we have drawn on 
the surface of the sphere. (The diameter must wholly lie in the 
surface on which the circle has been drawn). ‘This example of 


‘drawing a circle on the surface of a sphere is analogous to a circle 
‘drawn on a Riemanian plane. 


In a Lobachevski space it is just the other way. The ratio of 
the circumference of a circle drawn on. an hyperbolic plane to its 
diameter is greater than Pi. Another difference between a 
Euclidean plane, a Riemanian plane and a Lobachevskian plane is 
regarding the measure of the curvature of the surface of the plane 
at any given point. While the measure of curvature of a Euclidean 
plane 1s zero, it is less than zero in the case of Lobachevskian plane. 
‘The measure of curvature of a Lobachevskian plane is negative and 
constant. "There is an infinite number of Lobachevskian geometries 
and each is characterised by the value of the curvature that a. plane 
in that geometry possesses. In other words for any Lobachevski 
space, there is a certain fixed negative number which is the measure 
'of curvature of any point in any plane in that space. 'The measure 
of curvature of any plane in a Riemanian geometry is greater than 
Zero and we can characterise a Riemanian geometry onthe similar 
lines as we adopted for a Lohachevskian geometry. We can do so 
by saying that there is a certain positive number which is the 
measure of curvature for any point on any plane in that space. 


In other words, the measure of curvature at any point in any 
plane in such a space is the same. 


. How do we measure the curvature of a surface at a given 
point? In Euclidean geometry, we proceed as follows. Let/ be a 
line. Let/, be an infinitesimal part of it. Then the radius of cur- 
vature of this line would be the radius of the circle which, so to 
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Speak, will coincide with that infinitesimal part of the line. If a 
line is ‘straight’ then the radius of curvature is very long. If, 
however, it is strongly curved then it is short. The measure of 
curvature of the line is the reciprocal of the radius of curvature. 
Curvature howeverisa technical term and is not to be understood 
inan ordinary sense. To measure the curvature of surface of a 
Lobachevski plane or a Riemanian plane, at any point, we take two 
geodesics that intersect at that point and extend in two directions. 
which are known as the principal directions of the surface at that 
point. One of these directions wil! give the maximum curvature at 
that point while the other will give the minimum curvature. The 
curvature of the surface at that point is defined as the product of the 
reciprocals of the two radii of curvature of the two geodesics. 


It should however be clearly understood that measure of cur- 
vature as applied to the non-Euclidean planes does 
not mean that these planes *'curve" in the ordinary sense 
of the term. When Einestein made use of the non-Euclidean. 
gcometries in his general theory of Relativity, certain. 
authors coined the terms like ‘curved planes’ and ‘curved space’ 
which were incorrect. Instead they should have stated that there 
1$ à number R which gives the measure of curvature of the surface 
which is positive inside the sun and which is negative in the suns. 
gravitational field and which approaches to zero when we go farther 
away from the sun. 


The following table summarises the main points of difference: 
€tween various geometries that we have discussed here. 


Ratio of cir- Measure 


Number Sum of cumference 
Geometry of angles of @ to diameter anne 
Parallels triangle of a circle 
Lobachevski ec «180 >t <0 
Euclid 1 180 T 0 
Riemann 0 2180 «m 20 


Problem Set 
A mathematical system consists of the following postulates. 


P,: IfP' Qare any two points then there exists one and only 

One line that contains them both. 
. Pe; Every line is a set of points and co 
points. | 
P,: Ifthere is a line / anda point P which does not lie on l, 


then there is one and only one line through P parallel to /. 
three non-collinear 


ntains atleast two: 


: oints;- 
P,: Space contains atleast IP 
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this 
truct a geometric figure that may serve as a model of 
nias Also prove the following theorems : 


If there exists one line containg 7 points then : 
(a) Every line contains exactly n points. 
(b) Every point lies on exactly (14-1) lines. 
(c) Space contains exactly n? points. 
(d) Space contains exactly n (n+1) lines. 


2. Given a mathematical system consisting of following 
;postulates : 


E 7 i at 
Pi: If P, OQ are any two points, there is exactly one line th 
-contains them both. 


. : there 
P»: IfP, Q, R are any three non collinear points, then 
ds exactly one plane that contains them. 


s -— TC line. 
P2: Iftwo planes intersect, then their intersection is 4 


P,: If two points, P, Q lie in a plane, then the line contam- 
ung P, Q lies in that plane. 


A š : e con- 
Ps: Every line contains atleast two points, every poa alea 

‘tains atleast three non-collinear points and space conta 

‘four non-collinear non-coplanar points. 


i tes. 
(There are what are commonly known as Incidence postula ) 


Construct a three dimensional 
serve as a model for 


-Also prove the follow 


geometrical figure which may 
this system. Can a prism serve the purpose * 
ing theorems : 


(1) Two distinct lines intersect in atmost one point. 


(2) A line and a point not lying on it 


, determine one 
and only one plane. 


(3) If two lines have a common point, then their union 
determines one and only plane. 


3. A matematical system consists of following postulates. 
P,: A line contains exactly two points. 
Po: 


Exactly four lines pass through every point. 
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P,: Two points determine exactly one line. 
P,: There exists atleast one point. 


Draw a geometrical figure satisfying these postulates. Also 
Prove the following theorems : 


(1) There are exactly five points. 


(2) There are exactly ten lines. 
Rubber Sheet Geometry: (Topology). 


In Euclidean geometry we have made use of relations like 
=, ~, Œ=, >, < etc. The proof of A 
every theorem involved the use 
of one or more of these relations. Can 
we have a geometry in which we may 
not have to use any of these relations ? 


Suppose we have a triangle 
ABC made of an elastic band. Then 
‘can we deform this triangle into any c 
‘one of the following diagrams ? B : 


Fig. 331. 
a 
A A 
A E- d ; 
B B C C 
ss G 
B A 
A DN A Je 
B (5 
C 
Set A 
Fig. 332. 


our triangle ABC 
Surely we can do so. Now can we Raus diagrams ? 


made of an elastic band into any one of t 


464 


AOU 


Set B 
Fig. 333. 


We cannot. The same will be the case if the triangle ABC is 
drawn on infinitely stretchable sheet of rubber. By stretching the 
rubber sheet judiciously we can deform the triangle ABC into any 


one of the diagrams in set A but not into any one of the diagrams of 
of the set B. 


All the figures in set A have one property in common with the 
original triangle and also with each other. This property is that all 
these figures divide the plane of the paper into parts, an inside and 
an outside, Each of these has one inside and one outside. In 
mathematical terminology these figures are said to be topologically 


equivalent and the geometry that discusses such properties is known 
as Topology. 


Topology is that grometry which studies those properties of 
figures that remain unchanged when the figures are stretched or 
twisted in any way without being torn. As the surface of an 
infinitely stretchable sheet of rubber very much helps in explaining 


the relation of topological equivalence, T opology has also been called 
rubber sheet geometry. 


The first figure of set B has two outsides and one inside. The 
second figure has also two outsides and one inside. The third figure 
has no inside. The fourth figure has two insides and one outside- 
The fifth figure has no inside. The sixth figure has three insides and 
one outside. So none of the figures of set B is topological equivalent 


to the figures of set A. The first and second figure of the set B are 
however topologically equivalent. 


, The topological properties of figures of set A that can le 
easily noticed are : 


(1) Any of segments AB, BC, AC does not cross itself. 


(2) If there is a 


] point D on AB such that A—D—B then this 
order is preserved 


in any of the topologically equivalent figures. 
(3) Any point that is element of an inside of any figure remains 
to be an element of inside of any figure that is obtained when we 
deform the first figure. 


So, in general, the properties that topology studies are those of 
betw eenness, order, interior, exterior etc. It will not be out of place 
to point out that these concepts of order, betweenness, interior and 
exierior were the one that were ignored by Euclid. The word 
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‘geometry’ means the ‘measurement of earth’ but the concept of 
measurement does not have any place in this new geometry nor does 
it involve calculations with quantities. Instead it studies the pro- 
perty of ‘position’ or relative position. Topology is also known as 
‘geometry of position’. 

Topology had its origin in the problem of seven bridges of 
Konigsberg in Prussia. Konigsberg lies on Pregal river which has 
two islands. There was an island A called ‘Kneiphof’ surrounded 
by two branches of the river as shown in the figure. There were 
seven bridges a, b, c, d, e, f and g crossing the two bridges. The 


g 


A B 
Kneiphof © (Island) 


aE b 
Fig. 334. f 
problem was that the residents of the place wanted to plan their 


walk in such a way that they cross each one these bridges once but 


i doso. Some had, 
not more than once. None of the residents could 
doubts about its possibility. Ultimately the problem was referred 
3) and he was asked to plan 


to the mathematician Euler (1707—178: 
Such a route whereby it may be possible to cross ae of ee 
bridges once and only once. He proved that no such ro 


D 


Kneiphof A D 


E 


Fig. 335. 
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Y ho ing it to a topological problem. He contended 
ame seeds g tine d of bridges and islands were not of any signi- 
á a n if we are interested in finding a solution to the problem such 

nd above. Euler thought of land mass as points and 
peo as lines and reduced the map of Kneiphof and pregal to the 
figure 335 on page 465. 


The four points A, D, B, E represent the four land masses as 
shown in the map of the islands and river. The two segments 
connecting A and D represent the bridges e and d while the two 
segments connecting A and E represent the bridges a | and b. The 
segment AB represents the bridge e. The segment BD represents 
the bridge g and the segment EB represents the bridge f. The 
segments connecting E and A, represent the bridges b and a. 


Euler called this diagram a ‘net work’. It is fairly easy to 
see from this diagram that if we want to traverse this network in 
one trip without going over any of its branches twice, we cannot do 
so. Had there been an even number of branches at every vertex— one 
leaving for every one arriving we could have done so. 'The excep- 
tions can, however, be the vertex which we leave without having 
arrived and the vertex where we arrive at without having to leave. 
In other words, that at all vertices of such a network excepting two, 
there should be even number of branches converging. 


At all the vertices of the network of koenigsberg problem, odd 
number of branches converge. Three of the vertices have three 
branches each while one vertex has five. The following network 


ABCDE can be traversed since all vertices excepting A and E have 
even number of vertices. 


C 


A E 
Fig. 336. 


We have to start from A and end at E or the other way 
round. Of course, there are many ways to go. 


If all the vertices of a network are even, then we can start from 
anywhere and then we shall end at the vertex at which we started. 


-~ 
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An example of such a network would be : 


D 


A B 
Fig. 337. 


If there are four odd vertices in any network, then it can be 
traversed in two trips. If there are six odd vertices then it can be 


traversed in three trips and so on. 


Topology has helped in proving a very important fact. The 
study of properties of polyhedral occupied a very important place in 
Greek Geometry but it was left to Descartes and Euler to discover 
avery important property of a polyhedron. By polyhedron we 
mean a solid consisting of a number of polygonal faces. A poly- 
hedron is called a regular polyhedron if all the polygons are 
congruent and all the angles at vertices are congruent. A poly- 
hedron will be a simple polyhedron when it does not have any 
‘holes’ so that its surface could be deformed into a surface of a 
sphere. In other words, a simple polyhedron is topologically 


equivalent to a sphere. 


(a) Fig. 338. 


Fig. (a) is a simple polyhedron while fig. (b) 
€ 3 
de s of a simple polyhedron. 


is not as it has 


Let V denote the number of vertice 
Also let E be the number of edges and F the n 
Euler discovered that 
V—E+F=2 


umber of faces then 
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always holds. This formula however does not hold in the case of 
non-simple polyhedron. Topological methods help us in proving 
that this formula holds in case of all simple polyhedron. It may 
however be furtner stated that this formula holds not only in the 
case ^f simple polyhedron with straight edges and flat faces but also 
in the case of simple polyhedron with curved faces and edges or any 
subdivision of surface of a sphere into regions bounded by curved 
arcs. Moreover if the surface of a sphere or a polyhedron is made 
up ofa thin sheet of rubber, the Euler formula will hold if its 
surface is deformed into any other shape by stretching or bending 
so long as rubber is not torn in the process. 


Topology deals with all sorts of configurations, surface etc, and 
topological properties of these like Euler formula are of greatest 


importance in any mathematical investigation as these properties 
persist under drastic changes of shape. 


Many magicians’ tricks are based on topological properties of 
knots. 


Fig. 339. 


This configuration involves three rings of which all are connec- 


ted but no two are not. If one ring is removed, the other two will be 
free. 


A topological question that remains to be solved is what is 
known as ‘Four colour problem’. When we give colours to à 
geographical map, we give different colours to the countries that 
have a portion of their boundary in common. It has been found 
empirically (by experiment) that any map, no matter how many 
countries it may contain or how these may be situated can be 
coloured by using only four different colours but no mathematician 
has so far come forward with a proof that four colours are sufficient 
for the purpose. However it has been proved that five colours are 
always enough. Now the challenge before the reader is to either 


469 


draw a map that requires more than four (five say) colours or to 
prove mathematically that four colours are always enough. 


pt is however easy to see that less than four colours are not 
sufficient for the purpose. 


Fig. 340. 


Inthisfigure, there is a map of four countries and these 
countries are situated in such a manner that each of these touches 
the other three. Soto colour such a map, three colours are not 
sufficient. This four colour problem can be reduced to following 


mathematical problem. 


‘If a plane is divided into any number of regions which are 
not overlapping than each of these regions can be marked with one 
of the numbers 1, 2, 3, 4 in such a way that no two adjacent regions 
are marked by the same number.’ 


The reader is challenged to give a mathematical proof of this. 


It may however be stated that ‘four colour problem’ will be 
valid even if the map is drawn on the surface of a sphere. A small 
hole can be bored into the sphere and then the resulting surface 
can be deformed into a plane. The place where hole is bored will 


take place of region 1 of the map given earlier. 


Topology also studies those surfaces which have only ‘one-side’. 
Can you think of such a surface? An ordinary surface has two 
sides. There are two sides of surfaces of a sphere—an interior and 
an exterior. The two sides of the surface of a sphere could be 
coloured by two different colours and in this way we can ar a 
the interior and the exterior. A bug crawling in the inside of ae 
a sphere will always remain inside unless it is provided with a hole 
to come out. 


Moebius made a surprising discovery that surfaces with 2r 
“ne side also exist. To explain this let us perform an experiment. 
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I have a narrow but long s rip of paper and paste its ends: 
et us long strip ‘ t 
together. We get a sort of belt. This surface has two sides. A 
98 e 


; (a) (b) 


Fig. 341. 


bug crawling outside will remain outside if it is allowed to cross- 
the edge. Similarly a bug crawling inside will remain inside. 


Now suppose we give one of the ends of the strip a half twist 
before pasting the two ends. The surface that we getin this way can: 
be represented by Fig. 341 (b). Now this surface has only one edge 
side. A bug can crawl over all of it without crossing its edge. This 
surface is known as Moebius strip. Now this surface has one more 
interesting property. If this strip is cut all along its middle, two 

“separate but intertwined strips are formed. It is really interesting to 
play with this strip by cutting it all along through lines parallel to its: 
boundary curve and at distance 2, 3, 4.etc. The school students will: 
really enjoy playing with it and Moebius strip need to be included 
into any elementary geometrical instruction. 


t . B Li c 1 , 
. Yetanother interesting one sided surface is the *Klein bottle - 
It is a closed surface but does not have any inside or outside. It is 
a sort of a three dimensional Moebius strip. 


Fig. 342. 


__ It may however be stated that topology is not a study of some 
tricks „or isolated puzzles. Its theorems are derived through 
deductive reasoning and these theorems are basis of advanced work 


in many fields of Mathematics. For any research worker, in Mathe- 
matics, the study of topology is a ‘must’. 
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Four dimensional geometry. 


. So far we have been talking about one-dimensional, two- 
dimensional or three-dimensional geometry. If we restrict ourselves 
to a line and its properties then it will be a one-dimensional 
geometry. If we restrict ourselves to a. plane determined by two 
lines which are perpendicular to each other or which are inclined at 
any angle to each other and study its properties then it will be two 
dimensional geometry. Then if we study the properties of a space 
determined by a plane and a line perpendicular to the plane then it 
will be the three dimensional geometry. But what about four or 
more dimensions. Cannot we think ofa ‘hyper space’ determined 
by a cube or parallelopiped representing space and a direction per- 
pendicular to itself. Of course we run out of directions and physi- 
cally we cannot do it. However we can build up a geometry of 
four dimensions by imagining the possibility of doing so. 

This idea of ‘fourth-dimension’ has been suggested by the 
famous Einsteins theory of relativity. However we know that the 
geometry that we have so far. been developing was a logical con- 
sequence of a consistent set of axioms and the idea of one dimension, 
two dimensions or three dimensions was not much made use of. So 
we can develop a geometry of four dimensions (geometry of four 
dimensional Euclidean space or E4) by taking one additional un- 
defined term and four new postulates. E, wili also include points 
that do not belong to E; or three-dimensional Euclidean space... 
Hence in our new space or ‘hyper-space’ there will exist many 
three dimensional spaces just as there existed many planes (or Ej) in 
E,. Hence we will have an undefined term for these various three 
dimensionalspace. A name very commonly used is ‘solid’, ‘cube’ 
or ‘prime.’ 

In E, we had point, line and plane as our undefined terms. 
In E, we will have point, line, plane and prime as undefined terms. 
Four postulates will be taken in addition to six postulates of 
incidence that we took in E. The ten postulates are : 


1. A line is a set of points and contains atleast two points. 


2. If P, Qare any two points then there is one and only one 
line that contains them both. 

3. Every plane is a set of points and contains atleast three 
non-colliner points. 

4. IfP, Q, R are any three non-collinear points, there is one 
and only one plane which contains them. 


5. Every prime is a set of points and contains atleast four 
points which are neither collinear nor coplanar. 

6. If P, Q, R, S are any four non coplanar points there is 
one and only one prime that contains them. 
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7. Space contains atleast five points 


which are neither 
collinear, coplanar, nor coprimal. 


8. Iftwo points of a line lie ina plane then every point of 
the line lies in the plane. 


9. If three non-collinear points of a line lie in 


, line: 2 prime, then 
€very point of the plane lies in the prime. 


10. Ifa plane and a prime have a point in common, their 
intersection is a linc. 


For developing E, geometry, other postulates that need to be 
taken are (a) Parallel postulate (6) Prime separation postulate 
(c) Distance measurement postulates (d) Angle measurement 


postulates (e) Area measurement postulates (f) Congruence 
postulate, 


Let the reader develop his own E, geometry by making use 
of these postulates and let him then go on to Es, Ej, Ep, Ep, E,,... En 


Calcutta 
e 
B. c. *—. 


